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Foreword

This volume contains the papers presented at the 4th International Workshop
on Approximation Algorithms for Combinatorial Optimization Problems (AP-
PROX’01) and the 5th International Workshop on Randomization and Approxi-
mation Techniques in Computer Science (RANDOM’01), which took place con-
currently at the University of California, Berkeley, from August 18–20, 2001.
APPROX focuses on algorithmic and complexity issues surrounding the develop-
ment of efficient approximate solutions to computationally hard problems, and is
the fourth in the series after Aalborg (1998), Berkeley (1999) and Saarbrücken
(2000). RANDOM is concerned with applications of randomness to computa-
tional and combinatorial problems, and is the fifth workshop in the series fol-
lowing Bologna (1997), Barcelona (1998), Berkeley (1999) and Geneva (2000).

Topics of interest for APPROX and RANDOM are: design and analysis of
approximation algorithms, inapproximability results, on-line problems, random-
ization and de-randomization techniques, sources of randomness, average-case
analysis, approximation classes, randomized complexity theory, scheduling prob-
lems, routing and flow problems, coloring and partitioning, cuts and connectivity,
packing and covering, geometric problems, network design, and various applica-
tions.

The volume contains 14+11 contributed papers, selected by the two program
committees from 34+20 submissions received in response to the call for papers,
together with abstracts of invited lectures by Michel Goemans (MIT), Russell
Impagliazzo (San Diego), Anna Karlin (Washington), Luca Trevisan (Berkeley),
and Salil Vadhan (MIT-Harvard).

We would like to thank all of the authors who submitted papers, our invited
speakers, the members of the program committees

APPROX’01
Michel Goemans, MIT, Chair
Moses Charikar, Google - Princeton
Uriel Feige , Weizmann
Naveen Garg, IIT, Dehli
Dorit Hochbaum, Berkeley
Howard Karloff, ATT
Claire Kenyon, LRI Paris
Seffi Naor, Technion
Ramamoorthi Ravi, Pittsburgh
Baruch Schieber, IBM
Santosh Vempala, MIT Cambridge

RANDOM’01
Luca Trevisan, Berkeley, Chair
Shafi Goldwasser, MIT-Weizmann
Jon Kleinberg, Cornell
Mike Luby, Digital Fountain
Peter Bro Miltersen, BRICS
Alessandro Panconesi, Bologna
Dana Randall, Georgia Tech
Omer Reingold , ATT
Ronitt Rubinfeld, NEC
Salil Vadhan, MIT-Harvard
Umesh Vazirani, Berkeley

and the external subreferees Rohit Khandekar, Tracy Kimbrel, Jeong Han Kim,
Satish Rao, Andreas Schulz, David Shmoys, Aravind Srinivasan, Maxim Sviri-
denko, Nisheeth Vishnoi, David Wilson and Gerhard Woeginger.
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We gratefully acknowledge support from the EU research training network
ARACNE, the Computer Science Department of the University of California at
Berkeley, the Institute of Computer Science of the Christian-Albrechts-Universität
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We also thank Marian Margraf and Brigitte Preuss for their help.
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Using Complex Semidefinite Programming
for Approximating MAX E2-LIN3

Michel X. Goemans

MIT, Dept. of Mathematics, Room 2-351, Cambridge, MA 02139,
goemans@math.mit.edu

Abstract. A number of recent papers on approximation algorithms
have used the square roots of unity, −1 and 1 to represent binary decision
variables for problems in combinatorial optimization, and have relaxed
these to unit vectors in real space using semidefinite programming in
order to obtain near optimal solutions to these problems. In this talk, we
consider using the cube roots of unity, 1, ei2π/3, and ei4π/3, to represent
ternary decision variables for problems in combinatorial optimization.
Here the natural relaxation is that of unit vectors in complex space.
We use an extension of semidefinite programming to complex space to
solve the natural relaxation, and use a natural extension of the random
hyperplane technique to obtain near-optimal solutions to the problems.
In particular, we consider the problem of maximizing the total weight of
satisfied equations xu − xv ≡ c (mod 3) and inequations xu − xv �≡ c
(mod 3), where xu ∈ {0, 1, 2} for all u. This problem can be used to model
the MAX 3-CUT problem and a directed variant we call MAX 3-DICUT.
For the general problem, we obtain a 0.79373-approximation algorithm. If
the instance contains only inequations (as it does for MAX 3-CUT), we
obtain a performance guarantee of 7

12 + 3
4π2 arccos2(−1/4) ≈ 0.83601.

Although quite different at first glance, our relaxation and algorithm
appear to be equivalent to those of Frieze and Jerrum (1997) and de
Klerk, Pasechnik, and Warners (2000) for MAX 3-CUT, and the ones of
Andersson, Engebretson, and H̊astad (1999) for the general case.
This talk is based on a joint result with David Williamson, to appear in
[1].

References

1. M.X. Goemans and D.P. Williamson, “Approximation Algorithms for MAX 3-CUT
and Other Problems Via Complex Semidefinite Programming”, in the Proceedings
of the 33rd Symposium on the Theory of Computing, Crete, 2001, to appear.
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Hill-Climbing vs. Simulated Annealing
for Planted Bisection Problems

Russell Impagliazzo�

Computer Science and Engineering,
UCSD 9500 Gilman Drive, La Jolla, CA 92093-0114

tcarson.russell@cs.ucsd.edu

While knowing a problem is NP -complete tells us something about a problem’s
worst-case complexity, it tells us little about how intractible specific distributions
of instances really are, whether these distributions are mathematically defined
or come from real-world applications. Frequently, NP -complete problems have
been successfully attacked on “typical” instances using heuristic methods. Little
is known about when or why some of these heuristics succeed.

An interesting class of heuristics are local search algorithms, a group that
includes hill-climbing, Metropolis, simulated annealing, tabu-search, WalkSAT,
etc. These methods are characterized by implicitly defining a search graph on
possible solutions to an optimization problem and using some (often random-
ized) method for moving along the edges of this graph in search of good quality
solutions. Of course, assuming P �= NP , no such method will always succeed in
quickly finding optimial solutions for NP-hard problems. However, many such
methods have been successfully used in practice for different classes of NP-hard
optimization problems.

While a large amount of effort has gone into both theoretical and experimen-
tal studies of such heuristics, large gaps in our knowledge remain. For example,
it is not clear whether one of the methods is universally preferable to another, or
whether all of the above methods are incomparable. Do some methods succeed
where others fail? Or is one of the methods strictly better than the others, for
all interesting problem domains?

These questions seem difficult to answer theoretically; there are very few
successful analyses of local search heuristics for specific classes of problems, and
even fewer comparisons of different methods. In fact, no natural examples of
optimization problems where one method provably succeeds and another fails
are known.

It is just as difficult to tackle these questions experimentally, because each
general method has a large number of variations and parameters, and success
seems quite sensitive to the details in implentation. While experiments showing
a method succeeds are not uncommon, experimental studies showing that a
� Research Supported by NSF Award CCR-9734880, NFS Award CCR-9734911, grant
#93025 of the joint US-Czechoslovak Science and Technology Program, and USA-
Israel BSF Grant 97-001883

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, pp. 2–5, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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method fails or comparing two methods are both rare and hard to interpret.
Does the method fail because it is by nature ill-suited to the problem domain,
or because the implementation or parameters chosen were not optimized?

This talk will summarize joint work with Ted Carson addressing these ques-
tions, both theoretically and experimentally ([3,4,5]). In this talk, we concen-
trate on one NP -complete problem, the minimum graph bisection problem,
and one class of distributions for instances: the planted bisection graph model
([2]). The planted bisection random graph model has been used as a benchmark
for evaluating heuristics ([1,2,9,8,11,7,6]). In this model, a graph is constructed
from two initially disjoint n node random graphs, drawn from Gn,p, by adding
edges between cross graph vertex pairs with some lower probability q < p. If
p − q = ω(

√
logn
√
mn/n2), then with high probability the bisection separating

the two is the unique only optimal solution.
A landmark paper of Jerrum and Sorken proves that the Metropolis algo-

rithm succeeds with high probability for random instances of the graph bisection
problem drawn from the planted bisection model Gn,p,q, when p is sufficiently
greater than q. They proved their result for p−q = n−1/6+ε, significantly greater
than needed for optimality. This is one of the few optimization problems for
which Metropolis or simulated annealing are provably good. However, they left
open the question of whether the full Metropolis algorithm was necessary, or
whether degenerate cases of the algorithm such as random hill-climbing would
also succeed.

We were expecting that these simpler heuristics would fail on this problem.
However, our initial experimental work showed that hill-climbing methods suc-
ceeded at finding the planted bisection not just in the range of parameters above,
but whenever the planted bisection was optimal.

Based on intuition gathered from these experiments, and some ideas from
[6], we proved that a simple, polynomial-time, hill-climbing algorithm for this
problem succeeds in finding the planted bisection with high probability if p−q =
Ω(log3n−1/2), within polylog factors of the threshold ([4]). The above algorithm
had one unnatural restriction. However, the same analysis shows a purely ran-
domized hill-climbing algorithm succeeds in finding the planted bisection in poly-
nomial time if p− q = Ω(n−1/4+ε√mn), for any ε > 0. This universal algorithm
is a degenerate case of both Metropolis and go-with-the-winners, so this result
implies, extends, and unifies those by Jerrum and Sorken, Dimitriou and Im-
pagliazzo, and Juels [9,7,11].

Thus, there are no examples of planted graph bisections where sophisticated
heuristic methods have been proven to work, but where simple hill-climbing
algorithms fail. This result emphasises the need to find instance distributions
for optimization problems that can be used to discriminate between local search
heuristic techniques.

Returning to experimental results, we identified a candidate for such a dis-
criminatory problem class. Namely, there exist parameters slightly below the
threshold where the planted bisection is not optimal, but all “good” quality so-
lutions are “near” the planted bisection. For these parameters, we were able to
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distinguish experimentally between various heuristic methods. We were able to
find parameters where local optimization typically failed to find any good solu-
tion, but where an appropriate simulated annealing schedule finds solutions of
near-optimal quality. We also showed experimentally that our simulated anneal-
ing performed better than Metropolis at any fixed temperature. ([5,3]).

To do these experiments, we first gathered statistics using a Go-with-the-
winners sampling algorithm. This allowed us to characterize “random” bisections
of different qualities, and to identify biases introduced by optimization methods.
In particular, we showed that hill-climbing methods produce solutions that are
overly locally-optimized, in the sense that they were smaller in cut than would
be typical for their distance from the planted bisection. For sufficiently high
temperatures, Metropolis avoids this type of bias, but for lower temperatures,
it produces a similar bias. Thus, there is an optimal Metropolis temperature
for these distributions; above this temperature, Metropolis seems to converge
rapidly to its stationary distribution, but below this temperature it seems to
reach locally optima and become stuck.

Even for the lowest temperature for which it has rapid convergence, Metropo-
lis does not produce optimal solutions. On the other hand, the solutions it does
produce at this temperature are significantly closer to the planted bisection.
Starting a second, more greedy, phase of optimization from the results of the
first allow further progress without introducing bias. Repeating this for a few
steps leads to a cooling schedule for Simulated Annealing that significantly im-
proves on Metropolis at any fixed temperature.

We hope that in future work this experimentally observed gap will be rigor-
ously proven. This would give the first natural proven separation between Sim-
ulated Annealing, Metropolis and hill-climbing algorithms. More importantly, it
would give insight into when and why some heuristic methods do better than
others.

References
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Web Search via Hub Synthesis

Anna R. Karlin

Department of Computer Science & Engineering
University of Washington
114 Sieg Hall, Box 352350
Seattle WA 98195-2350,

karlin@cs.washington.edu

Abstract. We present a probabilistic generative model for web search
which captures in a unified manner three critical components of web
search: how the link structure of the web is generated, how the content
of a web document is generated, and how a human searcher generates
a query. The key to this unification lies in capturing the correlations
between each of these components in terms of proximity in latent se-
mantic space. Given such a combined model, the correct answer to a
search query is well defined, and thus it becomes possible to evaluate
web search algorithms rigorously. We present a new web search algo-
rithm, based on spectral techniques, and prove that it is guaranteed to
produce an approximately correct answer in our model. The algorithm
assumes no knowledge of the model, and is well-defined regardless of the
accuracy of the model.
Joint work with D. Achlioptas, A. Fiat and F. McSherry

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, p. 6, 2001.
c© Springer-Verlag Berlin Heidelberg 2001



Error-Correcting Codes
and Pseudorandom Projections

Luca Trevisan�

U.C. Berkeley, Computer Science Division, 615 Soda Hall, Berkeley, CA
luca@eecs.berkeley.edu

Abstract. In this talk we discuss constructions of hash functions, ran-
domness extractors, pseudorandom generators and hitting set generators
that are based on the same principle: encode the “input1” using an error-
correcting code, select a random (or pseudorandom) subset of the bits of
the encoding, and output the encoded codeword restricted to such bits.
This general approach is common to constructions of very different com-
binatorial objects, and somewhat different strategies are used to analyse
such different constructions.
An early application of the encode-and-project paradigm is in a paper
of Miltersen [Mil98], applied to the construction of a family of hash
functions with low collision probability.
Suppose we want to construct a family of hash functions h : {0, 1}n →
{0, 1}m, and suppose that we have an error-correcting code C : {0, 1}n →
{0, 1}n̄ whose minimum distance is, say, n̄/3. Let us introduce the fol-
lowing notation: if y = (y1, . . . , yk) ∈ {0, 1}k and S = {s1, . . . , sl} ⊆ [k],
with s1 < s2 < · · · < sl then y|S = (ys1 , ys2 , . . . , ysl) ∈ {0, 1}l. Then we
can define a family of hash functions where each function of our family
is indexed by a subset S ⊂ [n̄] of size m, and hS(x) = C(x)|S .
It is immediate to see that the collision probability is at most (2/3)m.
The advantage of this construction is that both the encoding and the
projection can be evaluated in constant time on a unit-cost RAM (see
[Mil98]), so that the hash functions in the family can be evaluated in
constant time.
One can see a very similar construction at work in the pseudorandom
generator construction in [STV01] and in the randomness extractor con-
struction in [Tre99], with some fundamental difference. One difference
is that the “projection” is not chosen uniformly at random, but it is
rather generated from a seed of logarithmic length using the “combina-
torial design construction” of Nisan and Wigderson [NW94]. Another
difference is that, in the case of pseudorandom generators, it is not
enough for the error-correcting code to have large minimum distance,
but a certain type of sublinear-time list-decoding algorithm must also
exist [STV01]; in the case of random extractors, howver, any code with

� Work supported by a Sloan Research Fellowship and an NSF Career Award.
1 By “input” we mean the actual input for hash functions, the weakly random input
for randomness extractors, and the description of a computationally hard problem
for pseudorandom generators and for hitting set generators.

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, pp. 7–9, 2001.
c© Springer-Verlag Berlin Heidelberg 2001



8 Luca Trevisan

a relative minimum distance close to 1/2 can be used [Tre99]. Con-
structions of pseudorandom generators and/or randomness extractors
in [RRV99,ISW00,TSUZ01] use error-correcting codes and the Nisan-
Wigderson combinatorial designs, with improvements in the construc-
tion, in the analysis, and in the composition of the basic construction
with other tools (and with itself).
The Nisan-Wigderson approach yields a randomness-efficient but some-
what counter-intuitive way of generating projections. When the input (or
hard problem) is encoded as a multivariate polynomial (which is done
in [STV01] and is a possible implementation of [Tre99]), a more natural
approach to projection is to consider lines. Miltersen and Vinodchan-
dran [MV99] show that by encoding a hard problem as a multivariate
polynomial, and then restricting it to axis-parallel lines, one can get a
hitting set generator construction, which in turn can be used to deran-
domize complexity classes. The approach of [MV99] does not replicate
the result of [IW97] ([MV99] can prove P = BPP only under a stronger
assumption than the one postulated in [IW97]), however it can prove a
result on AM that is stronger than the best known result based on Nisan-
Wigderson [KvM99]. The analysis in [MV99] appears to be substantially
different from the analysis in [STV01], although the hard function is en-
coded using the same error-correcting code, and the “only” difference is
in the way the encoding is projected (lines versus the approach based on
Nisan-Wigderson).
Ta-Shma, Zuckerman and Safra [TSZS01] showed how to construct ran-
domness extractors by encoding the input using multivariate polynomials
and then restricting it to a subset of a line (the line is selected using the
seed of the extractor). While the construction of [TSZS01] is virtually
identical2 to the one in [MV99], the analysis is completely different.
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We survey recent works which unify four of the most important and widely
studied objects in the theory of pseudorandomness, namely: pseudorandom gen-
erators, expander graphs, error-correcting codes, and extractors. Since all of these
objects are “pseudorandom” in some sense, it is not surprising that construc-
tions of one of these objects may be useful in constructing another. Indeed, there
are many examples of this in the past, which we do not attempt to summarize
here. Instead, we focus on how recent works show that some of these objects
are almost the same, when interpreted appropriately. All of the connections we
describe involve extractors, lending further credence to Nisan’s assertion that
they “exhibit some of the most ‘random-like’ properties of explicitly constructed
combinatorial structures” [Nis96].

Extractors and Pseudorandom Generators. In 1999, Trevisan [Tre99] discovered
a completely unexpected connection, showing that every “black-box” construc-
tion of pseudorandom generators from hard Boolean functions is also a construc-
tion of extractors. This unified two previously distinct lines of research, opened
the door to many improved extractor constructions [Tre99, RRV99, ISW00,
TUZ01], and provided new ways of thinking about both kinds of objects.

Extractors and Expander Graphs. It has been known since the defining paper of
Nisan and Zuckerman [NZ96] that an extractor can be viewed as a certain kind of
expander graph, and indeed this was exploited in [WZ99] to construct expanders
that “beat the eigenvalue bound.” Recently, this connection between extractors
and expander graphs has been exploited more fully, yielding solutions to two
classic problems about expander graphs: 1. a simple, iterative construction of
constant-degree expanders [RVW00], and 2. graphs with expansion greater than
1/2 times the degree [TUZ01].

Extractors and Error-Correcting Codes. Several recent constructions of extrac-
tors (such as Trevisan’s construction, its successors, and [RSW00]) make im-
portant use of error-correcting codes. This is no coincidence, as Ta-Shma and
Zuckerman [TZ01] have shown that extractors can be viewed as a generaliza-
tion of list-decodable error-correcting codes. This viewpoint has led to new ex-
tractor constructions, which more directly exploit the properties of algebraic
codes [TZS01].
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Abstract. We study integrated prefetching and caching in single and
parallel disk systems. A recent approach used linear programming to
solve the problem. We show that integrated prefetching and caching can
also be formulated as a min-cost multicommodity flow problem and, ex-
ploiting special properties of our network, can be solved using combinato-
rial techniques. Moreover, for parallel disk systems, we develop improved
approximation algorithms, trading performance guarantee for running
time. If the number of disks is constant, we achieve a 2-approximation.

1 Introduction

In today’s computer systems there is a large gap between processor speeds and
memory access times, the latter usually being the limiting factor in the per-
formance of the overall system. Therefore, computer designers devote a lot of
attention to building improved memory systems, which typically consist of hard
disks and associated caches. Caching and prefetching are two very well-known
techniques for improving the performance of memory systems and, separately,
have been the subject of extensive studies. Caching strategies try to keep actively
referenced memory blocks in cache, ignoring the possibility of reducing processor
stall times by prefetching blocks into cache before their actual reference. On the
other hand, most of the previous work on prefetching tries to predict the memory
blocks requested next, not taking into account that blocks must be evicted from
cache in order to make room for the prefetched blocks. Only recently researchers
have been working on an integration of both techniques [1,2,3,4,5,7].

Cao et al. [3] and Kimbrel and Karlin [7] introduced a theoretical model for
studying “Integrated Prefetching and Caching” (IPC) that we will also use in this
paper. We first consider single disk systems. A set S of memory blocks resides
on one disk. At any time a cache can store k of these blocks. The system must
serve a request sequence σ = σ(1), . . . , σ(n), where each request σ(i), 1 ≤ i ≤ n,
specifies a memory block. The service of a request takes one time unit and can
only be accomplished if the requested block is in cache. If a requested block is
not in cache, it must be fetched from disk, which takes F time units, where
F ∈ IN. If a missing block is fetched immediately before its reference, then the
processor has to stall for F time units. However, a fetch may also overlap with
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the service of requests. If a fetch is started i time units before the next reference
to the block, then the processor has to stall for only max{0, F − i} time units. In
case i ≥ 1, we have a real prefetch. Of course, at most one fetch operation may
be executed at any time. Once a fetch is initiated, a block must be evicted from
cache in order to make room for the incoming block. The goal is to minimize the
processor stall time, or equivalently the elapsed time, which is the sum of the
processor stall time and the length n of the request sequence.

In parallel disk systems with D disks we have D sets of memory blocks
S1, . . . , SD, where Sd is the set of blocks that reside on disk d, 1 ≤ d ≤ D. We
assume that each block in the system is located on only one of the disks. The
main advantage of parallel disk systems is that blocks from different disks may
be fetched in parallel. Thus if the processor has to stall at some point in time,
then all the fetches currently being active advance towards completion. If a fetch
is initiated, we may evict any block from cache, which corresponds to the model
that blocks are read-only. Again the goal is to minimize the processor stall time.

Cao et al. [3,4] studied IPC in single disk systems. They presented simple
combinatorial algorithms, called conservative and aggressive, that run in polyno-
mial time and approximate the elapsed time. Conservative achieves an approxi-
mation factor of 2, whereas aggressive achieves a better factor of min{2, 1+F/k}.
Karlin and Kimbrel [7] investigated IPC in parallel disk systems and presented a
polynomial-time algorithm whose approximation guarantee on the elapsed time
is (1 + DF/k). In [1] Albers, Garg and Leonardi developed a polynomial-time
algorithm that computes an optimal prefetching/caching schedule for single disk
systems. For parallel disk systems they developed a polynomial-time algorithm
that approximates the stall time. The algorithm achieves an approximation fac-
tor of D, using at most D − 1 extra memory locations in cache. All the results
presented in [1] are based on a linear program formulation.

In this paper we show that IPC in single and parallel disk systems can be
formulated as a min-cost multicommodity flow problem and, exploiting special
properties of the network, can be solved using combinatorial methods. These
results are presented in Sec. 2. We first investigate the single disk problem. We
describe the construction of the network and establish relationships between min-
cost multicommodity flows and prefetching/caching schedules. We prove that a
combinatorial approximation algorithm by Kamath et al. [6] for computing min-
cost multicommodity flows, when applied to our network, computes an optimal
prefetching/caching schedule in polynomial time. We then generalize our multi-
commodity flow formulation to parallel disk systems. With minor modifications
of the original network we are able to apply the algorithm by Kamath et al. [6]
again. We derive a combinatorial algorithm that achieves a D-approximation on
the stall time, using at most D − 1 extra memory location in cache. Thus, the
results presented in [1] can also be obtained using combinatorial techniques.

For parallel disk systems, D is the best approximation factor on the stall
time currently known. This factor D is caused by the fact that the approach
in [1] heavily overestimates the stall times in prefetching/caching schedules:
Stall time is counted separately on each disk, i. e. no advantage is taken of the
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fact that prefetches executed in parallel simultaneously benefit from a processor
stall time. In Sec. 3 we develop improved approximation guarantees that are
bounded away from D. We are able to formulate a trade-off. For any z ∈ IN,
we achieve an approximation factor of 2(D/z) at the expense of a running time
that grows exponentially with z. If the number D of disks is constant, we ob-
tain a 2-approximation. For the special case D = 2 we also give a better 1.5-
approximation. Again, our solutions need D−1 extra memory locations in cache.
The improved approximation algorithms can also be obtained using min-cost
multicommodity flows. However, for the sake of clarity and due to space limita-
tions we present an LP-formulation in this extended abstract.

2 Modeling IPC by Network Flows

We first consider single disk systems. We build up our combinatorial algorithm in
several steps. Given a request sequence σ, we first construct a networkG = (V,E)
with several commodities such that an integral min-cost flow corresponds to
an optimal prefetching/caching schedule for σ, and vice versa. Of course, an
algorithm for computing min-cost multicommodity flows does not necessarily
return an integral flow when applied to our network. We show that a non-integral
flow corresponds to a fractional prefetching/caching schedule in which we can
identify an integral schedule using a technique from [1].

The main problem we are faced with is that we know of no combinatorial
polynomial-time algorithm for computing a (non-integral) min-cost flow in our
network. We solve this problem by applying a combinatorial approximation algo-
rithm by Kamath et al. [6]. For any ε ≥ 0, δ ≥ 0, the algorithm computes a flow
such that a fraction of at least 1− ε of each demand in the network is satisfied
and the cost of the flow is at most (1 + δ) times the optimum. Unfortunately,
the flow computed by the algorithm, when applied to our network, does not
correspond to a feasible fractional prefetching/caching schedule: It is possible
that (a) more than one block is fetched from disk at any time and (b) blocks are
not completely in cache when requested. We first reduce the flow in the network
to resolve (a). This reduces the extent to which blocks are in cache at the time
of their request even further. We then show that, given such flow, we can still
derive an optimal prefetching/caching schedule, provided that ε and δ are chosen
properly.

2.1 The Network

Let σ be a request sequence consisting of n requests. We construct a network
G = (V,E) with n + 1 commodities. Associated with each request σ(i) is a
commodity i, 1 ≤ i ≤ n. This commodity has a source si, a sink ti and demand
di = 1. Let ai be the block requested by σ(i). For each request σ(i), we introduce
vertices xi and x′

i. These vertices are linearly linked, i. e. there are edges (xi, x′
i),

1 ≤ i ≤ n, and edges (x′
i, xi+1), 1 ≤ i ≤ n − 1, each with capacity k and

cost 0. Intuitively, this sequence of vertices and edges represents the cache. If
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Fig. 1. Sketch of the network for request sequence abcbc and F = 2

commodity i flows through (xj , x′
j), then block ai is in cache when σ(j) is served.

To ensure that ai is in cache when σ(i) is served, we insert an edge (x′
i, ti) with

capacity 1 and cost 0, and there are no other edges into ti or x′
i, i. e. commodity

i must pass through (xi, x′
i).

Let pi be the time of the previous request to ai, i. e. pi is the largest j, j < i,
such that ai was requested by σ(j). If ai is requested for the first time in σ, then
we set pi = 0. To serve σ(i), block ai can (1) remain in cache after σ(pi) until
request σ(i), provided that pi > 0, or can (2) be fetched into cache at some time
before σ(i). To model case (1) we introduce an edge (si, x′

pi
), if pi > 0, with

capacity 1 and cost 0. To model case (2) we essentially add edges (si, xj), for
j = pi+1, . . . , i, indicating that a fetch for ai is initiated starting at the service of
σ(j). For the special case j = i the edge represents a fetch executed immediately
before σ(i). If i− j < F , then the processor has to stall for F − (i− j) time units
and hence we assign a cost of F − (i − j) to edge (si, xj). Figure 1 illustrates
this construction for the examplary request sequence σ = abcbc and fetch time
F = 2. Edges outgoing of a source si, i ∈ {1, . . . , 5}, are labeled with their cost.

So far our construction allows a flow algorithm to saturate more than one of
the edges that correspond to fetches executed simultaneously (consider, e. g. the
edges (si, xi−1) and (si−1, xi−2) for some i such that σ(i− 2), σ(i− 1) and σ(i)
are pairwise distinct). However, we have to make sure that at most one fetch
operation is executed at any time. Therefore, in our construction we split the
“super edge” (si, xj) into several parts. For any �, 1 ≤ � ≤ n− 1, let [�, �+1) be
the time interval starting at the service of σ(�) and ending immediately before
the service of σ(�+ 1). Interval [0, 1) is the time before the service of σ(1).

We have to consider all the fetches being active at some time in [�, � + 1),
for any fixed �. A fetch for ai starting at σ(j), j < i, is active during [�, � + 1)
for � = j, . . . ,min{j + F, i} − 1. For any fixed i and j with 1 ≤ i ≤ n and
pi+1 ≤ j < i we introduce vertices v�ij and w�ij where � = j, . . . ,min{j+F, i}−1.
These vertices are linked by edges of capacity 1 and cost 0. More specifically,
we have edges (v�ij , w

�
ij), � = j, . . . ,min{j + F, i} − 1, and edges (w�ij , v

�−1
ij ),

� = j+1, . . . ,min{j+F, i}−1. The last vertex in this sequence, wjij , is linked to
xj with an edge of cost 0 and capacity 1. Finally we add an edge (si, v�ij), where
� = min{j + F, i} − 1, to the first vertex in this sequence with cost F − (i − j)
and capacity 1. In this construction we excluded the case j = i because a fetch
for ai initiated at σ(i) is somewhat special: The fetch is performed completely
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before σ(i), i. e. it does not overlap with any request, and the processor stalls
for F time units. The fetch is active at some time during [i− 1, i). We introduce
vertices vi−1

i,i and wi−1
ii linked by an edge of capacity 1 and cost 0. Vertex wi−1

ii

is linked to xi with an edge of the same capacity and cost. Finally, we have an
edge (si, vi−1

ii ) of capacity 1 and cost F .
Next we describe the role of the (n+1)-st commodity, which is used to ensure

that no two prefetches are performed at the same time. More precisely, we ensure
that at most one prefetch is executed in any fixed interval [�, �+1), 1 ≤ � ≤ n−1.
For any fixed �, let f� be the number of prefetches whose execution overlaps with
[�, �+ 1), i. e.

f� = |{v�ij | 1 ≤ i ≤ n, pi + 1 ≤ j ≤ i}| . (1)

Commodity n + 1 has a source sn+1, a sink tn+1 and a demand of dn+1 =∑n−1
�=1 (f�− 1). The flow from sn+1 to tn+1 is routed through the edges (v�ij , w

�
ij)

and newly introduced “subsinks” t�n+1, 1 ≤ � ≤ n − 1. For any pair of vertices
v�ij and w�ij we introduce edges (sn+1, v

�
ij) and (w�ij , t

�
n+1) with capacity 1 and

cost 0. Additionally, we insert edges (t�n+1, tn+1) with capacity f� − 1 and cost
0. Now consider a fixed interval [�, �+1), 1 ≤ � ≤ n− 1. Every prefetch for some
ai initiated at σ(j) that is active at some time during [�, �+1) is represented by
a “super edge” (si, xj) and contains an edge (v�ij , w

�
ij). For fixed � the network

contains f� such edges. The capacities f� − 1 of the edges (t�n+1, tn+1) ensure
that only one of the edges (v�ij , w

�
ij) can carry a flow of commodity i, i ≤ n.

If two or more such edges were carrying flow of commodity i ≤ n, then the
capacity constraint would be violated at some edge (t�

′
n+1, tn+1), for some �′ �= �,

or demand dn+1 would not be satisfied.
The following lemma states that our network correctly models IPC on a single

disk. Its proof is omitted in this extended abstract.

Lemma 1. Any feasible integral flow of cost C in G corresponds to a feasible
prefetching/caching schedule with stall time C for σ, and vice versa.

2.2 Properties of Optimal Flows

We show that a non-integral flow in our network corresponds to a fractional
prefetching/caching schedule, defined in the following way.

Definition 2. Given an instance of the problem IPC, we define the set of frac-
tional solutions as a superset of the set of integral solutions to the instance. A
fractional solution may deviate from an integral solution in the following way:

– The amount to which a block resides in cache may take a fractional value
between 0 and 1. However, this amount must be 1 while the block is requested.

– Fractional parts of blocks in cache arise due to partial evictions or partial
fetches. For each time interval, the net amount of blocks fetched must not be
larger than the net amount of blocks evicted, and the net amount of blocks
fetched must not exceed 1.
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– Stall times are accounted as follows: If a fetch to δ ∈ [0, 1] units of block σ(j)
is initiated starting at the service of reference σ(i) and j − i < F holds, we
incur a stall time of δ(F − (j − i)) time units.

Loosely speaking, the main difference between integral and fractional solutions
lies in the possibility to interrupt fetches and to leave parts of a block in cache
between consecutive requests to it. Regarding the second item in the above
definition we may assume w. l. o. g. that between any two consecutive references
to a specific block, the points of time where the block is evicted from cache
precede the ones where the block is fetched back.

Lemma 3. Let G be the network obtained by transforming a request sequence
σ of the problem IPC according to the construction in Sec. 2.1. A valid multi-
commodity flow with cost C within the network G corresponds to a fractional
prefetching/caching schedule with stall time C.

The next lemma follows immeditately from [1]; it was shown that a fractional
solution is a convex combination of polynomially many integral solutions.

Lemma 4. Let L be a fractional solution to an input for IPC. There is a
polynomial-time algorithm that computes an integral prefetching/caching sched-
ule L∗ from L where the stall time of L∗ is less than or equal to the one of L.

2.3 Applying the Approximation Algorithm

We show how to compute a flow in our network and how to derive an optimal
prefetching/caching schedule. We apply the algorithm by Kamath et al. [6] by
setting ε := 1/(4F 2n3) and δ := 1/(3nF ). These settings have been derived from
the easy-to-see upper bound dn+1 ≤ n2F on the demand of commodity n+ 1.

As the approximation algorithm only satisfies a fraction of 1 − ε of each
commodity, the flow out of each source si, i ∈ {1, . . . , n}, is lower bounded by 1−
ε. Moreover, commodity n+1 might lack an amount of εdn+1 ≤ εFn2. We assume
pessimistically that this leads to an additional “illegal” flow with value εFn2

during a time interval [�, �+1), � ∈ {1, . . . , n−1}, in so far as edges representing
fetches in that interval are not “congested” properly by commodity n+ 1.

Let " := 1− εdn+1 − ε be a crucial lower bound on the flow of commodities
1, . . . , n. We can transform the flow φ output by the approximation algorithm
into a uniform flow φ′ which directs exactly " units of flow from si to ti for
any commodity i ∈ {1, . . . , n}. The main idea is to reduce, for each edge, the
flow of commodity i proportionally to the relative amount of flow of commodity
i on the considered edge. Then we end up with a uniform flow φ′ which does
not “overflow” any interval [�, � + 1) and delivers the same amount for each
commodity.

In view of Definition 2 and the equivalence described in Lemma 3, the flow φ′

corresponds to a fractional solution to IPC in which all blocks have size ". Flow
φ′ corresponds to a fractional solution to IPC in which all blocks have size " and
the number of cache slots is upper bounded by k/"—hereinafter we call such a
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solution a "-solution. According to Lemma 4, we may interpret the fractional
solution which corresponds to φ′ as a convex combination of integral "-solutions.

In order to analyze the quality of the above-described convex combination of
integral "-solutions, we have to establish a lower bound on ". As dn+1 ≤ Fn2,
we obtain " ≥ 1 − εdn+1 − ε ≥ 1 − 2εdn+1 ≥ 1 − 1/2nF . Next we estimate
the cost C of the convex combination of "-solutions. Since the approximation
algorithm outputs flows with cost at most (1 + δ)OPT, where OPT is the cost
of an optimal schedule, and reducing flows to " does never increase cost, the
following upper bound on C holds:

C ≤ (1 + δ)OPT = OPT /(3nF ) + OPT ≤ OPT+1/3 since OPT ≤ nF .
(2)

We underestimated the cost C of the convex combination of "-solutions by
an additive term of at most n(1− ")F . This is due to the fact that each block
corresponding to a specific commodity has size 1 in reality, but size " in the
convex combination. By increasing the block size (or, equivalently, the flow of
the corresponding commodity), the cost can rise by at most (1 − ")F . Hence,
the cost C ′ of the convex combination of integral solutions is at most

C ′ ≤ C + n(1− ")F ≤ OPT+1/3 + nF/2nF < OPT+1 . (3)

From C ′ < OPT+1 we conclude that the convex combination contains at
least one integral solution with optimal costs. As the number of possible integral
solutions is bounded by Fn2 (see [1]), an optimal component, i. e. integral solu-
tion, within the convex composition can be computed in polynomial time. How-
ever, each integral solution originates from a "-solution where a block has size
". Since the cache is still k large, it remains to prove that no integral component
of the convex composition does hold more than k blocks in cache concurrently.

Since, w. l. o. g., k/(nF ) < 1 holds, the number of blocks of size " held con-
currently in cache is at most

k

"
≤ k

1− 1
2nF

≤ k
(
1 +

1
nF

)
< k + 1 (4)

because (1−ε′)−1 ≤ 1+2ε′ for any ε′ ∈ [0, 1/2]. Therefore, (k+1)" > k holds, and
we would obtain a contradiction if an integral solution held more than k pages in
cache concurrently. Finally, this implies that we have found a feasible and optimal
prefetching/caching schedule. The overall running time of the approximation
algorithm is O∗(ε−3δ−3c|E||V |2), where c denotes the number of commodities
and O∗ means “up to logarithmic factors”. As |V | = O(n2) and |E| = O(n2), we
obtain the polynomial upper bound O∗((nF )3(n3F 2)3(n+ 1)n2n4) = O∗(n18).
Now we state the main result of this section.

Theorem 5. An optimal solution to an input for IPC can be computed by a
combinatorial algorithm in polynomial time.
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2.4 Generalization to Multiple Disks

The solution developed for single disk systems can be generalized to multiple
disks. Due to space limitations, we only state the main result here.

Theorem 6. There is a combinatorial polynomial-time algorithm which com-
putes a D-approximation to an input for IPC if the number of disks is D and
there are D − 1 slots of extra cache available.

3 Improving the Approximation Factor

In this section we return to the linear program by Albers, Garg and Leonardi [1]
for the multiple disk case and improve its approximation factor. If the number D
of disks is constant, we achieve a 2-approximation. We know that our approach
leads to a linear program which can also be stated as a min-cost multicom-
modity flow problem. We omit that representation as we consider the improved
approximation guarantee to be the most important contribution.

3.1 Bundling Intervals

The drawback of the LP formulation by Albers, Garg and Leonardi [1] is that
it overestimates the stall time of prefetching/caching schedules. We present an
LP that counts stall time more accurately. As in [1] we represent time periods
in which fetch operations are executed by open intervals I = (i, j), with i =
0, . . . , n − 1 and j = i + 1, . . . , n, where n = |σ| is the length of the given
request sequence. Such an interval I = (i, j) corresponds to the time period
starting after the service of σ(i) and ending before the service of σ(j). Its length
is |I| = j− i− 1. If |I| < F , then F −|I| units of stall time must be scheduled in
the fetch operation. Since fetches take F time units, we can restrict ourselves to
intervals with j ≤ i+F +1. For each potential interval I we introduce a copy Id

for each disk d ∈ {1, . . . , D}. Let I be the resulting set of all these intervals. The
LP in [1] determines which intervals of I should execute prefetches. Stall times
are counted separately for the intervals and disks, which causes the overestimate.

The main idea of our LP is to form bundles of intervals and treat each
bundle as a unit: In any bundle either all the intervals or no interval will execute
a fetch. We next introduce the notion of bundles and need one property of
optimal prefetching/caching schedules. An interval I = (i1, i2) properly contains
interval J = (j1, j2) (which is not necessarily associated with the same disk) if
i1 < j1 and j2 < i2 hold. The proof of the next lemma is omitted.

Lemma 7. An optimal (fractional or integral) prefetching/caching schedule for
a system with D disks does not include fetch intervals properly containing each
other.

Definition 8. A set of intervals B, |B| �= ∅, is called a bundle if B contains
at most one interval from each disk and is overlapping. A set of intervals B is



20 Susanne Albers and Carsten Witt

called overlapping if it includes no intervals properly containing each other but
has for all but one I = (i1, i2) ∈ B some interval J = (j1, j2) ∈ B, J �= I, such
that j1 ≥ i1 and J overlaps with I. Two intervals I = (i1, i2) and J = (j1, j2),
i1 ≤ j1, are called overlapping if either j1 < i2 − 1 is valid, or j1 = i2 − 1 and
additionally i2 − i1 − 1 < F hold.

Fix a z ∈ IN with z ≤ D. We will bundle intervals from up to z disks. In this
extended abstract we assume for simplicity that D/z ∈ IN. We partition the disk
set into D/z sets {1, . . . , z}, {z + 1, . . . , 2z}, . . . , {D− z + 1, . . . , D}. Now let Bz
be the set of all the bundles composed of intervals from I, with the additional
restriction that the intervals of a bundle must come from the same subset of the
disk partition. One can show that |Bz| ≤ n(F + 1)2z(D/z)z!.

We are nearly ready to state the extended linear program for IPC and D > 1.
For each bundle B ∈ Bz, we introduce a variable x(B) which is set to 1 if a
prefetch is performed in all intervals in bundle B, and is set to 0 otherwise. In
order to specify which blocks are fetched and evicted we use variables fId,a and
eId,a for all Id ∈ I and all blocks a. Variable fId,a (respectively eId,a) is equal to
1 if a is fetched (respectively evicted) in Id. Of course eId,a = fId,a = 0 if a does
not reside on disk d. For a bundle B ∈ Bz, let s(B) be the minimum stall time
needed to execute fetches in all the intervals of B assuming that no other fetch
operations are performed in the schedule. The value s(B) can be computed as
follows. Let (a1, b1), . . . , (am, bm) be the sequence of all intervals in B obtained
by sorting them by increasing end index, where intervals with the same end index
are sorted by increasing start index breaking ties arbitrarily. One can easily verify
that in an optimal schedule for B, stall times occur at the end of intervals, the
fetch in (a1, b1) is started at the latest point in time (i. e. immediately before
request a2 if b1 �= a1 and after a1 otherwise) whereas the fetches in (ai, bi), i ≥ 2,
are started at the earliest point in time. We determine the amounts of stall times
needed at the end of intervals. Let i1, i2, . . . , im′ with m′ ≤ m be the sequence
obtained from b1, . . . , bm by eliminating multiple occurrences of the same value
and keeping only the indices ij such that bij+1 �= bij . By definition, i0 := 0
and bi0 := 0. For j = 1, . . . ,m′, interval (aij , bij ) is the shortest interval with
end index bij and determines the stall time to be inserted before that request.
The function h : {bi1 , . . . , bim′ } → IN that indicates the actual stall time needed
before request bij is defined inductively, for j = 1, . . . ,m′, as follows:

h(bij ) :=max
{
0, F − (bij − aij − 1)−

∑
r∈{bi1 ,...,bij−1} : r∈{aij

+1,...,bij
−1}

h(r)
}
.

Using this definition we have s(B) :=
∑m′

j=1 h(bij ).
In order to refer to individial disks, we need for d ∈ {1, . . . , D} the projections

πd : Bz → I, where πd(B) = I if I ∈ B and I resides on disk d, and πd(B) = ∅
if B contains no interval associated with disk d. The value of πd is well defined
since at most one interval from each disk is part of a bundle. Now the extended
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linear program reads as follows. Minimize the objective function
∑
B∈Bz

x(B)s(B) (5)

subject to

∀i ∈ {1, . . . , n},∀d
∑

B∈Bz : πd(B)⊇(i−1,i+1)

x(B) ≤ 1 (6)

∀d, ∀Id
∑
a

fId,a =
∑
a

eId,a ≤
∑

B∈Bz : πd(B)=Id

x(B) (7)

∀a,∀i ∈ {1, . . . , na}
∑

I∈I : I⊆(ai,ai+1)

fI,a =
∑

I∈I : I⊆(ai,ai+1)

eI,a ≤ 1 (8)

∀a
∑

I∈I : I⊆(0,a1)

fI,a = 1, ∀a
∑

I∈I : I⊆(0,a1)

eI,a = 0 (9)

∀a,∀i ∈ {1, . . . , na}
∑

I∈I : I⊇(ai−1,ai+1)

fI,a =
∑

I∈I : I⊇(ai−1,ai+1)

eI,a = 0 (10)

∀I ∈ I,∀a fI,a, eI,a ∈ {0, 1} (11)
∀B ∈ Bz x(B) ∈ {0, 1} . (12)

Here we have taken over some terminology from the original formulation in [1].
The first set of contraints ensures that for each disk and each point of time, the
amount of fetch is at most 1. The second set of constraints guarantees for each
interval on every disk that the amount of blocks fetched in the interval is at most
the overall amount of blocks evicted in that interval. For a specific interval Id,
we allow a bundle variable x(B), where B contains Id, to take value 1; observe
that B might consist of Id as the only element. If a bundle variable x(B) is 1, the
second set of constraints allows fetches in all intervals belonging to the bundle.
Please note that constraint (6) only ensures that at most one prefetch operation
may be executed while serving a request. Especially, it allows prefetches to be
started in the midst of stall times, such the exact point of time where a prefetch
is started may be unspecified if there is stall time at the beginning of an interval.
We will argue later that this freedom is justified. Constraints (8)–(11) have been
adapted from the LP formulation in [1] and ensure that a block is in cache at the
time of its reference. The objective function finally counts the s-values, which
are related to parallel stall times, for bundles whose variables are 1. It remains
to prove that a solution to the extended linear program induces a valid schedule
whose stall time is counted at least once by the value of the objective function.

Consider an arbitrary integer solution to the extended LP, which specifies
an assignment to the variables fI,a, eI,a and x(B). Using fI,a and eI,a, we know
between which requests a prefetch operation must be started, but may choose
the exact point of time of the start if the related requests are intermitted by stall
time. We inductively construct a schedule whose stall time is bounded from above
by the value of the objective function. First, we sort the bundles B for which
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x(B) = 1 holds by increasing maximum end index (of the intervals in the bundle)
and, if equality holds, by increasing minimum start index. Let B1, . . . , Bm be
the resulting sequence. Suppose that we have already constructed a schedule
for B1, . . . , Br−1. For bundle Br, we have to schedule fetches and evictions for
those blocks whose variables fI,a and eI,a have been set to 1 and I ∈ Br. We
use the notation introduced for defining the stall times s(B) on page 20. Let
(a1, b1), . . . , (am, bm) be the sequence of intervals in Br. We first insert h(bi�)
units of stall time before bi� , � ∈ {1, . . . ,m′}, and then schedule the fetches in
(ai, bi), i ∈ {1, . . . ,m}, as follows. The fetch in (a1, b1) is started at the latest
possible point in time. More precisely, if a1 < b1, we start the fetch with the
service of request a1+1; otherwise the fetch is scheduled immediately before the
service of b1. The fetches in (ai, bi), i ≥ 2, are started at the earliest point in time
after ai such that the required disk is available. The definition of the h-values
ensures that we reserve at least F time units for each fetch irrespectively of stall
times which are caused by fetches in intervals from bundles B1, . . . , Br−1. In
fact, a reserved time interval might even be longer. However, this is no problem.
The fetch simply completes after F time units and the corresponding disk is
then idle for the rest of the interval. Thus, the constructed schedule is feasible
and we insert exactly

∑m
j=1 s(Bj) units of stall time.

3.2 Achieving the (2D/z)-Approximation
Lemma 9. The extended linear program for D disks has an integral solution of
cost at most (2D/z)OPT.

Proof. Suppose we have been given an optimal integral prefetching/caching
schedule of stall time OPT. We restrict ourselves to an arbitrary subset of the
partition

D/z−1⋃
i=0

{iz + 1, iz + 2, . . . , iz + z} (13)

of the disk set {1, . . . , D}. W. l. o. g., this subset is {1, . . . , z}. We consider only
stall times caused by fetches in intervals associated with disks {1, . . . , z}. In
the following, we specify an assignment to the variables associated with disks
{1, . . . , z} such that the stall time that arises by executing only the fetches on
disks {1, . . . , z} is counted at most twice in the objective funtion of the linear
program. Repeating this process for all the subsets of the above partition, we
obtain an assignment to all the variables x(B) for B ∈ Bz. As the objective
function is separable with respect to the bundles in Bz and therefore with respect
to the (D/z) subsets of the above partition, we count a specific stall time in the
optimal prefetching/caching schedule at most 2(D/z) times.

By I ′ ⊆ I we denote the set of all intervals associated with the disk set
{1, . . . , z} in which prefetches are performed. According to Lemma 7, we have
no intervals properly containing each other in the set I ′. Therefore, we can order
the intervals in I ′ by increasing start points and (if these are equal) by increasing
end points. Let I1, . . . , Im be the resulting sequence. We partition I ′ into bundles
according to the following greedy algorithm.
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B := ∅
for j = 1, . . . ,m do

if interval Ij ∪B is a bundle then set B := Ij ∪B
else output B as an element of the partition and set B := ∅.

Let B1 ∪ · · · ∪ B�, � ≤ m, be the partition of I ′ obtained by this process.
Our solution to the linear program is constructed by setting x(Bj) to 1 for
j ∈ {1, . . . , �}. The variables fI,a and eI,a are set according to which blocks are
fetched in the intervals of the considered bundle. This process is repeated for
each subset of the partition (13) of the disk set. All remaining variables are zero.

In the following, we revert to the subset {1, . . . , z} and denote by OPT∗

the stall time incurred if counting only fetch intervals associated with disks
{1, . . . , z}. For bundles Bj , j ∈ {1, . . . , �}, let s′(Bj) be the sum of the stall
times in the optimal schedule between the start of the first fetch in Bj and the
completion of the last fetch in Bj . Obviously, s(Bj) ≤ s′(Bj). One can show that∑�
j=1 s

′(Bj) ≤ 2 ·OPT∗, which implies that the value of the objective function
is at most 2OPT. ��
Lemma 9 implies that there is also a fractional solution to the extended LP with
cost at most (2D/z)OPT. Using techniques from [1], we can convert a fractional
solution to the extended LP with cost C to an integral prefetching/caching
schedule with stall time C if D−1 extra memory locations in cache are available.
Thus we obtain an approximation algorithm of factor 2D/z.

Theorem 10. There is a polynomial p(n) such that for each z ∈ {1, . . . , D}
with D/z ∈ IN there is a algorithm with running time O(p(n) · n · (F + 1)zz!)
that computes a 2D/z-approximation for IPC provided that D−1 extra memory
locations are available in cache.

Finally, for D = 2 the extended linear program does not seem to give an
improved approximation. However, in this special case, we can show an even
better approximation factor of 1.5.

Lemma 11. If D = 2, the extended linear program with z = 2 has an integral
solution of cost at most 1.5 ·OPT.
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Abstract. We discuss two approximation approaches, the primal-dual
schema and the local-ratio technique. We present two relatively simple
frameworks, one for each approach, which extend known frameworks for
covering problems. We show that the two are equivalent, and conclude
that the integrality gap of an integer program serves as a bound to the
approximation ratio when working with the local-ratio technique.

1 Introduction

The primal-dual method for solving linear programs was originally proposed by
Dantzig, Ford, and Fulkerson [10] for solving linear programs. Over the years this
method has become an important tool for solving combinatorial optimization
problems. Many algorithms which solve combinatorial optimization problems
such as Dijkstra’s shortest path algorithm [11], Ford and Fulkerson’s network
flow (or minimum s, t-cut) algorithm [13], and Kuhn’s assignment algorithm [20]
either use the method or can be analyzed by it (see, e.g., [15] for more details).

Combinatorial optimization problems can often be formulated as integer
programs. However, unlike the above mentioned problems, the LP-relaxation
of many problems have non-integral optimal solutions (and an integrality gap
which is greater than 1), therefore, the primal-dual method cannot be used to
solve them. The primal dual schema for approximation is a modified version
of the primal-dual method (see [15]). While both complementary slackness con-
ditions are imposed in the classical setting, we impose the primal conditions
but relax the dual conditions when working with the primal-dual schema. A
primal-dual approximation algorithm constructs an approximate primal solution
and a feasible dual solution simultaneously. The approximation ratio is derived
from comparing the values of both solutions. Many LP-based algorithms can
be analyzed by the primal-dual schema. However, the first algorithm using this
schema is Bar-Yehuda and Even’s [4] approximation algorithm for the vertex
cover problem (and the set cover problem). Following the work of Goemans and
Williamson [14], Bertsimas and Teo [8] proposed a primal-dual framework to de-
sign and analyze approximation algorithms for integer programming problems of
the covering type. As in [14] this framework enforces the primal complementary
slackness conditions while relaxing the dual conditions. A detailed survey on the
primal dual schema was written by Goemans and Williamson [15].
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Recently, Jain and Vazirani [19] presented a primal-dual approximation al-
gorithm which uses a different approach from the one described here. Instead of
the “usual” mechanism of relaxing the complementary slackness conditions, they
relaxed the primal conditions. As far as we know, this is the only primal-dual
algorithm which works with programs that have negative coefficients.

The local-ratio approach was developed by Bar-Yehuda and Even [5] in or-
der to approximate the weighted vertex cover problem. Ten years later Bafna,
et al. [1] extended the Local-Ratio Theorem from [5] by introducing the idea of
minimal covers in order to construct a 2-approximation algorithm for the feed-
back vertex set problem. Later, Bar-Yehuda [3] presented a unified local-ratio
approach for developing and analyzing approximation algorithms for covering
problems. He further extended the Bafna et al. [1] extension of the Local-Ratio
Theorem. His extension yields a generic r-approximation algorithm, which can
explain most known optimization and approximation algorithms for covering
problems. Lately, Bar-Noy et al. [2] have presented an approximation framework
for solving resource allocation and scheduling problems. Their algorithms are
based on the local-ratio technique, but can be interpreted within the primal-
dual schema. This study was the first to present a primal-dual or a local-ratio
approximation algorithm for a natural maximization problem.

We present a local-ratio framework which generalizes the one from [3], in
which only non-negative weight subtractions were considered. We found this
limitation to be redundant, and, therefore, our generic algorithm can be used
to design and analyze a wider family of algorithms. We also present a primal-
dual approximation framework which extends the generic algorithm from [8].
As done before, our framework relaxes the dual complementary slackness con-
ditions. However, the use of valid inequalities with non-negative coefficients en-
ables us to widen the variety of algorithms which fall with in the scope of our
framework. Furthermore, due to [2], we are able to extend our frameworks to
handle maximization problems. (This extension will appear in the full version.)
By showing that primal-dual’s valid inequalities and local-ratio’s weight func-
tions are equivalent notions we show that both frameworks are actually one and
the same. A corollary to this equivalence is that the integrality gap of an integer
program serves as a bound to the approximation ratio of a local-ratio algorithm
(as in the case of a primal-dual algorithm). Also, note that in cases where a
primal-dual algorithm serves as a subroutine (e.g., multyphase primal-dual [21],
see also [8]) it can be replaced by the corresponding local-ratio algorithm. We
demonstrate the combined approach on a variety of problems. First, we present a
linear time approximation algorithm for the generalized hitting set problem. This
algorithm achieves a ratio of 2 in the special case of the generalized vertex cover
problem, and is better in time complexity than Hochbaum’s [18] O(nm log n2

m )
2-approximation algorithm for this special case. We exhibit the first local-ratio al-
gorithm which uses negative weights by presenting an analysis to Ford and Fulk-
erson’s [13] algorithm for minimum s, t-cut. Furthermore, in order to explain this
algorithm within the primal-dual schema, we use a linear program with inequal-
ities which have some negative coefficients. We also analyze 2-approximation
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algorithms for the minimum feedback vertex set problem [7], and for a non-
covering problem called the minimum 2-satisfiability problem [16,6]. Finally, we
explain a 1

2 -approximation algorithm for a maximization problem called the in-
terval scheduling problem [2]. This example provides some insight to the design
and analysis of approximation algorithms for maximization problems, and to the
equivalence between the two approaches in the maximization case.

We believe that this study contributes to the understanding of both ap-
proaches, and, especially, that it will help in the design of algorithms for max-
imization problems. Another point of interest is that while the use of a linear
objective function and linear advancement steps are an integral part of both
techniques, our frameworks are not limited to linear integer programs (though
we did not find a natural non-linear application).

2 Definitions

We consider the following problem: Given a non-negative penalty (or profit)
vector p ∈ R

n, find a solution x that minimizes (or maximizes) the inner product
p · x subject to some set F of feasibility constraints (not necessarily linear) on
x ∈ {0, 1}n. Note that we will sometimes abuse the notation by treating a vector
x ∈ {0, 1}n as the set of its 1 coordinates, i.e., as {j : xj = 1}. The correct
interpretation should be clear from the context.

A minimization (maximization) problem (F , p) is called a covering (packing)
problem if F is monotone, i.e., for all x′ such that x′ ≥ x (x′ ≤ x) if x satisfies
F then x′ satisfies F . Note that a monotone set of linear constraints typically
includes inequalities with non-negative coefficients.

Primal-dual approximation algorithms for covering problems traditionally
reduce the size of the problem at hand in each iteration by adding an element
whose corresponding dual constraint is tight to the primal solution (see [15,8]).
Local-ratio algorithms for covering problems implicitly add all zero penalty el-
ements to the solution, and, therefore, reduce the size of the problem in each
step as well (see [3]). In order to implement this we alter the problem definition
by adding a set (or vector), denoted by z, which includes elements which are
considered to be taken into the solution. This makes it easier to present primal-
dual algorithms recursively, and to present local-ratio algorithms in which the
addition of zero penalty elements to the partial solution is explicit.

More formally, given a minimization (maximization) problem (F , p) and a
vector z, we are interested in the following problem: Find a vector x such that (1)
z ∩x = ∅; (2) x∪ z satisfies F (x in the maximization case); And, (3) minimizes
(maximizes) the inner product p · x. (Note that when z = ∅ we get the original
problem.) We define the following for a minimization problem (F , p, z). A vector
x is called a feasible solution if z∩x = ∅ and z∪x satisfies F . We denote the set
of feasible solutions with respect to F and z by S(F , z). A feasible solution x∗

is called an optimal solution if every feasible solution x satisfies p · x∗ ≤ p · x. A
feasible solution x is called an r-approximation if p ·x ≤ r · p ·x∗, where x∗ is an
optimal solution. The corresponding definitions for a maximization problem can
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be understood in a strait-forward manner. Given a minimization (maximization)
problem (F , p, z), a feasible solution x is called minimal (maximal) if for all j ∈ x
(j �∈ x ∪ z) the vector x \ {j} (x ∪ {j}) is not feasible.

3 Local-Ratio

The following is the Local-Ratio Theorem given in our terminology.

Theorem 1 ([2]). Let F be a set of constraints, and let z be a boolean vector.
Also, let p, p1, and p2 be penalty (or profit) vectors such that p = p1 + p2. Then,
if x is an r-approximation with respect to (F , p1, z) and (F , p2, z), then x is an
r-approximation with respect to (F , p, z).

Note that F can include arbitrary feasibility constraints and not just linear,
or linear integer, constraints. Nevertheless, all successful applications of the local
ratio technique to date involve problems in which the constraints are linear.

Bar-Yehuda [3] defined the following for covering problems:

Definition 1. Given a covering problem (F , p), a weight function δ is called
r-effective with respect to F , if every minimal solution x with respect to (F , δ)
satisfies δx ≤ r · δx∗, where x∗ is an optimal solution.

We prefer the following more practical definition:

Definition 2. Given a minimization (maximization) problem (F , p, z), a weight
function δ is called r-effective with respect to (F , z), if ∀j ∈ z, δj = 0, and there
exists β such that every minimal (maximal) solution x with respect to (F , z)
satisfies: β ≤ δ · x ≤ rβ (rβ ≤ δ · x ≤ β). In this case we say that β is a witness
to δ’s r-effectiveness. If z = ∅ we say that δ is r-effective with respect to F .

Obviously, by assigning β = δx∗, where x∗ is an optimal solution, we get that
the first definition implies the latter. For the other direction, note that β ≤ δx∗.

A local-ratio algorithm for a covering problem works as follows. First, con-
struct an r-effective weight function δ, such that p − δ ≥ 0 and there exists
some j for which pj = δj . Such a weight function is called p-tight. Subtract δ
from the penalty vector p. Add all zero penalty elements to the partial solution
z. Then, recursively solve the problem with respect to (F , p − δ, z). When the
empty set becomes feasible (or, when z becomes feasible with respect to F) the
recursion terminates. Finally, remove unnecessary elements from the temporary
solution by performing a reverse deletion phase. Algorithm LRcov is a modified
version of the generic local-ratio approximation algorithm for covering problems
from [3]. (The initial call is LRcov(p, ∅).) The main difference between the al-
gorithm from [3] and the one given here is that in the latter the augmentation
of the temporary solution is done one element at a time. By doing this we have
the option not to include zero penalty elements which do not contribute to the
feasibility of the partial solution z.
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Algorithm LRcov(p, z)

1. If ∅ ∈ S(F , z) return ∅
2. Construct a p-tight weight function δ which is r-effective w.r.t. (F , z)
3. Let j �∈ z be an index for which δj = pj

4. x← LRcov(p− δ, z ∪ {j})
5. If x �∈ S(F , z) then x← x ∪ {j}
6. Return x

Theorem 2. Algorithm LRcov outputs an r-approximate solution.

Proof. Let pk, δk and zk be p, δ, and z, respectively, at the end of the k’th
level, and let t be the maximal depth of the recursion. We prove by reverse
induction on k that Algorithm LRcov returns an minimal r-approximation with
respect to (F , pk, zk). For k = t, ∅ is a minimal optimal solution. Otherwise,
examine x at the end of the k’th level. By the induction hypothesis x \ {j} is
an minimal r-approximation with respect to (F , pk+1, zk+1). Therefore, x is a
minimal solution with respect to (F , zk). Moreover, due to the fact that pk+1

j = 0
x is an r-approximation with respect to (F , pk+1, zk). By the r-effectiveness of
δk and Theorem 1 x is an r-approximate solution with respect to (F , pk, zk).

Algorithm LRcov finds an r-effective weight function for the current problem,
adds a zero penalty element to the solution, and then changes the problem. Such
an algorithm heavily relies upon the fact that the constraint set F is monotone,
and, therefore, the optimum of (F , pk+1, zk+1) is not greater than the optimum
of (F , pk+1, zk). Algorithm LRmin uses a slightly different approach. Instead
of using r-effective weight functions with respect to (F , z), it uses weight func-
tions which are r-effective with respect to F , and updates p until a minimal
zero-penalty solution is found. By using this “subtract first, ask questions later”
approach we are able to approximate problems by using inequalities with some
negative coefficients or weight functions with some negative weights. We illus-
trate this approach in the Sect. 6.

Algorithm LRmin(p)

1. Search for a feasible minimal solution x ⊆ {j : pj = 0}
2. If such a solution was found return x
3. Construct a p-tight weight function δ which is r-effective w.r.t. F
4. x← LRmin(p− δ)
5. Return x

Theorem 3. Algorithm LRmin outputs an r-approximate solution.

4 Primal-Dual

In [15] Goemans and Williamson presented a generic algorithm based on the
hitting set problem which is defined as follows: Given subsets T1, . . . , Tq ⊆ E
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and a non-negative cost ce for every element e ∈ E, find a minimum-cost subset
x ⊆ E such that x∩Ti �= ∅ for every i ∈ {1, . . . , q}. In turns out that many known
problems are special cases of this problem. The LP-relaxation of its formulation
as an integer program and the corresponding dual are:

min
∑
e∈E cexe

s.t.
∑
e∈Ti

xe ≥ 1 ∀i ∈ {1, . . . , q}
xe ≥ 0 ∀e ∈ E

max
∑q
i=1 yi

s.t.
∑
i:e∈Ti

yi ≤ ce ∀e ∈ E
yi ≥ 0 ∀i ∈ {1, . . . , q}

where xe = 1 iff e ∈ x. The primal complementary slackness conditions are:
xe > 0 =⇒∑

i:e∈Ti
yi = ce, and the dual conditions are: yi > 0 =⇒ |x ∩ Ti| = 1.

The algorithm from [15] starts with the dual solution y = 0 and the non-
feasible primal solution x = ∅. Then it iteratively increases the both solutions
until the primal solution becomes feasible. As in the primal-dual method, if we
cannot find a feasible primal solution, then there is a way to increase the dual
solution. In this case, if x is not feasible there exists a k such that x ∩ Tk = ∅.
Such a set is referred to as violated. In each iteration a violation oracle supplies a
collection of violated subsets V ⊆ {T1, . . . , Tq}1. Then we increase simultaneously
and at the same speed the dual variables corresponding to subsets in V. When x
becomes feasible a reverse delete step is performed. This step discards as many
elements as possible from the primal solution x without losing feasibility.

Let xf and εj be the set output by the algorithm, and the increase of the dual
variables corresponding to Vj in iteration j. Then, yi =

∑
j:Ti∈Vj

εj ,
∑p
i=1 yi =∑l

j=1 |Vj | εj , and c(xf ) =
∑
e∈xf

ce =
∑q
i=1

∣∣xf ∩ Ti∣∣ yi =
∑q
i=1

∣∣xf ∩ Ti∣∣∑
j:Ti∈Vj

εj =
∑l
j=1 εj

∑
Ti∈Vj

∣∣xf ∩ Ti∣∣. From this, it is clear that the cost
of xf is at most the value of the dual solution times r if ∀j ∈ {1, . . . , l}∑
Ti∈Vj

∣∣xf ∩ Ti∣∣ ≤ r |Vj |. Examine iteration j of the reverse deletion step. We
know that when ej was considered for removal, no element ej′ with j′ < j
has been already removed. Thus, after ej is considered for removal the tem-
porary solution is xj = xf ∪ {e1, . . . , ej−1}. xj is called a minimal augmen-
tation of {e1, . . . , ej−1}, i.e., xj is feasible and xj \ {e} is not feasible for all
e ∈ xj \ {e1, . . . , ej−1}. Moreover,

∑
Ti∈Vj

∣∣xf ∩ Ti∣∣ ≤ ∑Ti∈Vj

∣∣xj ∩ Ti∣∣. There-
fore, to achieve the above bound Goemans and Williamson have set the following
requirement:

∑
Ti∈Vj

|x′ ∩ Ti| ≤ r |Vj | for every j ∈ {1, . . . , l} and for every min-
imal augmentation x′ of {e1, . . . , ej−1}. We formalized this by the following.

Definition 3. A set V ⊆ {T1, . . . , Tq} is called r-effective with respect to (F , z),
if
∑
Ti∈V |x ∩ Ti| ≤ r |V| for every minimal solution with respect to (F , z), x.

As did Bertsimas and Teo [8] we prefer to speak in terms of inequalities.

Definition 4. A set of valid inequalities
{
α1x ≥ β1, . . . , αkx ≥ βk} (or ≤ in

the maximization case) is called r-effective with respect to (F , p, z), if αkj = 0
for all k and j ∈ z, and every integral minimal feasible solution with respect to
1 We could allow the oracle to return some sets which are not violated. See [15].
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(F , z), x, satisfies:
∑k
i=1 α

ix ≤ r∑k
i=1 β

i. (≥ in the maximization case.) If the
set contains a single inequality we will refer to this inequality as r-effective.

An r-effective collection V can be understood as the following r-effective
set of valid inequalities:

{∑
e∈Ti

xe ≥ 1 : Ti ∈ V
}
. On the other hand, the latter

definition allows the use of other kinds of inequalities (e.g., Sect. 6). Thus, our
goal is to find a set of r-effective valid inequalities in order to increase the dual
solution. However, it is enough to construct a single r-effective valid inequality for
that purpose. This is because a set of valid inequalities

{
αix ≥ βi}k

i=1 satisfies∑k
i=1 α

ix ≤ r∑k
i=1 β

i by definition. On the other hand, ∀i, αix ≥ βi, and,
therefore,

∑k
i=1 α

ix ≥ ∑k
i=1 β

i. Thus, we have found an r-effective inequality:∑n
j=1(

∑k
i=1 α

i)jxj ≥
∑k
i=1 β

i.
Bertsimas and Teo [8] presented a primal-dual algorithm for linear covering

problems which utilizes a single valid inequality in each iteration. This algorithm
constructs a valid inequality in each iteration, and uses it to modify the current
instance. After this modification at least one of the coordinates of the penalty
vector p becomes zero, and this makes it possible to reduce the size of the
problem in each iteration. Thus, the algorithm terminates after no more than
n iterations. The performance of this algorithm depends on the choice of the
inequalities. In fact, it corresponds to what Bertsimas and Teo call the strength
of an inequality, which is the minimal r for which it is r-effective.

Algorithm PDcov is a recursive version of the algorithm from [8]. (The initial
call is PDcov(p, ∅, 1).) Informally, it can be viewed as follows: construct an r-
effective inequality; update the corresponding dual variable and the vector p such
that p remains non-negative; find an element j whose penalty is zero; add j to
the temporary partial solution z; then recursively solve the problem with respect
to F , z and the new penalty vector; the termination condition of the recursion
is met when the empty set becomes a feasible solution; finally, a reverse deletion
phase removes unnecessary elements from the temporary solution. There are two
differences between the algorithm from [8] and our algorithm. First, we present
our algorithm recursively, and, more importantly, our algorithm is not restricted
to linear integer programs.

Algorithm PDcov(p, z, k)

1. If ∅ ∈ S(F , z) return ∅
2. Construct a valid inequality αkx ≥ βk which is r-effective w.r.t. (F , z)
3. yk ← max

{
ε : p− εαk ≥ 0

}

4. Let j �∈ z be an index for which pj = ykαk
j

5. x← PDcov(p− ykαk, z ∪ {j} , k + 1)
6. If x �∈ S(F , z) then x← x ∪ {j}
7. Return x

The following theorem is based on the corresponding theorem from [8].

Theorem 4. Algorithm PDcov outputs an r-approximate solution.

Proof. Denote the maximum depth of the recursion by t, and let zk be the
temporary partial solution of depth k. Examine the k’th inequality αkx ≥ βk for
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some k. This is a valid inequality with respect to (F , zk), and, therefore, it is valid
with respect to F . Thus, LP2 = min

{
px : ∀k ∈ {1, . . . , t} , αkx ≥ βk and x ≥ 0

}
is a relaxation of (F , p). By the construction of x, it is a feasible solution for F ,
and, therefore, for LP2. Also, y is a feasible solution for the dual of LP2.

Let xk be the value returned by the k’th call to the recursion, let pk be the
penalty vector of depth k, and let j(k) be the chosen element in the k’th call. We
prove by induction that pkxk ≤ r∑l≥k ylb

l. First, for k = t, we have ptxt = 0.
For k < t we have,

pkxk = (pk+1+ykαk)xk
(1)
= pk+1xk+1+ykαkxk

(2)
≤ r

∑
l≥k+1

ylβ
l+ykrβk=r

∑
l≥k
ylβ

l

where (1) is because pk+1
j(k) = 0, and (2) is implied by the induction hypothesis

and the r-effectiveness of the inequality. Finally, px = p1x1 ≤ r∑l≥1 ylβ
l ≤

r ·Opt(LP2) ≤ r ·Opt(F , p) and, therefore, x is an r-approximate solution.

Algorithm PDmin uses inequalities which are r-effective with respect to F ,
instead of using inequalities which are r-effective with respect to (F , z) (as in
the local-ratio case). It uses such inequalities, while updating p, and the dual
solution, until a minimal zero-penalty solution is found.

Algorithm PDmin(p)

1. Search for a feasible minimal solution x ⊆ {j : pj = 0}
2. If such a solution was found return x
3. Construct a valid inequality alx ≥ bl which is r-effective w.r.t. to F
4. yl ← max

{
ε : p− εal ≥ 0

}

5. x← PDmin2(p− yla
l)

6. Return x

Theorem 5. Algorithm PDmin outputs an r-approximate solution.

5 Equivalence

Lemma 1. αx ≥ β is an r-effective inequality iff α is an r-effective weight
function with the witness β.

Proof. We prove the lemma for minimization problems. Similar arguments can
be used in the maximization case. Let αx ≥ β be an r-effective inequality. By
definition every minimal feasible solution x satisfies: β ≤ αx ≤ rβ. Thus, α is
an r-effective weight function. On the other hand, let α be an r-effective weight
function with a witness β. Due to the r-effectiveness of α every minimal feasible
solution x satisfies β ≤ αx ≤ rβ. Therefore, αx ≥ β is an r-effective inequality.

By Lemma 1 the use of valid inequalities can be explained by utilizing the
corresponding weight functions and vice versa. Thus, Algorithms PDcov and
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LRcov are actually identical. The same goes for Algorithms PDmin and LRmin.
From this we can also conclude that the integrality gap of an integer program
serves as a bound to the approximation ratio of a local-ratio algorithm which
can be explained by algorithms LRcov or LRmin.

6 Examples

Generalized Hitting Set. The generalized hitting set problem is defined as follows.
Given a collection of subsets S of a ground set U , a non-negative penalty ps for
every set s ∈ S, and a non-negative penalty pu for every element u ∈ U , find a
minimum-penalty collection of objects C ⊆ U ∪S, such that for all s ∈ S, either
there exists u ∈ C such that u ∈ s, or s ∈ C. As in the hitting set problem
our objective is to cover the sets in S by using elements from U . However, in
this case, we are allowed not to cover a set s, provided we pay a tax ps. The
hitting set problem is the special case where the tax is infinite for all sets. The
generalized hitting set problem can be formalized as follows:

min
∑
u∈U puxu +

∑
s∈S psxs

s.t.
∑
u∈s xu + xs ≥ 1 ∀s ∈ S

xt ∈ {0, 1} ∀t ∈ U ∪ S

Observe that paying the penalty ps is required only when s is not covered. Thus,∑
u∈s xu+xs ≥ 1 is∆S-effective for any set s ∈ S, where∆S = max {|s| : s ∈ S}.

The corresponding ∆S-effective weight function would be: δs(t) = ε if t ∈ {s}∪s,
and δs(t) = 0 otherwise. The inequality remains ∆S-effective if we use any value
between 1 and ∆S as xs’s coefficient. Analogously, δs(s) can take any value
between ε and ∆Sε. We can approximate this problem by using the “standard”
approach for covering problems (when using the above inequalities or weight
functions). However, we can also use a PDmin (or LRmin) to construct a linear
time ∆S-approximation algorithm. First, we use all the above inequalities in
an arbitrary order; then a zero penalty minimal feasible solution can be found:
all zero penalty elements and all the sets which are not covered by some zero
penalty element. This would be a ∆S-approximate solution.

Feedback Vertex Set. Let G = (V,E) be an undirected graph, and let p be a
penalty vector. The feedback vertex set problem is to find a minimum penalty set
F ⊆ V whose removal from G leaves an acyclic graph. Becker and Geiger [7] and
Chudak et al. [9] proved that

∑
v∈V deg(v) ≤ 2

∑
v∈F∗ deg(v) for every minimal

feedback vertex set F , where F ∗ is an optimal solution. Bar-Yehuda [3] indicated
that this actually means that the weight function δ(v) = deg(v) is 2-effective,
and then used this weight function to simplify the presentation of Becker and
Geiger’s [7] 2-approximation algorithm. The corresponding 2-effective inequality
is
∑
v∈V deg(v)xv ≥

∑
v∈F∗ deg(v). Therefore, a primal-dual analysis to this al-

gorithm can be given by using algorithm PDcov. It is important to note that you
do not need to know the value

∑
v∈F∗ deg(v) in order to execute the algorithm.
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Minimum s, t-cut. Given an undirected graph G = (V,E), a pair of vertices
s, t, and a non-negative penalty for each edge e ∈ E, we wish to find a cut of
minimum penalty. In order to solve this problem we solve the directed version:
given a digraph G = (V,E), a pair of vertices s and t, and a non-negative penalty
pe for each arc e ∈ E, find a directed cut of minimum penalty. Denote by Q the
set of all (directed) paths from s to t. The minimum s, t-cut problem can be
formalized by using the following integer program:

min
∑
e∈E pexe

s.t.
∑
e∈q xe ≥ 1 ∀q ∈ Q

xe ∈ {0, 1} ∀e ∈ E

where xe = 1 iff e is in the cut.
We analyze Ford and Fulkerson algorithm [13]. Examine the inequality:∑
e∈q xe −

∑
e∈q xe ≥ 1 for some path q ∈ Q, where q is the corresponding

path from t to s (i.e., the one going in the opposite direction). The correspond-
ing weight function is: δq(e) = (|e ∩ q| − |e ∩ q|) · ε for some ε. This means that
arcs in the ’right’ direction are given penalty ε, while arcs in the ’wrong’ di-
rection are given penalty −ε. We show that δq and its corresponding inequality
are 1-effective. Let F be some minimal feasible solution, i.e, F is a minimal set
of arcs which induces an s, t-cut (S, S). Any path going from s to t must go
through F an odd number of times: k ≥ 1 times from S to S and k− 1 times in
the opposite direction. Therefore, δq(F ) =

∑
e∈F δe = k · ε+ (k − 1) · (−ε) = ε.

The algorithm works as follows: iteratively find an unsaturated path q from s to
t and subtract δq from the p, where ε is the value that saturates some arc e ∈ q;
when no such path exists pick a minimal set of arcs from the set {e : pe = 0}.
Note that, in this case, we are allowed to change our minds about an arc, i.e.,
to increase the penalty of an arc during the execution of the algorithm.

Minimum 2SAT. Given a 2CNF formula ϕ with m clauses on the variables
x1, . . . , xn and a penalty vector p, the minimum weight 2-satisfiability problem is
to find a minimum penalty truth assignment which satisfies ϕ (or determine that
no such assignment exists). Gusfield and Pitt [16] presented an O(nm) time 2-
approximation algorithm for 2SAT. We shall give an intuitive explanation of this
algorithm in the context of the approximation frameworks. First, we can check
whether ϕ is satisfiable by using the algorithm from [12]. Therefore, we may
assume that ϕ is satisfiable. In order to construct a 2-approximation algorithm
we need to find 2-effective inequalities or weight functions. Given a literal (, let
T (() be the set of variables which must be assigned true whenever ( is assigned
true. Let xi and xj be variables such that xj ∈ T (xi). For such variables the
inequality xi + xj ≥ 1 is valid. Moreover, it is easy to see that this inequality is
2-effective. Constructing T (xi), and a zero penalty feasible solution can be done
efficiently by using constraint propagation (for a more detailed analysis see [6]).

Interval Scheduling. Bar-Noy et al. [2] have presented a framework for approx-
imating resource allocation and scheduling problems. We analyze one of the
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algorithms from [2] which approximates a packing problem called the interval
scheduling problem. This algorithm does not fall within the frameworks discussed
earlier, but the analysis offers some intuition to the equivalence between the two
approaches in the maximization case. An interesting point is that while a penalty
vector is kept non-negative during the execution of an algorithm, a profit vector
is expected to be non-positive when the subtraction phase is over. This means, in
primal-dual terms, that in the maximization case the dual solution is initially not
feasible, and that it becomes feasible at the end of the algorithm. The negative
coordinates of the profit vector correspond to the non-tight constraints.

In the interval scheduling problem we are given a set of activities, each requir-
ing the utilization of a given resource. The activities are specified as a collection
of sets A1, . . . ,Am. Each set represents a single activity: it consists of all pos-
sible instances of that activity. An instance I ∈ Ai is defined by the following
parameters: (1) A half-open time interval [s(I), e(I)) during which the activity
will be executed. s(I) and e(I) are called the start-time and end-time of the
instance; And, (2) the profit p(I) ≥ 0 gained by scheduling this instance of the
activity. A schedule is a collection of instances. It is feasible if it contains at most
one instance of every activity, and at most one instance for all time instants t.
In the interval scheduling problem our goal is to find a schedule that maximizes
the total profit accrued by instances in the schedule. More formally, our goal
is to find an optimal solution to the following integer program on the boolean
variables {xI : I ∈ Ai, 1 ≤ i ≤ m}.

max
∑
I pIxI

s.t.
∑
I:s(I)≤t<e(I) xI ≤ 1 ∀t∑
I:I∈Ai

xI ≤ 1 ∀i ∈ {1, . . . ,m}
xI ∈ {0, 1} ∀i ∀I ∈ Ai,

The algorithm from [2] works as follows. First, delete all instances with non-
positive profit. If no instances remain, return the empty schedule. Otherwise,
let J be an instance with minimum end-time, and let A(J) and I(J) be the
activity to which instance J belongs and the set of instances intersecting J
(including J), respectively. Define δ(I) = p(J) if I ∈ A(J) ∪ I(J), and δ(I) =
0 otherwise. Then solve the problem recursively with respect to a new profit
vector, p − δ. Let S′ be the schedule returned. If S′ ∪ {J} is a feasible solution
return S = S′ ∪ {J}. Otherwise, return S = S′. δ is 1

2 -effective, and, therefore,
this is a 1

2 -approximation algorithm. Bar-Noy et al. also presented a primal-
dual interpretation to their algorithm. However, in order to do so they modified
the original algorithm by using a different 1

2 -effective weight function: δ′(J) =
p(J), δ′(I) = 1

2p(J) if I ∈ A(J) ∪ I(J) \ {J}, and δ′(I) = 0 otherwise. We
present the following alternative analysis. Consider the inequality

∑
I∈I(J) xI +∑

I∈A(J) xI ≤ 2, which states that only one instance from A(J) and one from
I(J) can belong to a feasible schedule. This inequality is 1

2 -effective because a
maximal schedule contains at least one instance from A(J)∪ I(J). The original
algorithm can be explained by the 1

2 -effective inequality
∑
I∈I(J)∪A(J) xI ≤ 2.

The difference between δ and δ′ (or between their corresponding inequalities) is
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the ratio between the weight of Ĩ and the weights of the other instances. In fact,
any value between 1 and 2 would have been acceptable.
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Abstract. In this paper we study some aspects of weighted flow time
on parallel machines. We first show that the online algorithm High-
est Density First is an O(1)-speed O(1)-approximation algorithm for
P |ri, pmtn|∑ wiFi. We then consider a related Deadline Scheduling
Problem that involves minimizing the weight of the jobs unfinished by
some unknown deadline D on a uniprocessor. We show that any c-
competitive online algorithm for weighted flow time must also be c-
competitive for Deadline Scheduling. We finally give an O(1)-competitive
algorithm for Deadline Scheduling.

1 Introduction

We consider several aspects of online scheduling to minimize the weighted flow
time. In this problem a sequence of jobs has to be processed on a set of m
identical machines. The ith job has a release time ri, a processing time or length
xi and a non-negative weight wi. At any time, only one processor may be running
any particular job. Processors may preempt one job to run another. The ith job
is completed after it has been run for xi time units. The flow time Fi of the
ith job is the difference between its completion time and its release date. The
objective function to minimize is the weighted flow time

∑
wi ·Fi. Following the

standard three fields notation for scheduling problems, we denote this problem
by P |ri, pmtn|

∑
wi · Fi.

One motivation for studying weighted flow time is that by far the most com-
monly used measure of system performance is average flow time, or equivalently
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average user perceived latency, and weighted flow time is an obvious general-
ization. Another motivation for considering weighted flow time is that it is a
special case of broadcast scheduling. A good overview of broadcast scheduling
can be found in [1]. The setting is a client-server system where the server uses
broadcast communication to download files to the clients. One notable commer-
cial example of such a system is Hughes’ DirecPC system; In this system the
clients request web pages over phone lines, and the web pages are broadcasted
via satellite to all clients (so it may be possible to satisfy several clients request
with a single broadcast). The weighted flow time problem 1|ri, pmtn|

∑
wi · Fi

is a special case of the broadcast problem where all requests for file i arrive at a
single time ri (however, there may be many requests for i at time ri).

There have been some recent results on minimizing average flow time [7,8,9];
however, minimizing weighted flow time is not yet well understood. The unipro-
cessor offline problem 1|ri, pmtn|

∑
wi · Fi is known to be NP-hard [4]. But

there is known no offline polynomial-time constant approximation algorithm.
The one previous positive result for weighted flow time used resource augmen-
tation analysis. Resource augmentation analysis was proposed [8] as a method
for analyzing scheduling algorithms that are hard to approximate. Using the
notation and terminology of [11], an s-speed c-approximation algorithm A has
the property that the value of the objective function of the schedule that A
produces with processors of speed s ≥ 1 is at most c times the optimal value
of the objective function for speed 1 processors. An algorithm is c-competitive
if is an 1-speed c-approximation algorithm. It was shown in [11] that an LP-
based online algorithm, Preemptively-Schedule-Halves-by-M̄j , is an O(1)-speed
O(1)-approximation algorithm.

The first contribution of this paper, covered in Section 2, is that we simplify
the resource augmentation analysis of 1|ri, pmtn|

∑
wiFi given in [11], while also

extending the analysis to multiprocessors. Namely, we show that the polynomial
time, online algorithm Highest Density First (HDF), which always runs the job
that maximizes its weight divided by its length, is an online O(1)-speed O(1)-
approximation algorithm. While this analysis of HDF is not stated in [11], upon
reflection one can see that all the insights necessary to assert that HDF is an
O(1)-speed O(1)-approximation algorithm on a single processor are inherent in
their analysis of their proposed algorithm Preemptively-Schedule-Halves-by-M̄j .
Besides making this result explicit, our proof has the advantages that (1) our
analysis is from first principles and does not require understanding of a rather
complicated LP lower bound, and (2) our analysis also easily extends to the
multiprocessor problem P |ri, pmtn|

∑
wiFi, while the result in [11] apparently

does not.
In section 3 we consider competitive analysis of 1|ri, pmtn|

∑
wiFi. We first

show that every c-competitive online algorithm A has to be locally c-competitive,
that is, at every time t, the overall weight of the jobs that A has not finished by
time t can be at most c times the minimum possible weight of the unfinished jobs
at time t. The requirement of local competitiveness suggests that we consider
what we call the Deadline Scheduling Problem (DSP).
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The input to DSP consists of n jobs, with each job i having a length xi
and a non-negative weight wi. Both the length of a job and its weight are re-
vealed to the algorithm when the job is released. The goal is to construct a
schedule (linear order) where the overall weight of the jobs unfinished by some
initially unknown deadlineD is minimized. In the standard three field scheduling
notation, one might denote this problem as 1|di = D|∑wi · Ui. The require-
ment of local competitiveness means that any c-competitive online algorithm
for 1|ri, pmtn|

∑
wiFi must be c-competitive for DSP. The DSP problem can

be seen as a dual to the deadline scheduling problem considered in [6]. The
setting considered in [6] was the same as DSP, except that the goal was to max-
imize the jobs completed before the deadline D on multiple machines. In [6] it
is shown that no constant competitive algorithm for the maximization problem
exixts. The second main contribution of this paper is an online O(1)-competitive
algorithm for DSP on one machine.

2 Resource Augmentation Analysis of P |ri, pmtn|∑wiFi

In this section, we adopt the following notation. We use A(s) to denote the
schedule produced by algorithm A with a speed s processors, and abuse notation
slightly by using A to denote A(1). Let UA(t) be the jobs that have been released
before time t, but not finished by algorithmA by time t. We define the density of a
job j as the ratio µj = wj/pj . We use yAj (t) to denote the remaining unprocessed
length of job j at time t according to the schedule produced by algorithm A.
Similarly, we use pAj (t) = pj − yAj (t) to denote the processed length of job j
before time t. So from time t, algorithm A, with a speed s processor, could finish
j in yAj (t)/s time units. We let wAj (t) = yAj (t)

wj

pj
be the fractional remaining

weight of job j at time t in A’s schedule. We denote by WA(t) =
∑
j∈UA(t) wj

and by FA(t) =
∑
j∈UA(t) w

A
j (t) respectively the overall weight and the overall

fractional weight of jobs that A has not completed by time t.
It is well known that the weighted flow time of a schedule A is equal to∫
WA(t)dt. Hence to prove that an algorithm A is a c-approximation algorithm

for weighted flow time it is sufficient to show that A is locally c-competitive, this
meaning that, at any time t, WA(t) ≤ cWOpt(t). Observe that, in principle, A
might be a c-approximation algorithm without being locally c-competitive. We
show further in this section that this in fact is not the case for the problem we
are considering.

Recall that, given m processors, the algorithm Highest Density First (HDF)
always runs the up to m densest available jobs. We now prove, via a simple
exchange argument, that giving HDF a faster processor doesn’t decrease the
time that HDF runs any unfinished job by any time.

Lemma 1. For any number of processors, for any job instance, for any time t,
and for any j ∈ UHDF(1+ε)(t), it is the case that pHDF(1+ε)

j (t) ≥ (1+ε)pHDF(1)
j (t),

or equivalalently, before time t it is the case that HDF(1 + ε) has run job j for
more time than HDF(1).
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Proof. Assume to reach a contradiction that there is a time t and a job j where
this does not hold. Further, assume that t is the first such time where this fails
to hold. Note that obviously t > 0. HDF(1) must be running j at time t by the
definition of t. Also by our assumptions, HDF(1 + ε) can not have finished j
before time t, and does not run j at time t. Hence, HDF(1+ ε) must be running
some job h at time t, that HDF(1) is not running at time t. HDF(1 + ε) could
not be idling any processor at time t since j was available to be run, but wasn’t
selected. Since HDF(1 + ε) is running job h instead of job j, job h must be
denser than job j. Then the only reason that HDF(1) wouldn’t be running h is if
it finished h before time t. But this contradicts our assumption of the minimality
of t.

We now prove that FHDF(t) is a lower bound to WOpt(t) in the unipro-
cessor setting. (As for this issue we also refer to [3].) Define WFHDF(t) =∑
j∈UHDF(1)(t) w

HDF(1)
j (t) to be the remaining fractional weight at time t for

HDF(1). So if HDF(1) has run 1/3 of a job j by time t then j only contributes
2
3wj to W

FHDF(t).

Lemma 2. For any instance of the problem 1|ri, pmtn|
∑
wiFi, and any time

t, it is the case that FHDF(t) ≤ FOpt(t) ≤WOpt(t).

Proof. The second inequality is clearly true. To prove FHDF(t) ≤ FOpt(t) we use
a simple exchange argument. To reach a contradiction, let Opt be an optimal
schedule that agrees with the schedule HDF(1) the longest. That is, assume that
Opt and HDF(1) schedule the same job at every time strictly before some time
t, and that no other optimal schedule agrees with HDF(1) for a longer initial
period. Let i be the job that HDF(1) is running at time t and let j be the job
that Opt is running at time t. The portion of job i that HDF(1) is running at
time t must be run later by Opt at some time, say s. Now create a new schedule
Opt′ from Opt by swapping the jobs run at time s and time t, that is Opt′ runs
job i at time t, and job j at time s. Note that job i has been released by time t
since it is run at that time in the schedule HDF(1). By the definition of HDF,
it must be the case that µi ≥ µj . Hence, since we are considering the fractional
remaining weight of the jobs, it follows that for all times u, FOpt′

(u) ≤ FOpt(u),
and Opt′ is also an optimal solution. This is a contradiction to the assumption
that Opt was the optimal solution that agreed with HDF(1) the longest.

Observe that the above Lemma is not true for parallel machines since HDF
may underutilize some of the machines with respect to the optimum.

We now establish that HDF(1 + ε) is locally (1 + 1
ε )-competitive against

HDFin the uniprocessor setting.

Lemma 3. For any ε > 0, for any job instance, for any time t, and for any job
j, it is the case that WHDF(1+ε)(t) ≤ (1 + 1

ε )F
HDF(t)

Proof. It follows from lemma 1 that the only way that WHDF(1+ε)(t) can be
larger than FHDF(t) is due to the contributions of jobs that were run but not
completed by both HDF(1 + ε) and HDF. Let j be such a job. Since HDFcan
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not have processed j for more than pHDF(1+ε)
j (t)/(1 + ε) time units before time

t,

w
HDF(1)
j (t) ≥ 1

pj

(
pj −

p
HDF(1+ε)
j (t)

1 + ε

)
wj .

The ratio wj/w
HDF(1)
j (t) is then at most

pj(
pj − p

HDF(1+ε)
j (t)

1+ε

)

When pHDF(1+ε)
j (t) = pj , which is where this ratio is maximized, this ratio is

1 + 1/ε. Thus the result follows.
We are then able to conclude the following.

Theorem 1. Highest Density First (HDF) is a (1 + ε)-speed (1 + 1
ε )-approxi-

mation algorithm for the problem 1|ri, pmtn|
∑
wiFi.

Proof. If follows from lemma 2 that FHDF(t) is a lower bound to WOpt(t). From
Lemma 3 the claim follows.

Theorem 2. Highest Density First (HDF) is a (2 + 2ε)-speed (1 + ε)-approxi-
mation online algorithm for P |ri, pmtn|

∑
wiFi.

Proof. Omitted.

3 Deadline Scheduling Problem

In this secton we first show that a c-competitive algorithm for minimizing
weighted flow time must be also locally c-competitive. We know that local c-
competitiveness is sufficient to establish c-competitiveness. We now show that
for online algorithms, with speed 1 processors, it is the case that local c-compet-
itiveness is also necessary.

Theorem 3. Every c-competitive deterministic online algorithm A for
1|ri, pmtn|

∑
wiFi must be locally c-competitive.

Proof. Omitted.
The negative result shown above motivates the DSP problem: the goal is to

design an algorithm that, at each time instant t, completes a set of jobs whose
overall weight is a constant factor away from the set of jobs completed by an
optimal algorithm that knows t. We stress that this is equivalent to consider a
single deadline t unknown to the algorithm but known to the off-line optimal
adversary. The simplification with respect to minimizing weighted flow time is
that in DSP all jobs are released at time 0 and that we consider a simplified
objective function.
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Number of Jobs weight length Density = weight/length
1 k k2 1/k

k3 1 1 1

Fig. 1. A non-trivial input for DSP. k � 1.

We now give an example to show that DSP is more subtle than one might at
first think. Consider the following set of jobs, released at time 0:

Two natural schedules are: (1) First run the low density job followed by the
k3 high density jobs, and (2) First run the k3 high density jobs followed by
the low density job. It is easy to see that the first algorithm is not constant
competitive at time t = k3, and that the second algorithm is not constant
competitive at time t = k3 + k2 − 1. In fact, what the online algorithm should
do in this instance is to first run k3 − k of the high density jobs, then run the
low density job, and then finish with the remaining k high density jobs. A little
reflection reveals that this schedule is O(1)-competitive for this instance of DSP.
This instance demonstrates that the scheduler has to balance between delaying
low density jobs, and delaying low weight jobs. Further in this section we propose
an O(1)-competitive algorithm for DSP. This algorithm has to recursively deal
with difficulties similar to those that arise in the instance in table 3. It is possible
to construct instances where one can show that essentially the full complexity
of our algorithm description is necessary to achieve O(1)-competitiveness.

An alternative way to look at DSP is by reversing the time axis. This makes
DSP equivalent to the problem minimizing the overall weight of jobs that have
been started by some unknown deadline. This problem is more formally stated
below.
NDSP Problem Statement: The input consists of n jobs released at time 0,
with known processing times and weights, plus an a priori unknown deadline t.
The goal is to find a schedule that minimizes the total weight of jobs that have
been started before time t including the job running at time t. Intuitively, time
t in this schedule corresponds to time

∑
pi − t in the original schedule.

In this section, we use the notation A(t) to refer to the schedule produced by
algorithm A before time t, and WA(t) to refer to the weight of the jobs started
by algorithm A before time t. (This matches the use of WA(t) done in Section
2 to denote the weight not completed by time t in the original time direction.)
Similarly,WOpt(t) refers to the minimum weight collection of jobs with length at
least t, and the schedule that obtains this minimum. Note that in general there is
not a single schedule that optimizes all t’s simultaneously, that is, the schedules
Opt(t) and Opt(t′) may be very different. For a fixed instance of NDSP, the
competitive ratio of an algorithm A is the maximum over all t ∈ [0,

∑
pj ] of

WA(t)/WOpt(t).
Observe that NDSP is simply the minimum knapsack problem, for which an

FPTAS exists [13].
We first describe a polynomial time offline algorithm Off for NDSP, and

then show that Off is 3-approximate with respect to Opt(t). We then pro-



42 Luca Becchetti et al.

pose a polynomial time online algorithm called R for NDSP, and show that
R is 8-competitive with respect to Off. Hence, we can conclude that R is a 24-
competitive algorithm. Both R and Off at various points in their execution must
select the lowest density job from some collection; Ties may be broken arbitrar-
ily, but in order to simplify our analysis, we assume that Off and R break ties
similarly (say by the original numbering of the jobs).

Description of Algorithm Off: Algorithm Off computes a set of busy
schedules Off1(t), . . . ,Offu(t). The schedule produced by Off is then the
schedule among Off1(t), . . . ,Offu(t) with minimum weight. When Off(t) is
started, J is the collection of all jobs, and in general J contains the jobs that
maight be scheduled in the schedules Offh(t),Offh+1(t), .... the algorithm will
produce by the end of its execution. Variable s is initialized to s = 0, and in
general indicates is the time that the last job in the current schedule ends.
Variable h is initially set to 1, and in general is the index for the current
schedule Offh(t) that Off(t) is constructing.

1. Let j be the least dense job in J
2. Remove j from J
3. If s+ pj < t then

(a) Append j to the end of the schedule Offh(t)
(b) Let s = s+ pj
(c) Go to step 1

4. Else if s+ pj ≥ t then
(a) Let Offh+1(t) = Offh(t). Comment: Initialize Offh+1(t).
(b) Append j to the end of the schedule Offh(t). Comment: Schedule

Offh(t) is now completed.
(c) Let h = h+ 1
(d) Remove from J any job with weight greater than wj/2
(e) If the total length of the jobs in J is at least t− s then go to step 1.

Algorithm Off intuitively tries to schedule the least dense jobs until time
t. The algorithm Off must then be concerned with the possibility that the job
that it has scheduled at time t, say j, is of too high a weight. So Off recursively
tries to construct a lower aggregate weight schedule to replace j, from those
unscheduled jobs with weight at most wj/2. Observe that algorithm Off runs in
polynomial time.

If a job j is scheduled in step 3a then we say that j is a non-crossing job.
If a job j is scheduled in step 4b then we say that j is a crossing job, and that
afterwards a Schedule Offh(t) was closed on j.

Theorem 4. WOff(t) ≤ 3WOpt(t).

Proof. The jobs in the schedule Off are ordered in increasing order of density.
Assume that the jobs in Opt(t) are ordered by increasing density as well. Let
us introduce some notation. Let f1, ..., fu be the sequence of jobs that close
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b(f1)

f2

f1

f3

t

b(f3)

b(f2)

Fig. 2. A depiction of our notation with k = 3.

schedules Off1(t), ...,Offu(t). Let b(fh) be the time at which jh is started in
Offh(t). This notation is illustrated in figure 2.

We break the proof into two cases. In the first case we assume there is some
schedule Offh(t) that runs at some time instant a job of density higher than the
job run at the same time by Opt(t). Denote by x the earliest such time instant.
Since jobs scheduled by Opt are ordered by increasing density, we assume w.l.o.g.
that Offh(t) starts such job at time x. Denote by j the job started by Offh(t) at
time x and by i the job run by Opt at time x. Clearly, µj > µi. It is easy to see
that Off1(t) is always running a job with density at most the density of the job
that Opt(t) is running at that time. Hence, it must be the case that h > 1. Since
i �= j, there must be some job g run by Opt(t) before i, that Offh(t) does not
run before j. Note that it may be the case that g = i. Then the only possible
reason that Off(t) didn’t select g instead of j, is that g was eliminated in step
4d, before Off(t) closed a schedule on some fd, d ≤ h− 1. Hence, wg ≥ wfh−1/2,
and wfh−1 ≤ 2Opt(t) since wg is scheduled in Opt(t). By the minimality of x,
it must be the case that, at all times before time b(fh−1), the density of the
job that Offh−1(t) is running is at most the density of the job that Opt(t) is
running. Hence, the aggregate weight of the jobs in Offh−1(t), exclusive of fh−1,
is at most Opt(t). We can then conclude that Offh−1(t) ≤ 3Opt(t), and hence
Off(t) ≤ 3Opt(t) by the definition of Off.

In the second case assume that, at all times in all the schedules Offh(t), it is
the case that the job that Offh(t) is running at this time is at most the density of
the job that Opt(t) is running at this time. Hence, the weight of the jobs in the
last schedule Offu(t), exclusive of fu, is at most Opt(t). Consider the time that
Off(t) adds job fu to schedule Offu(t). The fact that Offu(t) is the last schedule
produced by Off(t) means that the total lengths of jobs in Offu(t), union the
jobs that are J after the subsequent step 4d is strictly less than t. The jobs in J
at this time, are those jobs with weight at most wfu/2 that were not previously
scheduled in Offu(t). Hence, the total length of the jobs in the original input
with weight at most wfu

/2 is strictly less than t. Therefore at least one job in
Opt(t) has weight at least wfu/2. Hence, wfu ≤ 2Opt(t). Therefore, once again
we can conclude that Offu(t) ≤ 3Opt(t), and that Off(t) ≤ 3Opt(t).
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We now turn to describing the algorithm R. R is an on-line algorithm that
produces a complete schedule of J without knowing the deadline t. The cost
incurred by R will be the total weight of jobs started by time t. Intuitively, the
algorithm R first considers the lowest density job, say j. However, R can not
immediately schedule j because it may have high weight, which might mean that
R wouldn’t be competitive if the deadline occurred soon after R began executing
j. To protect against this possibility, R tries to recursively schedule jobs with
weight at most wj/2, before it schedules j, until the aggregate weight of those
jobs scheduled before j exceeds wj . We now give a more formal description of
the algorithm R.

Description of Algorithm R: The algorithm R takes as input a collection
J of jobs. Initially, J is the collection of all jobs, and in general, J will
be those jobs not yet scheduled by previous calls to R. The algorithm R is
described below:
While J �= ∅

1. Select a j ∈ J of minimum density. Remove j from J .
2. (a) Initialize a collection Ij to the empty set. Ij will be the jobs scheduled

during step 2.
(b) Let Jj be those jobs in J with weight at most wj/2.
(c) If Jj is empty then go to step 3.
(d) Recursively apply R to Jj . Add the jobs scheduled in this recursive

call to Ij . Remove the jobs scheduled in this recursive call from J .
(e) If the aggregate weight of the jobs in Ij exceeds wj then go to step

3, else go to step 2c.
3. Schedule j after all jobs of Ij .

End While

We say a job j was picked if it was selected in step 1. If, after j is picked, a
recursive call to R is made with input Jj , we say that R recurses on j. Notice
that like the algorithm Off, the algorithm R also runs in polynomial time.

We now explain how to think of the schedule R as a forest, in the graph
theoretic sense. The forest has a vertex for every job in J . For this reason we
will henceforth use the terms job and vertex interchangeably. The jobs in the
subtree T (j) rooted at job j are j and those jobs scheduled in the loop on step 2
after j was selected in step 1. The ordering of the children is by non-decreasing
density that is the order in which R selects and schedules these jobs. The roots
of the forest are those vertices selected in step 1 at the top level of the execution
of the algorithm. Similarly, the ordering of the roots of the forest is also by non-
decreasing density, and in the order in which R selects and schedules these jobs.
We adopt the convention that the orderings of trees in the forest, and children
of a vertex, are from left to right.

Before proceeding we need to introduce some notation. Given a descendent
y of a vertex x in some tree, we denote by P (x, y) the path from x to y in T , x
and y inclusive. If y is not a descendent of x, then P (x, y) is the empty path. We
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Fig. 3. Forest structure of R’s schedule.

denote by r1, . . . , rk the roots of the trees in R that contain at least one job that
R started before time t. Let v1, . . . , vm be the vertices in the path P (rk, vm),
where v1 = rk, and where vm is the job that R is running at time t. Finally,
denote by W (S) the total weight of the jobs in a set S. See Figure 3 for an
illustration of the forest structure of R and some of our definitions.

The following facts can easily be seen to follow from the definition of R.
The post-order of the jobs within each tree is also the order that these jobs are
scheduled by R. All jobs in a tree T (rh), h < k, are completed by R before time
t. All jobs in a tree T (rh), h > k, are not started by R before time t. The jobs
of T (rk) that are started by R before time t are: (i) The jobs in T (vm), and (ii)
the jobs in T ('), for each left sibling ' of a job on P (v2, vm). All the jobs in the
path P (rk, vm−1) are not started by R before time t. All the jobs in a T ('), '
being a right sibling of a job on the path P (v2, vm), are not started by R before
time t.

The following lemma shows that the aggregate weight of the vertices in a
subtree is not too large.

Lemma 4. For any job x in R, W (T (x)) ≤ 4wx.

Proof. The proof is by induction on the height of T (x). The base case (i.e. x
is a leaf) is straightforward. Let y be x’s rightmost child. The aggregate weight
of the subtrees rooted at the left siblings of y is at most wx, or R would not
have picked y in tree T (x). Since R removes jobs of weight greater than wx/2 in
step 2b, we know that wy ≤ wx/2. By induction W (T (y)) ≤ 4wy, and therefore
W (T (y)) ≤ 2wx. Hence, by adding the weight of the subtrees rooted at x’s
children to the weight of x, we get that W (T (x)) ≤ wx + wx + 2wx = 4wx.

Theorem 5. R(t) ≤ 8Off(t).
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Proof. We will charge all the weight of the jobs started by R before time t to
the jobs scheduled by Off in a way that no job in Off is charged for more than
8 times its weight.

First notice that Off completes the roots r1, . . . , rk−1 by time t. This is
because t occurs in tree T (rk), all jobs in T (rh), h ≥ k have density not smaller
than µrk

, and therefore the total length of jobs of density less than µrk
is less

than t. We then charge W (T (ri)) to each ri scheduled by Off, 1 ≤ i ≤ k − 1,
and therefore by Lemma 4 we charge each ri at most four times its weight.

We are left to charge the weight of the jobs in T (rk) started by R before time
t. We consider three cases:

(i) Off schedules job rk = v1;
(ii) Off schedules a job on path P (v1, vm);
(iii) Off schedules no job on path P (v1, vm).

In case (i), we charge W (T (rk)) to rk. This way rk is charged at most four
times its weight. So now assume that rk is picked but not scheduled by Off. To
finish our analysis of case (ii) and case (iii) we need the following claim, which
illuminates the similarities between the algorithms R and Off.

We slightly abuse notation by denoting r1, ..., rk−1 as the left siblings of rk.

Claim. Assume Off schedules no job on P (v1, vb), b ∈ {1, ..,m}. Then, for every
c = 1, ..., b, vc is the crossing job that closes Offc(t), and Offc(t) contains all
left siblings of vl, l = 1, .., c, that are scheduled by R before time t. Moreover, if
b = m then Off schedules all the children of vm.

Proof. We prove a stronger statement: in particular, we prove that for every
c = 1, ..., b, vc is the crossing job that closes Offc(t), Offc(t) contains, for every
l = 1, .., c, all left siblings of vl and possibly other jobs, but only from the trees
rooted at the left siblings of vl.

The proof is by induction. For the basis of the induction observe that the
overall length of jobs of density less than µv1 is less than t while Off does not
schedule v1, therefore v1 is the crossing job that closes Off1(t), that in turn also
contains all the root vertices r1, ..., rk−1 and possibly other vertices, but only
from T (r1), ..., T (rk−1). For the inductive hypothesis, we assume that the claim
is true up to vertex vc that closes solution Offc(t). We then prove the claim for
vertex vc+1. Offc(t) was closed on vertex vc. Solution Offc+1 will contain all the
jobs of density higher than µvc but less than µvc+1 , and weight at most wvc/2.
Also these jobs are contained in trees that are rooted for some l ∈ {1, .., c} at
some left siblings of vl. Therefore Offc+1 will contain all these jobs including
all left siblings of vc+1, since the limit t won’t be reached. Therefore vc+1 will
eventually be selected to be included in Offc+1(t) but since it is not scheduled
by Off it will be the crossing job that closes Offc+1(t).

Finally, if b = m then by the same argument as above it follows that Offm+1
contains all the children of vm and none of these jobs is a crossing job, therefore
they are all included in the final solution provided by Off.

The following corollary immediately follows from Theorems 4 and 5 by re-
versing the schedule given by R.
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Corollary 1. There exists a 24-competitive algorithm for DSP.

4 Conclusions

In this paper we considered several aspects of the problem of minimizing the
weighted flow time of a set of jobs on identical machines.

We interpret the results in this paper as suggesting that a reasonably simple
1-speed O(1)-competitive algorithm for the problem of minimizing the average
broadcast time of a set of requests is unlikely, since minimizing the weighted
flow time is a particular case of broadcast scheduling to minimize the average
flow time.
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Abstract. The Postman Problem is defined in the following manner:
Given a connected graph G and a start point s ∈ V (G), we call a path
J in G a postman tour if J starts and ends at s and contains every
edge in E(G). We want to find a shortest postman tour in G. Thus,
we minimize the number |J | − |E(G)|, called the penalty of J for G. In
this paper, we consider two online versions of The Postman Problem,
in which the postman is initially placed at a start point and allowed
to move on edges. The postman is given information on the incident
edges and/or the adjacent vertices of the current vertex v. The first
model is called The Labyrinth Model, where the postman only knows
the existence of the incident edges from v. Thus, he/she does not know
the other endpoint w of an edge from v, even if it is already visited.
The second one is The Corridor Model, where the postman can ‘see’
the other endpoint w from v. This means that if w is already visited,
he/she knows the existence of w before traversing the edge (v, w). We
devised an algorithm for The Corridor Model whose penalty is bounded
by 2|V (G)|−2. It performs better than the algorithm described in [8], in
the case when the other visited endpoint of an edge from a current vertex
is known to the postman. In addition, we obtained lower bounds of a
penalty for The Corridor and Labyrinth Models. They are (4|V (G)|−5)/3
and (5|V (G)|−3)/4, respectively. Our online algorithm uses a linear time
algorithm for the offline Postman Problem with a penalty at most |V |−1.
Thus, the minimum penalty does not exceed |V | − 1 for every connected
graph G. This is the first known upper bound of a penalty of an offline
postman tour, and matches the obvious lower bound exactly.

1 Introduction

The Postman Problem is defined in the following manner: Given a connected
graph G and a start point s ∈ V (G), we call a path J in G a postman tour
if J starts and ends at s and contains every edge in E(G). We want to find a
shortest postman tour in G. Thus, we minimize the number |J | − |E(G)|, called
the penalty of J for G.

In this paper, we consider two online versions of The Postman Problem. In
an online Postman Problem, the postman is initially placed at a start point and

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, pp. 48–54, 2001.
c© Springer-Verlag Berlin Heidelberg 2001



An Online Algorithm for the Postman Problem with a Small Penalty 49

allowed to move on edges. The postman is given information on the incident
edges and/or the adjacent vertices of the vertex v, at which he/she currently
locates.

There are several models worth considering that differ in the information
given to the postman at v. We consider the following two of them.
1. The Labyrinth Model
The postman only knows the existence of the incident edges from v. Thus, he/she
does not know the other endpoint w of an edge from v, even if it is already visited.
2. The Corridor Model
The postman can ‘see’ w from v. It means that if w is already visited, he/she
knows the existence of w before traversing the edge (v, w).

The offline Postman Problem is known to be polynomially computable [10].
In [8], an algorithm for The Labyrinth Model based on the depth first search
scheme (dfs) is given, so that a generated penalty is bounded by 3|V (G)|. Note
that an online algorithm with an O (|V (G)|) penalty is not obviously obtained,
while 2|E(G)| penalty can be achieved by the dfs algorithm. [8] also mentions
that any simple heuristics using a dfs or greedy scheme cannot guarantee an
O(|V (G)|) penalty.

Typical applications of the online Postman Problem are the exploration and
navigation problems for a robot in an unknown environment. Most of the known
results [1,2,3,4,5,6,7,9] make use of geometric restrictions of the environments,
not viewing the problems graph-theoretically on arbitrary undirected graphs.

We will present an algorithm for the Corridor Model with a penalty at most
2|V (G)| − 2. Thus, we will achieve a better performance than [8], in the case
when the other visited endpoint of an edge is known to the postman. In addi-
tion, we will show the lower bounds (4|V (G)| − 5)/3 and (5|V (G)| − 3)/4 of a
penalty generated by an algorithm for The Corridor and The Labyrinth Models,
respectively.

Our algorithm for The Corridor Model uses a linear time algorithm for the
offline Postman Problem with a penalty at most |V (G)|−1. Although we already
have an exact polynomial time algorithm for the offline problem, nothing is
known about a penalty upper bound for an arbitrary connected graph. Our
algorithm is faster than the optimal algorithm that runs in super linear time
using maximum matching. It should be noted that the upper bound |V (G)| − 1
equals the obvious lower bound, since any postman tour on a tree has size at
least 2|E(G)|.

The rest of this paper consists of four sections; Section 2 defines general
terminology. Section 3 describes our algorithm for the Corridor Model. The lower
bounds and conclusions are provided in Sections 4 and 5, respectively.

2 General Definitions

When we consider a graph G = (V,E) that the postman is exploring, let H
denote the subgraph of G consisting of the visited vertices and the traversed
edges. A vertex v ∈ V is called saturated if every edge incident to v is in H.
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If the postman traverses an edge for the second or more time, it is a penalty
traversal.

3 An Algorithm for the Corridor Model
with a Penalty at Most 2|V | − 2

In this section, we show an algorithm for the Corridor Model with a penalty not
exceeding 2|V | − 2. First, we need the following theorem.

Theorem 3.1 The minimum penalty of a postman tour for a graph G is at most
|V (G)| − 1.

Proof. We claim that the following algorithm using Divide and Conquer com-
putes a postman tour with a penalty at most |V | − 1 for an undirected graph.

Algorithm OfflinePostman(G, s)
Input: A connected graph G = (V,E) and a start point s ∈ V (S).
Output: A postman tour J of G with a penalty |V | − 1 or less.

Find a cycle C = {c1, c2, . . . , cl} in G. If G is a tree, the dfs algorithm gen-
erates J . Remove the edges in C from G, which leaves connected components
S1, S2, . . . , Sk. Without loss of generality, assume ci ∈ V (Si) for each i ∈ {1, 2,
. . . , k} where k ≤ j, and s ∈ V (S1).

In the divide phase, we recursively compute J1 =OfflinePostman(S1, s) and
Ji =OfflinePostman(Si, ci) for i ∈ {2, . . . , k}. In the conquer phase to construct
J , we attach C and Ji to J1. More precisely, we modify J1 so that when the
postman reaches c1, he/she enters C to visit c2 and moves on J2. When the
postman comes back to c2, he/she continues to move on C to visit c3, . . . , cl
similarly. The postman continues the rest of the traversal on J1 at c1. ��
We prove by induction on |V | that the penalty of J is at most |V | − 1. The
basis is a case when G is a tree. Assume true for every connected graph with the
number of vertices less than |V |, prove true for |V |.

Every edge in G belongs to either C or some Si. The edges in C generate no
penalty traversal. Thus, every edge with a penalty traversal must belongs to Si,
which implies

P (J) = P (J1) + P (J2) + . . .+ P (Jk),

where P is a function that returns the penalty of a postman tour. By induction
hypothesis and the fact that Ji are vertex disjoint,

P (J) =
k∑
i=1

P (Ji) ≤
k∑
i=1

(V (Ji)− 1) ≤ |V | − 1.

This proves the induction step. ��
Algorithm OfflinePostman runs in linear time. For, we use the dfs algorithm.

When we find a cycle C by detecting a back edge, we delete the edges in C.



An Online Algorithm for the Postman Problem with a Small Penalty 51

Start the dfs algorithm at each vertex in C, marking an edge by C and the
direction of its first time traversal. When the traversal of G is complete, recover
the recursive structure of the obtained postman tours by the mark. Construct a
desired postman tour for G in linear time.

The following theorem is our main claim.

Theorem 3.2 There exists an online algorithm for computing The Corridor
Model of The Postman Problem that generates a penalty at most 2|V (G)|−2 for
any connected graph G.

Proof. The following is our algorithm. We think that one step of the algorithm
is completed when an edge is traversed by the postman.

Algorithm OnlinePostman
Input: The postman initially locates at a vertex s in a connected graph G =
(V,E). He/she will explore the entire graph to return to s. At a current vertex
v, every edge e from v and the other visited endpoint of e are known to the
postman. The explored subgraph H is memorized by the postman.
Output: A postman tour of G with a penalty at most 2|V | − 2.

Run the dfs algorithm. We color edges and vertices in order to imply some
traversal status. If we color an edge or a vertex in red, it is complete in the dfs
part of the exploration.

If the postman finds an uncolored edge e from the current vertex v such that
the other endpoint of e is not in H, he traverses and colors it in white. If he
finds an uncolored e with the other endpoint in H, he does not traverse it at the
moment and colors it in blue.

When every edge from v is colored, let Gv be the subgraph of G, which
contains all the vertices reachable from v using only blue edges, and the blue
edges. If every w ∈ V (Gv) − {v} is colored in red, the postman explores Gv by
OfflinePostman(Gv, v).

There exists a simple white path Pv that connects s and v. The postman
colors v in red and moves back on the edge incident to v in Pv. He/she colors
the edge in red.

Continue the above until the postman returns to s. ��
Lemma 3.3 At any step of the algorithm, the collection of the red and white
edges forms a tree that spans over V (H). Moreover, the set of the white edges
forms a simple path between s and v.

Proof. The edges form a connected component that spans over V (H), since
they are included in the trajectory of the walk so far. They do not contain a
cycle, since if the other endpoint of an edge from v is already visited, the edge
is colored in blue. The second statement is verified by induction on the number
of steps executed. ��

Lemma 3.4 Algorithm OnlinePostman finishes when every edge in G is tra-
versed and the postman returns to s.
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Proof. Suppose that it does not finish. Let G′ be the subgraph of G induced
by all the vertices visited by the postman in infinitely many steps or until the
algorithm halts unexpectedly. The collection of the red edges forms a tree that
spans over V (G′), because G′ contains no white edges.

Since G is connected, there exists an unsaturated vertex v in G′. Let e be
an untraversed edge incident to v. It is a blue edge so that the other endpoint
belongs to G′. For, e must be colored due to v ∈ V (G′). It is colored in blue,
else it is a red edge that is a witness of e being traversed.

The blue edges in G′ form connected components. One of them C contains
e. Every vertex in C is incident to both a blue edge and a red edge. There exists
a step when the last white edge in C turns red. Immediately, OfflinePostman
would have been issued for the postman to traverse e. Therefore, such e cannot
exist.

Since there is no white edge in G′ = G, the postman must return to s. This
correctly finishes the algorithm. ��
Lemma 3.5 The generated penalty is bounded by 2|V | − 2.

Proof. The number of penalty traversals on the red edges is at at most |V | − 1
due to Lemma 3.3. We show that the the number of penalty traversals on the
blue edges is at most |V | − 1. Let Gv1 , Gv2 , . . . , Gvk

be the collection of Gv for
which OfflinePostman is issued. It suffices to show that they are vertex disjoint
subgraphs of G.

Each Gvi
is a component connected by blue edges. Suppose there exists a

vertex
w ∈ V (Gv1) ∩ V (Gv2) .

When OfflinePostman(Gv1 , v1) is issued before OfflinePostman(Gv2 , v2), w must
be colored in red if w 
= v1. Whether w = v1 or not, the blue edges in Gv2 incident
to w have been already colored at the step. Then, OfflinePostman at v1 would
not have been issued for Gv1 . Therefore, such w is impossible to exist. ��
The above sequence of lemmas proves the theorem. ��

4 Lowerbounds for the Corridor Model
and the Labyrinth Model

In this section, we prove lower bounds of a penalty generated by any algorithms
for the both models.

Theorem 4.1 No algorithm for The Corridor Model of The Postman Problem
guarantees a penalty less than 5|V (G)|−6

4 for an arbitrary connected graph G.

Proof. We construct a graph Gj for a given positive integer j, by the following
procedure. Call the next graph a unit.

s =
(
{p(s), b(s), c1(s), c2(s), c3(s)}, {(p(s), c1(s)), (c1(s), b(s)), (b(s), c2(s)),

(c2(s), p(s)), (c1(s), c3(s))}
)
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where p(s), b(s) and ci(s) are vertices. There are j units in total, say s1, s2, . . . , sj .
si for each i ∈ {2, 3, . . . , j − 1} is to be connected to the units si−1 and si+1
at p(si) and b(si), respectively. p(si) is identified with b(si−1), and b(si) with
p(si+1). b(sj) is connected to a vertex w by an extra edge, and p(s1) is the start
point of the exploration.

Lemma 4.2 Any algorithm generates at least five penalty traversals in each s.

Proof. The postman always enters each s at p(s) for the first time. Due to the
definition of The Corridor Model, it is possible that he/she reaches c2(s) without
saturating c1(s) and b(s). The postman must re-visit the two vertices.

If the postman traverses the edge (c2(s), p(s)) at the next step, it takes at
least five penalty traversal to visit b(s), c1(s) and c3(s) to come back to p(s)
once again. If the postman traverses (c2(s), b(s)) at the next step, he/she needs
to visit every ci(s). This takes at least five penalty traversals also. ��
|V (Gj)| and |E(Gj)| are 4j+ 2, and 5j+ 1, respectively. The number of penalty
traversals is at least |E(Gj)| due to the lemma. Thus, we have a penalty for Gj
at least

5j + 1
4j + 2

· |V (Gj)| =
5
4 (4j + 2)− 3

2

4j + 2
· |V (Gj)|

=
5
4
|V (Gj)| − 3

2

where |V (Gj)| is arbitrary large. ��
The lower bound 4|V |−5

3 for The Labyrinth Model is obtained, by a similar
way that changes a unit s into a ‘square’, i.e., obtained by eliminating c3(s) from
s. The only difference is that in The Labyrinth Model, the postman possibly
explores every vertex in s at the first time visit to come back to p(s) without
saturating b(s).

If a multiple edge is allowed for The Labyrinth Model, we can obtain a greater
lower bound 2|V | − 1. It is doable by further shrinking every s into a cycle of
length two. In other words, if one comes up with an algorithm for The Labyrinth
Model with a penalty less than 2|V | − 1, it should use the fact that the given
graph is free from multiple edges.

5 Conclusions

A 2|V | − 2 penalty algorithm for The Corridor Model has been presented, and
some penalty lower bounds for the both models are obtained. In addition, the
tightest upper bound of a penalty for the offline problem is shown. The result is
summarized in Table 1.

This also poses an open problem asking how close the both bounds can
be in the two models. We doubt the existence of a 2|V | penalty algorithm for
The Labyrinth Model, even in multiple edge free graph. What prevents us from
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Table 1. Summarizing the Obtained Bounds

Offline The Labyrinth Model The Corridor Model
Upper Bound |V | − 1 3|V | ∗ 2|V | − 2
Lower Bound |V | − 1 4

3 |V | − 5
3

∗∗ 5
4 |V | − 3

2

* Due to [8] ** 2|V | − 1 if multiple edges are allowed,

matching the both bounds seems similar in the both models. We think that it
is a kind of ‘algorithm dependent bottlenecks’, meaning that there are distinct
types of lower bound graphs for distinct exploration strategies. Therefore, we
feel that if one model is improved, so is the other.
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Abstract. We present a simple dual ascent method for the multilevel
facility location problem which finds a solution within 6 times the op-
timum for the uncapacitated case and within 12 times the optimum for
the capacitated one. The algorithm is deterministic and based on the
primal-dual technique.

1 Introduction

An important problem in facility location is to select a set of facilities, such as
warehouses or plants, in order to minimize the total cost of opening facilities
and of satisfying the demands for some commodity (see Cornuejols, Nemhauser
& Wolsey [CNW90]).

In this paper we consider the multilevel facility location problem in which
there are k types of facilities to be built: one type of depots and (k − 1) types
of transit stations. For every type of facility the opening cost is given. Each
unit of demand must be shipped from a depot through transit stations of type
k−1, . . . , 1 to the demand points. We assume that the shipping costs are positive,
symmetric and satisfy the triangle inequality. The goal of the problem is to select
facilities of each type to be opened and to connect each demand point to a path
along open facilities such that the total cost of opening facilities and of shipping
all the required demand from depots to demand points is minimized.

Being an extension of the uncapacitated facility location problem, which is
known to be Max SNP-hard (see [GK98] and [S97]), this problem is Max SNP-
hard as well. The first approximation algorithms for the multilevel facility loca-
tion problem were developed by Shmoys, Tardos & Aardal [STA97] and Aardal,
Chudak & Shmoys [ACS99] and were based on rounding of an LP solution to
an integer one. The performance guarantees of these algorithms were 3.16, re-
spectively 3. The first combinatorial algorithm for the multilevel facility location
problem was developed by Meyerson, Munagala & Plotkin [MMP00], and finds
a solution within O (log |D|) the optimum, where D is the set of demand points.

Using an idea from [JV99], we present a simple greedy (dual ascent) method
for the multilevel facility location problem that finds a solution within 6 times
the optimum. The algorithm extends to a capacitated variant of the problem,
when each facility can serve only a certain number of demand points, with an
increase of the performance guarantee to 12.

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, pp. 55–63, 2001.
c© Springer-Verlag Berlin Heidelberg 2001



56 Adriana Bumb and Walter Kern

2 The Metric Multilevel Uncapacitated Facility
Location Problem

Consider a complete (k+1)−partite graph G = (V,E) with V = V0∪. . .∪Vk and

E =
k⋃
l=1

Vl−1×Vl. The set D = V0 is the set of demand nodes and F = V1∪. . .∪Vk
is the set of possible facility locations (at level 1, . . . , k). We are given edge costs
c ∈ RE+ and opening costs f ∈ RF+ ( i.e., opening a facility at i ∈ F incurs a
cost fi ≥ 0). We assume that c is induced by a metric on V . Without loss of
generality we can assume that there are no edges of cost 0.

Remark 1. Our results also hold in a slightly more general setting, where we
require only for e ∈ V0×V1 that c(e) ≤ c(p) for any path p joining the endpoints
of e.

Denote by P the set of paths of length k − 1 joining some node in V1 to
some node in Vk. If j ∈ D and p = (v1, . . . , vk) ∈ P , we let jp denote the path
(j, v1, . . . , vk). As usual c(p) and c(jp) denote the length of p resp. jp (with
respect to c).

The corresponding facility location problem can now be stated as follows:
Determine for each j ∈ D a path pj ∈ P (along ”open facilities”) so as to
minimize

∑
j∈D

c(jpj) + f(
⋃
j∈D

pj).

Remark 2. In this setting we assume that each j ∈ D has a demand of one unit
to be shipped along pj . Our results easily extend to arbitrary positive demands.

To derive an integer programming formulation of the multilevel facility lo-
cation problem, we introduce the 0− 1 variables yi (i ∈ F ) to indicate whether
i ∈ F is open and the 0− 1 variables xjp (j ∈ D, p ∈ P ) to indicate whether j
is served along p.

We let

c(x) :=
∑
p∈P

∑
j∈D

cjpxjp

and

f(y) :=
∑
i∈F

fiyi .
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The multilevel facility location problem is now equivalent to

minimize c(x) + f(y)

subject to
∑
p∈P

xjp = 1, for each j ∈ D (1)

(Pint)
∑
p�i

xjp ≤ yi, for each i ∈ F, j ∈ D (2)

xpj ∈ {0, 1} , for each p ∈ P, j ∈ D

yi ∈ {0, 1} , for each i ∈ F

Constraints (1) ensure that each j gets connected via some path and con-
straints (2) ensure that the paths only use open facilities.

The LP−relaxation of (Pint) is given by

minimize c(x) + f(y)
(P ) subject to (1), (2)

xjp ≥ 0
yi ≥ 0 .

Note that xjp ≤ 1 is implied by (1) and yi ≤ 1 holds automatically for any
optimal solution (x, y) of (P ).

The standard way of proving a 0 − 1 solution (x, y) of (Pint) to be a ρ−
approximation is to show that

c(x) + f(y) ≤ ρCLP (2.1)

where CLP is the optimum value of (P ).

3 The Primal-Dual Algorithm

The basic idea of the primal-dual approach is to exhibit a primal 0− 1 solution
(x, y) satisfying (2.1) by considering the dual of (P ). Introducing dual variables
vj and tij corresponding to constraints (1) and (2) in (P ), the dual becomes

maximize
∑
j∈D

vj

vj −
∑
i∈p

tij ≤ c(jp), for each p ∈ P , j ∈ D (3)

∑
j∈D

tij ≤ fi, for each i ∈ F (4)

tij ≥ 0, for each i ∈ F , j ∈ D

Intuitively, the dual variable vj indicates how much j ∈ D is willing to pay
for getting connected. The value of tij indicates how much j ∈ D is willing to
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contribute to the opening cost fi (if he would be connected along a path through
i).

We aim at constructing a primal feasible 0− 1 solution (x, y) and a feasible
dual solution (v, t) such that

c(x) + f(y) ≤ 6
∑
j∈D

vj ,

implying (2.1) for ρ = 6.
We first describe how to construct the dual solution (v, t). To this end, we

introduce the following notation w.r.t. an arbitrary feasible solution (v, t) of (D):
A facility i ∈ F is fully paid when∑

j∈D
tij = fi. (3.1)

A demand point j ∈ D reaches il ∈ Vl if for some path p = (i1, . . . , il) from
V1to il all facilities i1, . . . il−1 are fully paid and

vj = cjp +
∑
i∈p

tij . (3.2)

If, in addition, also il is fully paid, we say that j leaves il or, in case l = k,
that j gets connected (along p to ik ∈ Vk).

Our algorithm for constructing the dual solution is a dual ascent method,
generalizing the approach in [JV99]. We start with v ≡ t ≡ 0 and increase all
vj uniformly ( ”with unit speed” ). When some j ∈ D reaches a not fully paid
node i ∈ F , we start increasing tij with unit speed, until fi is fully paid and j
leaves i. We stop increasing vj when j gets connected. The algorithm maintains
the invariant that at time T the dual variables vj that are still being raised are
all equal to T . More precisely, we proceed as described below.

UNTIL all j ∈ D are connected DO
• Increase vj for all j ∈ D not yet connected
• Increase tij for all i ∈ F , j ∈ D satisfying (i)− (iii),

(i) j has reached i
(ii) j is not yet connected
(iii) i is not yet fully paid.

Let (v, t) denote the final dual solution. Before constructing a corresponding
primal solution (x, y), let us state a few simple facts about (v, t).

For each fully paid facility i ∈ Vl, l ≥ 2, denote by Ti the time when facility
i became fully paid. The predecessor of i will be the facility in the level l− 1 via
which i was for the first time reached by a demand point, i.e.,

Pred (i) =


i′ ∈ Vl−1| i′ is fully paid and Ti′ + ci′i = min

i′′∈Vl−1

i
′′

fully paid

(Ti′′ + ci′′i)


 .
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(Ties are broken arbitrarily.)
The predecessor of a fully paid facility i ∈ V1 will be its closest demand

point. We can define the time TPred(i) = 0.
For all fully paid facilities i in the k − th level denote by ji pi = (i1, . . . , ik)

the path through the following points:
• ik = i
• il =Pred(il+1), for each 1 ≤ l ≤ k − 1
•ji =Pred(i1).
We will call the neighborhood of i the set of demand nodes contributing to pi

i.e.,

Ni = {j ∈ D | ti′j > 0 for some i′ ∈ pi} .

Since each j ∈ D gets connected we may fix for each j ∈ D a connecting
path p̃j ∈ P of fully paid facilities (ties are broken arbitrarily).

Lemma 1. (i) c(jp̃j) ≤ vj for all j ∈ D
(ii) For all j ∈ D and i ∈ Vk fully paid such that i ∈ p̃j, either vj = Ti and

tij > 0 or vj > Ti and tij = 0
(iii) For all fully paid facilities i ∈ Vk and corresponding paths pi = (i1, . . . ,

ik), the following relation holds

Ti1 ≤ . . . ≤ Tik

(iv) Let i ∈ Vk be a fully paid facility and pi = (i1, . . . , ik) its associated path.
For all j ∈ D and il ∈ pi with tilj > 0, there exists a path p from V1to il such
that

c (jp) +
k−1∑
s=l

cisis+1 ≤ Ti .

In particular, c(jipi) ≤ Ti
(v) If i, i′ are two fully paid facilities in Vk with intersecting neighborhoods

then for each j′ ∈ D, such that i′ ∈ p̃j′ , cjij′ ≤ 4 max {Ti, vj′}
(vi)

∑
i′∈pi

ti′j ≤ vj for all j ∈ D

Proof. The first claim is straightforward from (3.2) and the definition of p̃j .
The second claim is based on the observation that at time T all the v−values

that can be increased are equal with T and that the final v−values reflect the
times when the demand points get connected. There are two possibilities that a
fully paid facility i ∈ Vk is on the connecting path of a demand point j. One is
that j reached i before Ti and got connected when i became fully paid. In this
case tij > 0 and vj = Ti. The other possibility is that j reached i after i was
fully paid, which means that tij = 0 and vj > Ti.

The definition of a predecessor implies that for each fully paid i ∈ F

cPred(i)i + TPred(i) ≤ Ti . (3.3)
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The third claim follows immediately.
For the forth claim, by adding the inequalities (3.3) for il+1, . . . , ik−1 one

obtains
k−1∑
s=l

cisis+1 + Til ≤ Tik .

Since tilj > 0, there is a path p along which j reached il before Til . Clearly,
c(jp) ≤ Til , which implies (iv).

For proving (v), let j ∈ Ni ∩Ni′ . Since j ∈ Ni, there is an il ∈ pi such that
tilj > 0. Then by (iv), there exists a path q from V1 to il such that c (jq) ≤ Ti.

Suppose pi′ = (i′1, . . . , i
′
k). Similarly, there is an i′r ∈ pi′ and a path q′ from

V1 to i′r such that c (jq′) +
k−1∑
s=r

ci′si′s+1
≤ Ti′ .

Using the triangle inequality and (ii), we obtain

cjij′ ≤ c(jipi) + c(jq) + c(jq′) +
k−1∑
s=r

ci′si′s+1
+ c(j′p̃j′)

≤ 2Ti + Ti′ + vj′

≤ 2Ti + 2vj′

≤ 4 max {Ti, vj′} .

Finally, for proving the statement in the last claim is enough to show that no
demand point j could increase simultaneously two values tilj , tisj , for il = is and
il, is ∈ pi. This follows from the definition of pi, which implies that whenever a
demand point reaches a facility on pi, the predecessor of that facility should have
been already paid, and subsequently all the facilities of pi situated on inferior
levels. ��

We now describe how to construct a corresponding primal solution (x, y).
Suppose there are r fully paid facilities in the last level. Order them according
to nondecreasing T−values, say

T1 ≤ . . . ≤ Tr .

Construct greedily a set C ⊆ Vk of centers which have parewise disjoint
neighborhoods and assign each j ∈ D to some center i0 ∈ C as follows:

INITIALIZE C = ∅
FOR i = 1, . . . , r DO

IF Ni ∩Ni0 = � for some i0 ≤ i, assign to pi0 all demand nodes
j ∈ D with i ∈ p̃j

ELSE C = C ∪ {i} and assign to pi all the demand nodes j ∈ D

with the property that i ∈ p̃j

The paths pi (i ∈ C) are called central paths.
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Remark 3. Note that each demand point j is assigned to one center. Further-
more, by construction of C, j ”contributes” to at most one central path (not
necessarily the one to which it is assigned).

The primal solution (x, y) is obtained by connecting all demand nodes along
their corresponding central paths:

xjp :=
{

1 if p = pi and j was assigned to pi
0 otherwise

and

yi :=
{

1 if i is on a central path
0 otherwise .

The shipping cost c (x) is easily bounded as follows.
If j ∈ D is assigned to pi0 then Ti0 ≤ Ti,where {i} = p̃j ∩Vk. Due to Lemma

1 (ii) and (v), we get Ti0 ≤ vj and

cjpi0
≤ cji0 j + cji0pi0

≤ 4vj + Ti0 ≤ 5vj .

The cost of opening facilities along a central path pi0 can be also bounded
with the help of Lemma 1(vi)

∑
i∈pi0

fi =
∑
i∈pi0

∑
j∈Ni

tij ≤
∑
j∈Ni

vj .

Since the centers have pairwise disjoint neighborhoods, we further conclude
that

f(y) =
∑
i0∈C

∑
i∈pi0

fi ≤
∑
j∈D

vj .

We have proved

Theorem 1. The above primal solution (x, y) satisfies

c(x) + f(y) ≤ 6
∑
j∈D

νj .

4 A Capacitated Version

The following capacitated version has been considered in the literature: Each
i ∈ F has an associated node capacity ui ∈ N which is an upper bound on the
number of paths using i. On the other hand, we are allowed to open as many
copies of i (at cost fi each) as needed.
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To formulate this, we replace the 0 − 1 variables yi in (Pint) by nonnega-
tive integer variables yi ∈ Z+, indicating the number of open copies of i ∈ F .
Furthermore, we add capacity constraints

∑
j∈D

∑
p�i

xjp ≤ uiyi, for each i ∈ F . (4.1)

Again, we let CLP denote the optimum value of the corresponding LP -relaxation.

The idea to approach the capacitated case (also implicit in [JV99] for the 1-
level case) is to move the capacity constraints to the objective using Lagrangian
multipliers λi ≥ 0, for each i ∈ F . This results in an uncapacitated problem

C(λ) := minimize c(x) + f(y) +
∑
i∈F

λi


∑
j∈D

∑
p�i

xjp − uiyi




= minimize c̃(x) + f̃(y)

with f̃i = fi − λiui, for each i ∈ F and c̃(e) = c(e) + λi if i is the endpoint of
e ∈ E. Note that each λ ≥ 0 gives C(λ) ≤ CLP .

As in section 3. we compute a primal 0− 1 solution (x, y) of C(λ) with

c̃(x) + f̃(y) ≤ 6C(λ) .

Note that this does not necessarily satisfy the capacity constraints (4.1).
However, a clever choice of the Lagrangian multipliers λi = 1

2
fi

ui
(i ∈ F ) yields

c̃(x) + f̃(y) = c(x) +
1
2

∑
i∈F

fi
ui

∑
p�i

∑
j∈D

xjp +
1
2

∑
i∈F

fiyi

≥ c(x) +
1
2

∑
i∈F

fiyi ,

where yi :=

⌈
1
ui

∑
p�i

∑
j∈D

xjp

⌉
opens each facility i ∈ F sufficiently many times.

Hence (x, y) is indeed a feasible solution of the capacitated problem satisfying

c(x) +
1
2
f(y) ≤ 6C(λ) ≤ 6CLP ,

hence

c(x) + f(y) ≤ 12CLP .

Theorem 2. Our greedy dual ascent method yields a 12−approximation of the
multilevel capacitated facility location problem.
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Abstract. In this paper we deal with the d-dimensional vector packing
problem, which is a generalization of the classical bin packing problem in
which each item has d distinct weights and each bin has d corresponding
capacities. We address the case in which the vectors of weights associ-
ated with the items are totally ordered, i.e., given any two weight vectors
ai, aj , either ai is componentwise not smaller than aj or aj is componen-
twise not smaller than ai, and construct an asymptotic polynomial-time
approximation scheme for this case. As a corollary, we also obtain such
a scheme for the bin packing problem with cardinality constraint, whose
existence was an open question to the best of our knowledge.
We also extend the result to instances with constant Dilworth number,
i.e. instances where the set of items can be partitioned into a constant
number of totally ordered subsets. We use ideas from classical and re-
cent approximation schemes for related problems, as well as a nontrivial
procedure to round an LP solution associated with the packing of the
small items.

1 Introduction

In the classical one dimensional bin packing problem (BP) we are given n items,
the i-th item having a weight ai ∈ (0, 1] for i = 1, . . . , n, and an infinite number
of unit capacity bins. The goal is to assign each item to a bin so that the sum
of the weights in each bin does not exceed the capacity and the total number
of nonempty bins is minimized. The d-dimensional vector packing problem (VP)
is the generalization of BP in which every item i instead of just one weight has
d weights a1i , a

2
i , . . . , a

d
i and every bin has d corresponding capacities all equal

to 1 (possibly after scaling). For notational convenience we simply use aji which
should not be confused with the j-th power of ai. We let ai := (a1i , a

2
i , . . . , a

d
i )

denote the weight vector associated with item i. This generalization was first
introduced in [4] and then studied by various authors, being both of practical
and theoretical interest.
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A relevant special case of VP arises when d = 2 and the item weights on the
second dimension are identical, say a2i = 1/k for all i. In this case, we have a BP
with an upper bound k on the number of items which can be put together into
one bin, called the k-item bin packing problem (kBP). This problem was first
treated in 1975 by Krause, Shen and Schwetman [7]. In their paper kBP appears
as a formulation of a task–scheduling problem on a multiprogramming computer
system, which is still an important part of every operating system for multiple
processor machines 25 years later. Further details are given in [6] and [7].

Also the general 2-dimensional vector packing problem has many practical
applications, some of which are mentioned in [8], [9] and [1], where heuristics
and exact algorithms are proposed.

An illustrative example of an important application of 2-dimensional vector
packing arises in the logistics of cargo airplanes. In a real-world problem from a
major cargo airline we are given a set of n transportation requests for a certain
very busy flight route, e.g. Frankfurt – New York. Each such request basically
consists of a single freight piece or package. The obvious objective of the freight
disponent is to find an assignment of the packages to planes such that all packages
can be transported on a minimal number of planes. Assuming that all available
planes have the same capacity is quite common, since many airlines try to use
homogenuos fleets for certain routes. Moreover, each plane usually makes the
round-trip several times such that a demand of e.g. 8 planes may be realized by
using only 2 planes each making the trip four times.

For each package i we are given two parameters, its weight a1i and its volume
a2i . Although an optimal packing of the shapes of the items to be transported
would be a three-dimensional packing problem, in practice the actual loading
of the items assigned to each plane is done by experienced workers without
mathematical optimization of the loading pattern. For practical purposes it is
sufficient to ensure that the volume of each (usually rectangular) package does
not exceed a given upper bound, which is naturally smaller than the actual
volume available on the plane. The upper bound on the total weight in each
plane is given by its pay load. Clearly, the resulting optimization problem is a
special case of VP with d = 2. In practice, packages from the same customer
share the main characteristics of weight and volume, in the sense that a heavier
package also requires more volume.

We will first consider the so-called ordered VP. To this end, we define a
natural order relation on the vectors in Rd and write u � v for any two vectors
u, v in the same space if u is at least as large as v in every component. The
ordered VP is the special case of VP in which, for any two items i, j either
ai � aj or aj � ai holds, i.e. the relation “�” defines a total ordering on the
set of items. Note that kBP is a special example of the ordered 2-dimensional
VP. Furthermore, we can introduce a cardinality constraint for VP analogous to
kBP by requiring that at most k items may be packed into every bin. This can
be modeled by extending VP to a (d + 1)-dimensional vector packing problem
where ad+1

i = 1/k for all i. Clearly, an ordered VP is still ordered also after



Approximation Schemes for Ordered Vector Packing Problems 65

adding this additional dimension. Hence, all results derived in this paper for the
ordered VP also hold for the corresponding cardinality constrained problem.

Clearly, the item set N of every general VP can be partitioned into subsets
N1, . . . , N c such that, for every subset N j and every two items i, h ∈ N j , either
ai � ah or ah � ai holds, i.e. “�” defines a total ordering on each subset
N j . The Dilworth number of a VP instance is the minimum c for which such
a partitioning exists. Of course, an ordered VP instance has Dilworth number
1. The Dilworth number is equal to the “classical” Dilworth number for the
partially ordered set given by the item weight vectors and the order relation
“�”. Hence, the Dilworth number of a VP instance can be computed efficiently
by max-flow techniques (see e.g. [5]). We will also show in this paper how to
extend our results to VP with constant Dilworth number. The discussion above
points out that VP instances arising from real-world applications often have a
relatively small Dilworth number.

All the problems mentioned above are generalizations of BP and hence NP-
hard in the strong sense. Moreover, it is well-known that no polynomial time
approximation algorithm with a worst-case performance ratio better than 3/2
can exist for BP, unless P=NP. However, Fernandez de la Vega and Lueker [3]
gave an asymptotic polynomial time approximation scheme (APTAS) for BP.
Their method can easily be extended to an asymptotic (d+ε)-approximation al-
gorithm for VP. Recently, Chekuri and Khanna [2] improved this result proposing
a polynomial-time algorithm with worst-case performance ratio 1+εd+O(ln ε−1),
for any ε > 0, which leads to a polynomial-time algorithm with worst-case perfor-
mance ratio O(ln d) when the dimension d is fixed. The existence of an APTAS,
even for the case d = 2, was recently ruled out by Woeginger [10] (on the assump-
tion P�=NP). For kBP, to the best of our knowledge, the best known asymptotic
approximation ratio achievable is 3/2, as given in [6].

Our main result is showing the existence of an APTAS for the ordered VP
in Section 2. As a corollary, we get an APTAS for kBP. Our scheme is based on
standard techniques such as small items elimination and item grouping (cf. [3]),
but also on the enumeration of the solutions for the instance obtained from
grouping and on the use of an LP to include the small items for each solution.
These latter techniques are similar to those used in [2] for multiprocessor vector
scheduling (a problem related to VP in which the number of bins is fixed, all
bins must have the same capacity b on all dimensions, and one would like to
minimize the value of b so as to pack all items). Nevertheless, while the rounding
of the LP solution is trivial for the case of the constant dimension, see [2], when
the dimension is a part of the input rounding has to be done carefully to achieve
an APTAS, as we will show in Section 2. In Section 3 we will show how our
approach can be extended to VP with constant Dilworth number. An immediate
corollary is an APTAS for the special case of a 2-dimensional VP where the
number of different item weights in one dimension is bounded by a constant.

In the conclusions of [10] it is mentioned that “a slight modification of the
method of Fernandez de la Vega and Lueker [3] yields asymptotic polynomial
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time approximation schemes for the subproblems of d-dimensional vector packing
with constant Dilworth number”. This would cover the results presented in this
paper (at least for a constant dimension – it is not clear whether the above
sentence refers to a constant dimension or not). Nevertheless, to the best of our
understanding, in order to achieve our results a substantial modification of the
method in [3] is necessary, along the lines presented in this paper. In particular,
even if a near-optimal solution for the large items (see the next section) in
an ordered VP instance is easy to achieve following the approach in [3], it is
not always possible to extend this solution to a near-optimal one for the overall
instance, including the small items. (Certainly a greedy approach does not work,
as it may end up with bins almost filled in different dimensions.) In fact, the
packing of the large items can hardly be done independently of the small items,
as it is done in [3] and other similar approaches, to achieve near-optimality.

Consider for example the kBP instance with k = 5 and n = 2s + 8s items
(where s is a positive integer), 2s with weight 1/2 and 8s with weight 1/8.
Clearly, the optimal solution packs one item of weight 1/2 and four items of
weight 1/8 per bin, requiring a total of 2s bins. If the small items are those
with weight 1/8, the optimal packing of the large items, requiring s bins, is
obtained by packing two items of weight 1/2 in each bin. Then, the remaining
small items must be packed into separate bins, requiring

⌈ 8s
5

⌉
additional bins.

If we replace 8 by 2p for some integer p ≥ 3 and let k = 2p−1 + 1, assuming
the small items are those with weight 1/2p, the optimal solution still needs 2s
bins, whereas the solution obtained by optimally packing the large items first
uses s +

⌈
2p s

2p−1+1

⌉
bins, which goes to 3s as p goes to infinity. Accordingly, the

worst-case approximation guarantee cannot be better than 3/2 (even for kBP)
if the large items are packed first.

Although we have already used the notion of approximation algorithm
throughout the Introduction, we will conclude this section with a precise def-
inition of approximation algorithms used in the paper. These algorithms are
generally classified by their worst-case ratio: For any VP algorithm A let CA(I)
denote the number of bins used by algorithm A, and let COPT (I) denote the
minimum (optimum) number of bins required to pack the items of a given in-
stance I. Then the asymptotic worst-case performance ratio is defined as

RA = lim
COP T (I)→∞

sup
I

CA(I)
COPT (I)

.

Observe that RA ≤ K1 if there are two constants K1 and K2 such that for every
problem instance I

CA(I) ≤ K1C
OPT (I) + K2 .

Moreover, RA is an absolute worst-case ratio if K2 = 0. Consider a value ε ∈
(0, 1). We say that A is an asymptotic (1 + ε)-approximation algorithm if RA ≤
(1 + ε). An APTAS is an asymptotic (1 + ε)-approximation algorithm for any
ε > 0 with running time polynomial in the size of the encoded instance.
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2 An APTAS for the Ordered VP

This main section contains the description of an APTAS for the ordered VP
both for the fixed dimension and for the case where d is a part of the input. Let
ε be the required accuracy. We will assume ε < 1/2. As it is usually the case
for packing problems we will distinguish between small and large items. Let us
define for the given value ε ∈ (0, 1/2)

L := {i | aki ≥ ε for some k ∈ {1, . . . , d}}, � := |L|, large items
S := {i | aki < ε for all k ∈ {1, . . . , d}}, s := |S|, small items.

For simplicity we assume that L = {1, . . . , �} with a1 � a2 � . . . � a�.

2.1 Enumerating Packings for the Large Items

Let us first assume that � > 2/ε2. Later on we will also illustrate how to handle
the (simpler) case � ≤ 2/ε2. We introduce item grouping to attain a simplified
structure of packings for the large items, so that only a polynomial number of
different packings have to be considered. In particular, we group the items in L
as follows. Define

h :=
⌊
�ε2
⌋

and let p and q be such that � = ph + q and 1 ≤ q ≤ h. Note that h ≥ 2. We
now show that

p ≤ 2
ε2

(1)

and hence p is bounded by a constant. If (1) were not true we would have the
contradiction

� = ph + q >
2
ε2
⌊
�ε2
⌋ ≥ 2

ε2
(�ε2 − 1) = � +

(
�− 2

ε2

)
> �,

because � > 2/ε2.
We partition L into the p + 1 subsets Li := {ih + 1, . . . , (i + 1)h}, i =

0, . . . , p− 1, each containing h items and Lp := {ph + 1, . . . , �}. Note that each
bin in a feasible solution contains at most

⌊ 1
ε

⌋
items from L, since a� has a weight

of at least ε in at least one dimension and all other items are not smaller in this
dimension. Accordingly, we let a packing vector t be a (p+1)-dimensional vector
with ti ≤

⌊ 1
ε

⌋
for i = 0, . . . , p, where ti denotes the number of items from Li.

We observe that, while all sets of large items that fit in a bin correspond to a
packing vector, the converse does not hold.

The total number f of all possible packing vectors t with ti ≤
⌊ 1
ε

⌋
for all i is

clearly bounded by

f ≤
(⌊

1
ε

⌋
+ 1
)p+1

since each of the p+1 components of t can be chosen between 0 and
⌊ 1
ε

⌋
. Hence,

f is constant for any fixed ε.
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In our approximation scheme we compute all possible combinations of pack-
ing vectors to the bins. To this end, we need to know the number m = COPT (I)
of bins used by the optimal solution. This can be done either by trying all the
possible values of m, between 1 and n, or by performing binary search. For the
given m, we consider all possible assignments of packing vectors to the m bins.
To get a very rough upper bound on the number of such assignments, consider
that each of the f packing vectors can be selected up to m times. Hence, we
can count for every packing vector the number of times it is assigned to a bin.
Generating f such numbers between 0 and m yields a total of (m+ 1)f possible
assignments which is polynomial in m (and n). Note that we do not have to
identify the particular bin a vector is assigned to.

An assignment is called feasible if the sum over the ith components of all m
packing vectors is equal to |Li| for i = 0, 1, . . . , p. Note that in this way we will
also consider the optimal assignment, i.e. the assignment that associates with
each bin exactly the packing vector defined by this bin in the optimal solution.

We can define for every packing vector t an induced packing of items in L into
a bin (not necessarily feasible) by packing up to ti arbitrary items from set Li+1
for i < p. The entry tp of the packing vector is ignored in the induced packing.
If the packing vector t corresponds to a feasible packing then also the packing
induced by t is feasible, since every item k ∈ Li in the feasible packing is replaced
in the induced packing either by no item or by an arbitrary item j ∈ Li+1 such
that aj 
 ak. Note that a feasible assignment may involve a packing vector
corresponding to an infeasible bin. However, the crucial point that guarantees
that our approach is correct is that a packing vector corresponding to a feasible
bin gives rise to an induced packing which is always feasible.

For every feasible assignment considered, we generate the corresponding in-
duced packing for all bins. Recall that this means that for every bin with
an assigned packing vector t we pack up to ti arbitrary items from Li+1 for
i = 0, . . . , p−1. Since the assignment is feasible, it is easy to generate the induced
packing so that all items in L1, L2, . . . , Lp are packed, noting that |Li| = |Li+1|
for i = 0, . . . , p − 2 and |Lp−1| ≥ |Lp|. If in the thereby generated packing the
capacity of some bin is exceeded, the feasible assignment we started from can-
not be the optimal one, and we simply discard it. Otherwise, i.e. if all the m
d-dimensional capacity constraints are fulfilled, let bj = (b1j , . . . , b

d
j ) be the resid-

ual capacity vector of bin j for j = 1, . . . ,m. By construction of the packing
induced by the packing vectors of the optimal assignment, the values bj of this
packing are componentwise at least as large as the residual capacities in the
optimal solution for each bin j.

The items in L0 are left unpacked and are put each into a separate bin, which
requires h extra bins. A trivial bound on the total weight of large items yields
m ≥ ��ε� since, as mentioned before, in at least one dimension item a� and also
all other large items have a weight at least ε. Hence, we get

h =
⌊
�ε2
⌋ ≤ ��ε� ε ≤ mε.

Summarizing, since one of all the assignments derived from the considered as-
signments of packing vectors to bins corresponds to the optimal packing, we
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managed to pack all large items into m + mε bins while leaving in every bin a
residual capacity for the small items at least as large as in the optimal solution.

We now consider the case � ≤ 2/ε2. In this case, the number of large items is
constant and, assuming we know the number m of bins in an optimal solution,
we enumerate all the O(m�) feasible packings of the large items into the bins,
i.e. packings fulfilling the capacity constraints in every dimension, among which
is the optimal assignment.

Summarizing, we have proved

Theorem 1. For any fixed ε ∈ (0, 1/2), there is a (1 + ε)-approximation algo-
rithm for the ordered VP if all items are large with respect to ε. �

2.2 Packing the Small Items

For each feasible packing of large items generated above in either case, we pack
the small items. First we solve the following LP.

For each small item i ∈ S and bin j = 1, . . . ,m let xij ∈ [0, 1] denote the
(fractional) part of item i which is packed into bin j.

m∑
j=1

xij = 1, i ∈ S, (2)

∑
i∈S

aki xij ≤ bkj , j = 1, . . . ,m, k = 1, . . . , d, (3)

xij ≥ 0, i ∈ S, j = 1, . . . ,m. (4)

Note that we are only interested in a feasible solution to this set of linear in-
equalities. To formally define an LP any objective function may be added.

If the LP has no feasible solution, the feasible assignment cannot correspond
to the optimal assignment by the above discussion, and this assignment is dis-
carded. Otherwise, a basic feasible solution of the LP contains at most s + dm
nonzero variables, and a straightforward counting argument (also given in [2])
shows that the number of items that are not packed into a single bin is at most
dm. These items can be put into separate bins. Recalling that aki < ε for each

i ∈ S and k = 1, . . . , d, this requires no more than
⌈
dm

� 1
ε�
⌉

bins, which can be

bounded from above with a simple calculation by 2dmε + 1 for ε < 1/2.
Accordingly, the solution found for the correct value of m and the optimal

assignment has a value bounded by

m + mε +

⌈
dm⌊ 1
ε

⌋
⌉
≤ m + (2d + 1)mε + 1,

which proves
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Theorem 2. There is an APTAS for the ordered VP if the dimension d is
constant. �

Corollary 1. There is an APTAS for kBP. �

2.3 Rounding the LP Solution for the General Dimension

The case in which d is a part of the input needs a more careful approach. Let x∗

be an optimal solution of the above LP. Our final aim is to round this solution
in a way such that only 2m items remain unpacked in bins 1, . . . ,m. By the
discussion above, packing these items in additional bins in a greedy way will
require no more than 4mε + 1 additional bins, yielding an APTAS also for the
case of the general dimension d.

To simplify the notation, we will assume that no small item is entirely packed
into one bin, i.e. that no entry of x∗ is equal to one. The generalization to the
case in which x∗

ij = 1 for some i, j is obvious by fixing item i into bin j and
considering only the packing of the fractional items.

Let S = {1, . . . , s} with a1 
 a2 
 . . . 
 as. We will pack the items in S in
increasing order into the m given bins until we “get stuck”. Lemma 1 will state
that at this point there are at most 2m small items left unpacked. In principle,
in order to pack some item i we will try to pick a bin (which possibly already
contains a fractional part of i) and pack item i completely into that bin. To
make room for item i we will “throw out” the fractional parts of larger items
i + 1, i + 2, . . . as far as necessary.

More formally, we will derive step by step a rounded solution x̃ from the
original LP solution x∗. Initially, we set x̃ := x∗. We pack the smallest item 1 as
follows. If there are bins j such that

∑
i∈S x̃ij =

∑
i∈S x∗

ij < 1, we set x̃ij := 0
for i ∈ S, i.e. we do not consider these bins to pack any item because it may
happen that no item fits completely into such a bin. Then we find an (arbitrarily
chosen) bin j such that x̃1j > 0, letting f1 := 1. If no such bin exists (which is
possible due to the fact that some bins are not considered) we choose a bin j
such that x̃f1j > 0 and f1 is as small as possible. (If all entries in x̃ are 0, item 1
as well as all other small items are unpacked, see below.) We pack item 1 in bin
j, using the capacity of bin j allocated by the LP solution for items f1, . . . , e1,
where e1 is the smallest index such that y :=

∑e1
h=f1 x̃hj ≥ 1. In our rounded

solution, this corresponds to setting x̃1j := 1, x̃1� := 0 for � �= j, x̃hj := 0 for
1 < h < e1, and x̃e1j := y − 1. We say that the packing of item 1 starts at level
f1 and ends at level e1. Note that, if y > 1, not all capacity allocated for item
e1 is used for item 1; in other words we still have a fraction x̃e1j that may be
used to pack into bin j items 2, 3, . . . , e1. To be more precise, we formally state
our rounding procedure in Figure 1.

If after the bin closing step no bin is left for item i, the remaining items
i, . . . , s will be packed into separate bins as above.

The procedure is illustrated in Figure 2 on an example, showing the rounded
solution x̃ at the beginning as well as after each solution updating step. Among
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Procedure LP-round

For each item i = 1, . . . , s perform the following steps:
Bin closing:

For each bin j such that
∑

h≥i x̃hj < 1, let x̃hj := 0 for
h ≥ i

(close bin j)
If all bins are closed then terminate

Bin selection:
If x̃ij > 0 for some bin j then

Let x̃i� := 0 for � �= j and fi := i
Else

Let fi := min{r : r > i and x̃rk > 0 for some bin k}
Let j be a bin such that x̃fij > 0

Solution updating:
Let x̃ij := 1 (pack item i in bin j)
Let ei := min{r : ∑r

h=i x̃hj ≥ 1} and y :=
∑ei

h=i x̃hj

Let x̃hj := 0 for h = 1, . . . , ei − 1 and x̃eij := y − 1

Fig. 1. The LP rounding procedure.

6 items, items 1, 2, 3, 4 are packed, respectively, into bins 1, 2, 3, 3, with f1 =
1, e1 = 4; f2 = 2, e2 = 6; f3 = 3, e3 = 4; f4 = 5, e4 = 6.

Lemma 1. The number of small items not packed into the first m bins at the
end of the rounding procedure is at most 2m.

Proof. The number of small items packed by the rounded solution into bins
1, . . . ,m, is equal to σ :=

∑
i∈S
∑m
j=1 x̃ij . We will compare this value to s =∑

i∈S
∑m
j=1 x

∗
ij . Note that σ is initially equal to s and may be decreased only in

the bin closing step and in the bin selection step, whereas it is unchanged in the
solution updating step. It is immediate to see that the overall decrease in all bin
closing steps is at most m. In the following we will bound the overall decrease
in all bin selection steps.

Noting that there may be some decrease in the bin selection step for item i
only if fi = i, let k be the last such that fk = k, i.e. fi > i for i > k. If k ≤ m,
then the overall decrease in all bin selection steps is not larger than m, as the
decrease in each step is not larger than 1.

We now consider the case k > m. The definition of f ensures f1 ≤ f2 ≤
. . . ≤ fk. Hence, since fk = k, the packing of all items in 1, . . . , k starts at a
level not larger than k, i.e. fi ≤ k for i = 1, . . . , k. Clearly, the number of items
i with fi ≤ k whose packing ends at a level larger than k, i.e. ei > k, cannot be
larger than m, the number of bins available. This means that ei ≤ k for at least
k−m items among 1, . . . , k. Now, since the decrease of σ during the bin selection
steps in the first k iterations is only due to changing entries x̃ij with i ≤ k, this
decrease is at most m since

∑k
i=1
∑m
j=1 x

∗
ij = k, and

∑k
i=1
∑m
j=1 x̃ij ≥ k−m (at

least k−m items among 1, . . . , k are packed by the rounding procedure). After
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x̃ =











1/2 1/2 0
1/8 3/8 1/2
1/8 1/8 3/4
1/2 1/4 1/4
1/4 0 3/4
0 1/2 1/2











→











1 0 0
0 3/8 1/2
0 1/8 3/4
1/4 1/4 1/4
1/4 0 3/4
0 1/2 1/2











→











1 0 0
0 1 0
0 0 3/4
0 0 1/4
0 0 3/4
0 1/4 1/2











→

→











1 0 0
0 1 0
0 0 1
0 0 0
0 0 3/4
0 0 1/2











→











1 0 0
0 1 0
0 0 1
0 0 1
0 0 0
0 0 1/4











→











1 0 0
0 1 0
0 0 1
0 0 1
0 0 0
0 0 0











Fig. 2. Illustration of the rounding procedure.

packing k no further decrease takes place in the bin selection step, so the total
decrease in this step is at most m.

In both cases, we have an overall decrease not larger than 2m, i.e. the number
of small items unpacked at the end of the rounding step does not exceed 2m. �
The discussion above shows

Theorem 3. There is an APTAS for the ordered VP. �
As already mentioned, adding a cardinality constraint to an ordered VP instance
yields another ordered VP instance. This shows

Corollary 2. There is an APTAS for the k-item ordered VP. �

We outline our APTAS in Figure 3. It should be noted that efficiency was
not an objective in the design of the algorithm. Its aim is rather to illustrate the
existence of an APTAS for the ordered VP.

In particular, the practical inefficiency is due to the complete enumeration
of the feasible assignments of large items to the bins. Although the inefficiency
in handling large items is common to all approximation schemes for packing

problems, in our scheme the number of feasible assignments is (roughly) n
1
ε

1
ε
2

,
for each of them we solve an LP, etc., whereas most of the schemes for easier
packing problems have linear running time for fixed ε.

Although this makes the practical application of our approximation scheme
very unlikely, some of the ideas may be useful within the design of practical
heurstics. For instance, the separation between “large” and “small” items, pack-
ing the large ones first (by some reasonable heuristic instead of almost complete
enumeration) and then the small ones (possibly by LP and rounding) may turn
out to be effective in practice.
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Algorithm APTAS

Partition the item set into S and L
For all m = 1, . . . , n (possible number of bins in the optimal solution)

If � > 2/ε2 then
Partition L into L0, . . . , Lp−1 (each containing

⌊|L|ε2⌋ items) and
Lp

(containing |L| − p
⌊|L|ε2⌋ items)

Pack the items in L0 into |L0| bins
For each feasible assignment of packing vectors to the m bins

Pack the items in L0, . . . , Lp−1 into the m bins
as induced by the packing vectors

If the packing generated is feasible then
Pack the items in Lp into |Lp| extra bins
Solve the LP corresponding to the packing of the items

in S into the m bins
If the LP has a feasible solution then

Pack the items in S according to the LP solution,
using extra bins for the unpacked small items

Possibly update the best solution found so far
Else (� ≤ 2/ε2)

For each feasible packing of the large items to the m bins
Solve the LP corresponding to the packing of the items in S

into the m bins
If the LP has a feasible solution then

Pack the items in S according to the LP solution,
using extra bins for the unpacked small items

Possibly update the best solution found so far

Fig. 3. Outline of the APTAS for the ordered VP.

3 Extension to Bounded Dilworth Number

Let N1, . . . , N c be the partitioning of the item set N into the minimum number
of ordered sets as described in the Introduction. Throughout the section, we will
consider the case in which c is a constant.

The APTAS for this problem is derived along the same lines as the approxi-
mation scheme in Section 2. We treat the items in each set N j in the same way as
we treated the whole item set N in the previous section. Namely, we consider the
set Lj of the large items in N j , i.e. items with aki ≥ ε for some k ∈ {1, . . . , d}.
Let �j := |Lj |. If �j ≤ 2/ε2, there is only a constant number of large weight
items in Lj . Otherwise, we perform item grouping again and partition Lj into a
constant number pj + 1 of subsets containing (again except the last one)

⌊
�jε2

⌋
consecutive items. The small items from all sets N j will be considered later.

Now we consider all packing vectors corresponding to the packing of large
items into bins. Since the number of sets Lj is at most c and each of them is either
partitioned into a constant number pj + 1 of subsets with consecutive items, or
contains only a constant number of items, a packing vector has constant length.



74 Alberto Caprara, Hans Kellerer, and Ulrich Pferschy

More precisely, now a packing vector has pj + 1 entries for each set N j which
is partitioned into pj + 1 subsets, each telling the number of large items packed
from each subset. Moreover, a packing vector has �j entries for each set N j

with a constant number of large items, and has value 0 or 1 indicating whether
the corresponding item is packed or not. Obviously, every entry of a packing
vector is again at most

⌊ 1
ε

⌋
. Therefore, the overall number of packing vectors is

again bounded by a constant and the number of possible assignments of packing
vectors to the m bins is bounded by a polynomial in m.

The induced packing can be constructed from each generated packing vector
in the same way as described in Section 2.1 (of course only for the components
corresponding to sets N j with �j > 2/ε2). As before we consider only feasible
assignments of packing vectors to bins which leaves again at most

⌊
�jε2

⌋
items

unpacked for every set N j . Packing all these items into separate bins requires
at most cmε extra bins by employing a trivial weight bound separately on each
set N j .

There remain the small items to be packed for every generated feasible pack-
ing. This is done again by the same LP as in the previous section. The fractional
solution values are rounded separately for each set N j . By the argument of Sec-
tion 2.3 we now have at most 2cm items which are not packed into the first
m bins, and we can pack any

⌊ 1
ε

⌋
of them together in one bin thus requiring

as before at most
⌈
2cm
� 1

ε�
⌉

bins. Overall, the number of bins used is at most

m + cmε + 4cmε + 1, which shows the following

Theorem 4. There is an APTAS for VP with constant Dilworth number. �
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Abstract. We introduce the notion of incremental codes. Unlike a reg-
ular code of a given rate, which is an unordered set of elements with a
large minimum distance, an incremental code is an ordered vector of ele-
ments each of whose prefixes is a good regular code (of the corresponding
rate). Additionally, while the quality of a regular code is measured by its
minimum distance, we measure the quality of an incremental code C by
its competitive ratio A: the minimum distance of each prefix of C has to
be at most a factor of A smaller than the minimum distance of the best
regular code of the same rate.
We first consider incremental codes over an arbitrary compact metric
space M , and construct a 2-competitive code for M . When M is fi-
nite, the construction takes time O(|M |2), exhausts the entire space,
and is NP-hard to improve in general. We then concentrate on 2 spe-
cific spaces: the real interval [0, 1] and, most importantly, the Hamming
space F n. For the interval [0, 1] we construct an optimal (infinite) code
of competitive ratio ln 4 ≈ 1.386. For the Hamming space F n (where the
generic 2-competitive constructive is not efficient), we show the follow-
ing. If |F | ≥ q, we construct optimal (and efficient) 1-competitive code
that exhausts F n (has rate 1). For small alphabets (|F | < q), we show
that 1-competitive codes do not exist and provide several efficient con-
structions of codes achieving constant competitive ratios. In particular,
our best construction has rate (1−o(1)) and competitive ratio (2+o(1)),
essentially matching the bounds in the generic construction.

1 Motivating Example

Imagine the following problem which was actually given to one of the authors.
An Internet company wants to assign account numbers to its customers when the
latter shop on-line. An account number allows the customer to check the status
of the order, get customer support, etc. In particular, the customer can enter
it over the phone. Because of that and several other reasons, account numbers
should not be too long. On the other hand, we would like account numbers to be
somewhat far from each other, so that it is unlikely for the customer to access a
valid number by mis-entering few digits. One way to achieve this would be to use
an error-correcting code of reasonable minimum distance (for example, a random
account number might work for a while). This has two problems, however. First,

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, pp. 75–90, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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good distance implies not very good rate, and since the account numbers are
quite short, we “waste” a lot possible account numbers, and exhaust our small
account space too quickly (thus, losing customers). Secondly, when the number
of customers is small, the corresponding prefix of our code is not as good as we
could have made it with so few account numbers.

We propose a much better solution to this problem, namely, to use an incre-
mental code. Such a code will eventually exhaust (or nearly exhaust) the whole
space. Indeed, when the number of customers is huge, we prefer to have close
accounts numbers rather than to lose customers. On the other hand, when the
number of customers is i, incremental code guarantees that the first i account
numbers we assign will be almost as far from each other as any possible i ac-
count numbers could be! In other words, the minimal distance of larger and
larger prefixes of the code slowly decreases at an almost optimal pace.

Notice that while it is customary to measure regular codes of a given rate in
terms of their minimum distance, a more relevant measure of incremental codes
is the relative behavior of minimal distance on larger and larger prefixes. This
leads to the notion of a competitive ratio of an incremental code C. Namely, C
is A-competitive if the minimum distance of each prefix of C is at most A times
smaller than that of the optimum code of the same rate.

Organization. While the main motivation for incremental codes comes from
the Hamming spaces, we start in Section 2 by defining and studying the cor-
responding notion on arbitrary metric spaces. In particular, we obtain a 2-
competitive codes for any such metric space, and show that it is NP-hard (in
general) to beat this competitive ratio. We then study two specific spaces. In
Section 3 we construct an optimal 1.386-competitive incremental code for the
real interval [0, 1]. Finally, in Section 4 we study the most important Hamming
space Fn (where the generic construction is inefficient). In Section 4.1 we give
a simple and efficient 1-competitive code for the Hamming space over moderate
alphabets (in particular solving the “account problem” above). In the remain-
ing subsections we concentrate on the intricacies of the Hamming space over
small alphabets. While it is much harder to obtain competitive codes in this
case (since our understanding of optimal codes is somewhat limited), we give
several efficient constructions achieving constant competitive ratios.

2 General Notion and Construction
For simplicity, we restrict our attention to finite metric spaces, even though
most results extend to compact metric spaces as well. So let M = (M,D) be
any finite metric space on point set M with metric function D. A (regular) code
onM is simply a subset of points S ⊆ M . The minimum distance dM(S) of S
is the smallest pairwise distance between distinct points in S. For an integer i
we define the quantity opt-dM(i) to be the largest minimal distance of a code of
cardinality i: opt-dM(i) = max|S|=i dM(S).

An incremental code C = 〈c1 . . . ck〉 is an ordered sequence of distinct points
of M . C is exhaustive if k = |M |, i.e. the code eventually runs through the
entire space. For every i ∈ [k] we define the i-th prefix of C, Ci = {c1 . . . ci},
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and view it as a regular (unordered) code of cardinality i. We say that C is A-
competitive, if for every i ∈ [k], the i-th prefix Ci of C forms a code of distance
at least opt-dM(i)/A, i.e. opt-dM(i) ≤ A · dM(Ci). We denote by rM(C) the
(best) competitive ratio of C, and by opt-rM(k) the smallest competitive ratio
of any incremental code of cardinality k: opt-rM(k) = min|C|=k rM(C). We define
opt-rM = opt-rM(|M |), and call it the competitive ratio ofM. (We notice that
since the prefix an A-competitive incremental code is also A-competitive, we have
that opt-rM(k) is a non-decreasing function of k.) We say that an incremental
code C is perfect if C is 1-competitive, and that the space M is incrementally
perfect if it has an exhaustive 1-competitive code (opt-rM = 1).

Theorem 1.

1. The competitive ratio of any M is at most 2: opt-rM ≤ 2. Moreover, given
M as an input, one can construct an exhaustive 2-competitive incremental
code C for M in time O(|M |2). In fact, constructing k-prefix of C can be
done in time O(k · |M |).

2. There existM with competitive ratio 2.
3. For any A < 2 and given M as an input, it is NP-hard to construct A-
competitive incremental code for M, even when the competitive ratio of M
is known to be 1. In particular, it is NP-hard to approximate the competitive
ratio ofM to within a factor less than 2.

Proof. Given a point p and a finite set of points S, define the distance from p to
S to be D(p, S) = minq∈S D(p, q). We use the following simple greedy algorithm
for constructing C.
1. Let c1 be any point of M , and let C1 = {c1}.
2. For all p ∈M : set closest(p) = c1. % Note, D(p, closest(p)) = D(p, C1)
3. For k = 2 to |M |:

– Let ck be the furthest point from Ck−1, i.e. maximizing D(ck, Ck−1).
% Done in linear time by using D(ck, Ck−1) = D(ck, closest(ck))

– Set Ck = {ck} ∪ Ck−1.
– For all p ∈M : if D(p, ck) < D(p, closest(p)), update closest(p) = ck.

% This insures that D(p, Ck) = D(p, closest(p)) indeed
4. Output C = 〈c1 . . . c|M |

〉
.

It is easy to see that each iteration of the greedy algorithm is implemented in
linear time O(|M |), justifying the running time.

Now, take any 2 ≤ k ≤ |M |. The 2-competitiveness of C follows from the two
claims below.

Claim 1: dM(Ck) = D(ck, Ck−1), i.e. the closest pair of points in Ck includes ck.
Proof: Assume dM(Ck) = D(ci, cj) < D(ck, Ck−1), where i < j < k. Then
D(cj , Cj−1) = D(ci, cj) < D(ck, Ck−1) ≤ D(ck, Cj−1), i.e. ck should have been
added before cj , a contradiction. �
Claim 2: D(ck, Ck−1) ≥ 1

2 · opt-dM(k).
Proof: Let b1 . . . bk be the optimum code of cardinality k, i.e. D(bi, bj) ≥
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opt-dM(k) for some i �= j. Then the k open balls of radius R = 1
2 · opt-dM(k)

around the bi’s are all disjoint. Hence, at least one of these k balls does not
contain any of the first (k − 1) selected points c1 . . . ck−1. Say this is the ball
around bj . Hence, D(bj , Ck−1) ≥ R. But ck is the furthest point from Ck−1, and,
therefore, D(ck, Ck−1) ≥ D(bj , Ck−1) ≥ R. �

We next give an example ofM with opt-rM = 2. Let M = {w, x1, x2, y1, y2,
z}, where D(w, xi) = 1, D(xi, yj) = 2, D(yj , z) = 1, i, j = 1, 2, and the other
distances are the length of the shortest paths induced by the above assignments.
In particular, the two furthest points are w and z of distance 4, and the best 4-
code is {x1, x2, y1, y2} of minimum distance 2. In other words, opt-dM(2) = 4 =
D(w, z) and opt-dM(4) = 2 = D(xi, yj), i, j = 1, 2. Now, for any incremental
code C = 〈c1, c2, c3, c4〉, unless C4 = {x1, x2, y1, y2}, one of the pairwise distances
in C4 will be 1, giving a gap of 2/1 = 2. On the other hand, if C4 = {x1, x2, y1, y2},
then D(c1, c2) = 2, giving again a gap of 4/2 = 2 for the 2-prefix of C.

Finally, we show that it is NP-hard to construct an A-competitive code for
A < 2 when given M as an input, even if opt-rM = 1. We make a reduction
from the Maximum Independent Set problem, which is known to be NP-
complete [GJ79]. Given a graph G = (V,E), we define a metric space M =
(M,d), where M = V and D(i, j) = 1 iff (i, j) ∈ E, and D(i, j) = 2 otherwise.
Let k be the (unknown) value of the maximum independent set in G. It is easy
to see that the an optimal incremental code forM is 1-competitive, and should
first list the k elements of any maximum independent set of G (in any order),
followed by the other elements (in any order). In particular, opt-dM(i) = 2 for
i ≤ k and opt-dM(i) = 1 otherwise. Moreover, any such 1-competitive code
induces the maximum independent set by looking at the largest i-prefix with
minimal distance 2.

On the other hand, any code forM which is not 1-competitive forMmust be
2-competitive. Hence, if we have a procedure that can produce an A-competitive
code for M, where A < 2, this procedure must in fact produce an optimal
1-competitive code. But we just argued that in this case we can compute the
largest independent set of G, which is NP-hard.

Remark 1. Notice that the greedy algorithm above is exactly the same as that
of Gonzalez [G85] for the so called k-center problem. This is a just a coincidence,
since our problems and the analysis are quite different.

Remark 2. While the greedy algorithm is extremely efficient for generic metric
spaces, we are mainly interested in the Hamming space Fn. In this case we
cannot afford to scan the entire (exponential in n) space to add every new
point. Therefore, the greedy algorithm is inefficient for the Hamming space. See
Section 4 for the discussion of efficiency and efficient constructions for Fn.

Extending to compact spaces. Aside from the complexity considerations,
most of the discussion above (in particular, the greedy algorithm) extends to
infinite compact metric spaces, like “nice” compact subsets in R

n. The main
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difference is that “exhaustive” codes now become countably infinite codes, and
we require every finite prefix of such a code to be “A-compatible” w.r.t. the best
finite code of the same cardinality. We illustrate it in detail in the next section,
when talking about the real interval [0, 1].

3 Optimal Code for [0, 1]
An incremental code over [0, 1] is simply a sequence of points C = 〈p1, p2, . . .〉.
If we let qi1 . . . q

i
i denote p1 . . . pi in the increasing order, then after i steps [0, 1]

is split into (i + 1) intervals I0 = [0, qi1], I2 = [qi1, q
i
2], . . . , Ii = [qii , 1]. Clearly,

the minimal distance of Ci is d(Ci) = min(|I1|, . . . , |Ii−1|)), while the optimum
distance is opt-d(i) = 1/(i−1) (by spreading the points uniformly). When adding
pi+1 we simply subdivide one of the Ij ’s into two subintervals. If we assume that
p1 = 0 and p2 = 1 (which will happen in our solution and will be the “worst case”
in the lower bound proof), then the “border” intervals I0 and Ii+1 disappear,
and our objective is to place the points p3, p4, . . . on [0, 1] in such a manner that
the length of the smallest interval after each pi is as close to 1/(i−1) as possible.
We notice that the dual “maximal interval” version of the latter problem – make
the largest interval as close to 1/(i− 1) as possible – is a well known dispersion
problem (see [DT97,C00,M99]). While our lower bound and its proof will be
somewhat different for our “minimal interval” version, it will turn out that the
optimal sequence for both versions will be the same, which is not at all clear
a-priori.

As a warm-up, let us examine the behavior of the greedy algorithm in Theo-
rem 1, which is guaranteed to give at least a 2-competitive code. Assume we start
with c1 = 0. The next step makes c2 = 1, and then we simply keep subdividing
the largest interval in half. Thus, after 2k points, all but one interval will be of
size 1/2k, but that last interval will be of size 1/2k−1. Since the optimum for 2k

points is 1/(2k − 1), we get the ratio at least (2k − 1)/2k−1 → 2. Thus, greedy
actually gives a ratio of 2. As we show now, the best (infinite) incremental code
for [0, 1] actually achieves the ratio of ln 4 = loge 4 ≈ 1.386 < 2.

Let H(k) = (1 + 1
2 + . . .+

1
k ) denote the k-th harmonic series.

Lemma 1. Unless A ≥ 2 · [H(2i) −H(i + 1)], no incremental code of (2i + 1)
points in [0, 1] is A-competitive.

Proof. Consider a code of 2i + 1 points in [0, 1] with competitive ratio A. For
every j ≤ 2i + 1, consider the distances between adjacent points after placing
the first j points. Let �j1 ≤ �j2 ≤ . . . �jj−1 be these distances, sorted in increasing
order. We need the following claim:

Claim: �jk ≤ �j+1
k+2 for 1 ≤ k ≤ j − 2.

Proof: Adding a point (in this case, (j + 1)-st point) can either add one more
distance to the list of interval distances (if the new point is the rightmost or the
leftmost), or it can remove one length from the list, replacing it with two others
(if the new point lies between two old points). In either case, there are at most
two new lengths that are added to list. This means that among the first k + 2
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lengths on the new list, there are at least k lengths that were already on the old
list before we added the last point. Hence, the (k+2)-nd smallest length on the
new list cannot be smaller than the k-th smallest length on the old list. �
By iterating the above claim, we get for all 0 ≤ j ≤ i − 1, �2i+1−j

1 ≤ �2i+1
1+2j .

Notice, �2i+1−j
1 is the length of the smallest interval after adding (2i + 1 − j)

points. Since our code is A-competitive (and since the optimal arrangement of
2i + 1 − j points has distance 1/(2i − j)), we must have 1/(2i−j)


2i+1−j
1

≤ A, which
means that �2i+1

1+2j ≥ �2i+1−j
1 ≥ 1/(A(2i − j)). Summing the last inequality for

j = 0 . . . i− 1, we get
i−1∑
j=0

�2i+1
1+2j ≥

1
A
·
(
1
2i
+

1
2i− 1 + . . .+

1
i+ 2

)
=
1
A
· [H(2i)−H(i+ 1)] (1)

On the other hand, since �2i+1
1+2j ≤ �2i+1

2+2j and all the 2i intervals sum to at most
1, so we get

i−1∑
j=0

�2i+1
1+2j ≤

i−1∑
j=0

(
�2i+1
1+2j + �

2i+1
2+2j

2

)
≤ 1
2

(2)

Combining Equation (1) and Equation (2), we get A ≥ 2 · [H(2i)−H(i+ 1)]. �

Since 2 · [H(2i)−H(i+ 1)] ≈ 2 ln
(

2i
i+1

)
i→∞−→ ln 4, we get

Corollary 1. If C is an infinite A-competitive code, then A ≥ ln 4 ≈ 1.386.

We now show an incremental code achieving the bound above. We let p0 = 0,
p1 = 1, and explicitly tell the lengths of the i intervals after the first (i+1) points.
They are (in increasing order): log2(1 +

1
2i−1 ), log2(1 +

1
2i−2 ), . . . , log2(1 +

1
i ).

Notice,
∑i
j=1 log2(1 +

1
2i−j ) = log2(

∏i
j=1

2i−j+1
2i−j ) = log2(

2i
i ) = 1, indeed. Also,

for i = 1 our only interval is indeed of size 1 = log2(1+
1
1 ). To add the (i+2)-nd

point, we subdivide the currently largest interval of size log2(1 +
1
i ) into two

intervals of sizes log2(1 +
1
2i ) and log2(1 +

1
2i+1 ) (again, arithmetic works), as

claimed. We see that the length of the smallest interval after (i + 1) points is
log2(1 +

1
2i−1 ) ≥ 1

i ln 4 (the latter is easy to check), proving that this sequence
has competitive ratio ln 4.

Remark 3. The above argument (construction and the lower bound) can be ad-
justed to the case of the closed circle S1 (where distance is the shortest arc of the
circle). Any point p on the circle is identified with both 0 and 1 on the interval,
and then the same code as above is used. Thus, the i intervals we get after i
points have the same lengths as the i intervals we get after (i+ 1) points in the
[0, 1]-construction, but both optima are still 1/i, so the ratio is unchanged.
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4 Hamming Space (Error-Correcting Codes)

We now turn our attention to the most practically important space – the Ham-
ming space Fn. For that, we first recall some terminology and address some of
the issues specific to this space.

Terminology. Recall, the Hamming distance between x, y ∈ Fn is the number
of positions they disagree. Unless otherwise stated, we will assume that F = [q]
is a field of size q. A code with K codewords and minimal distance d over F
is said to have rate τ = logqK/n, dimension k = logqK and relative distance
δ = d/n. We omit the subscript to the space from the quantities opt-r and
opt-d when the Hamming space is clear from the context, and otherwise write
opt-r(K; q, n) and opt-d(K; q, n) to emphasize the space. We let opt-δ(τ ; q, n) =
1
n · opt-d(qτn; q, n) be the largest possible relative distance of a code of rate τ
over F . We let Vq(R; n) denote the volume of an n-dimensional sphere of radius
R in Fn, and notice that asymptotically, we have 1

n · logq Vq(αn; n) ≈ Hq(α) =
α logq(q − 1) − α logq α − (1 − α) logq(1 − α), where Hq(·) above is the q-ary
entropy function (in particular, Vq(αn; n) ≤ qnHq(α)). Finally, a linear code of
dimension k is given by the k× n generator matrix G, where the codewords are
of the form xG for x ∈ F k. Most codes we will use below are linear.
What is an “efficient” construction? As opposed to the generic case,
where we are given the entire metric space as input and need to produce as
output the “code” itself (as a list of points), in the case of the Hamming space
we usually think of entire space as being exponential in the relevant parameters,
and we think of the code as having some implicit small representation. What
we may require in terms of efficiency is to have a representation of the code
whose length is polynomial in n and log q, and an efficient procedure that given
this representation and an index i, produces ci, the i-th codeword. For example,
viewed in this light, a random code is not an “efficient construction”, but a
random linear code is.

How good is the optimal code? To compute competitive ratios, we need
to understand the behavior of the optimal code of a given rate. This is well
known for codes over “large” alphabets (q ≥ n, see Section 4.1). For codes over
small alphabets, we only have bounds on the minimal distance of the optimal
code, rather than a closed-form formula. Hence, the competitive ratio that we
can prove depends not only on the performance of the code in question, but also
on the quality of these bounds.

On a brighter side, the discrepancy between the known upper- and lower-
bounds on the optimal distance as a function of rate is at most a small constant
factor. In fact, the ratio between the Hamming bound (an upper-bound) and
the Gilbert-Varshamov bound (a lower-bound) is a factor of 2 “in spirit”. To
see that, recall that the Hamming bound says that for any code with K code-
words and minimum distance d over [q]n, it holds that K · Vq(d/2; n) ≤ qn, i.e.
opt-d(K; q, n) ≤ 2V −1

q (qn/K; n). The Gilbert-Varshamov bound, on the other
hand, says that there exists a K-word code with minimum distance d satisfying
K · Vq(d; n) ≥ qn, i.e. opt-d(K; q, n) ≥ V −1

q (qn/K; n).
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In principle, this means that when we use the Hamming bound as our es-
timate for the performance of the optimal code, we only lose a factor of two
(or less). However, notice that when we use that bound, we usually use some
estimate for V −1

q (since working with V −1
q itself is too hard), so we may lose

some small additional factor there (see Section 4.5 for an example).

Organization. The rest of this large section is organized as follows. In Sec-
tion 4.1 we consider the case q ≥ n, and show that Fn is incrementally perfect,
i.e. has a 1-competitive exhaustive code. The remaining sections deal with a more
difficult case of small alphabets (q < n). Section 4.2 shows that Fn is not incre-
mentally perfect, while the last three sections deal with efficient constructions
achieving constant competitive ratios for various settings of parameters.

4.1 Optimal 1-Competitive Code for Hamming Space F n, |F | ≥ n

Let |F | = q ≥ n. In this case, the well known Reed-Solomon codes are known to
be the optimal codes for any given dimension k. These linear codes first view the
elements of F k as polynomials of degree at most (k − 1), and then output the
values of these polynomial at n arbitrary points of F (here we use q ≥ n). We
make the following simple observation to turn them into (optimal) incremental
codes: polynomials of degree at most 0 are special cases of polynomials of degree
1, which in turn are special cases of polynomials of degree at most 2, and so on.
We now formalize this idea to get the claimed 1-competitive code.

Let α1 . . . αn be arbitrary distinct elements of F . Given a = (a0 . . . ak−1) ∈
F k, assign a polynomial pa(x) =

∑k−1
i=0 aix

i of degree at most (k − 1), and
output the codeword (p(α1) . . . p(αn)) ∈ Fn. Since any two distinct polynomials
of degree at most (k− 1) can agree on at most (k− 1) points in F , the distance
of the RS-code at least (in fact, exactly) d = n− k + 1. On the other hand, the
classical singleton bound says that any code of dimension k must have minimal
distance at most (n− k + 1), achieved by the corresponding RS-code.

Now, if we first encode (i.e., evaluate at n points) the polynomials of degree
0, followed by the polynomials of degree 1 and so on, we see that the minimal
distance of our now incremental code slowly decreases from n to (n−1), . . . , all
the way to 1. Moreover, at the time we are encoding polynomials of degree exactly
k, our current code’s minimal distance (n − k + 1) is optimal by the singleton
bound (as we already listed qk−1 polynomials of degree at most (k − 1)). Thus,
we showed that the Hamming space Fn has a 1-competitive exhaustive code
C = 〈c0, . . . , cN−1〉, where N = qn. Additionally, it is easy to compute ci given i.
Indeed, if we write the elements of F as numbers 0, . . . , (q−1) (0 being the “zero”
of F ), and then interpret the representation of an integer i ∈ {0, . . . , N − 1} base
|F | as a string a(i) ∈ Fn, then listing i in the increasing order corresponds to
the lexicographic order of the a(i)’s, which also lists the polynomials pa(i) in the
order of increasing degrees, as needed. To summarize, we get

Theorem 2. Fn is incrementally perfect when |F | = q ≥ n and F is a field.
Specifically, letting ci = (pa(i)(α1), . . . , pa(i)(αn)) ∈ Fn, the incremental code
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C = 〈c0, . . . , cN−1〉 is exhaustive and 1-competitive. Moreover, for 1 ≤ k ≤ n
and when qk−1 ≤ i < qk, the minimal distance of {c0, . . . , ci} is (n− k + 1).

Practical Discussion: We notice that the procedure of computing ci is ex-
tremely simple, practical and efficient (at most quadratic in n and log |F |), and
does not need to keep any state as i grows. In particular, it gives a practical
solution to the “accounts problem” in the introduction.

4.2 First Look at Small Alphabets

In this section we discuss the Hamming space Fn over small alphabets (in par-
ticular, binary). As a first negative observation, we notice that the Hamming
space is not incrementally perfect when q < n.

Lemma 2. If q < n, then the Hamming space [q]n is not incrementally perfect,
unless q = 2, n = 4.

Proof. When q < n, we do not know the exact behavior of optimal codes. Luckily,
we can establish the claim by looking only at the first q + 1 points of the code,
when we still know what the optimum looks like. So let q < n and assume that
[q]n is incrementally perfect. Since the words 1n . . . qn have pairwise distance n,
we have that opt-d(q) = n. Hence, if [q]n has a 1-competitive incremental code
C, it must be that d(Cq) = n. Namely, any two of the first q words of C must
differ in all the coordinates 1 ≤ i ≤ n. In fact, we can assume w.l.o.g. that the
words 0n . . . (q − 1)n are the first q words in C.1 This means, however, that the
(q + 1)’st word of C must agree with one of the first q words in at least

⌈
n
q

⌉

positions, implying that d(Cq+1) ≤ n−
⌈
n
q

⌉
.

On the other hand, we now show that the optimal (q+1)-word code in [q]n has
minimum distance at least n−

⌈
2n

q(q+1)

⌉
. Consider a (q+1)×nmatrix, whose rows

would correspond to q+1 codewords. We describe how to fill this matrix so that
every two rows would agree in at most �2n/(q(q + 1))� coordinates. Specifically,
we fill the columns of this matrix in “chunks” of

(
q+1
2

)
at a time, making sure

that in each “chunk” every two rows agree in at most one coordinate. This is
done as follows: the

(
q+1
2

)
columns in each “chunk” correspond to all pairs of

distinct indices 1 ≤ i < j ≤ q + 1. Namely, the column v(i, j) corresponding
to the pair (i, j) has symbol q in positions i and j, and all the other symbols
1 . . . (q−1) in the other (q−1) positions of v(i, j) (in arbitrary order). So within
column v(i, j), the only two positions that agree are positions i and j. It follows
that within the current “chunk”, any two rows i and j agree only in the column
v(i, j). And as there at most

⌈
n/
(
q+1
2

)⌉
=
⌈

2n
q(q+1)

⌉
such “chunks”, any two rows

agree in at most
⌈

2n
q(q+1)

⌉
coordinates.

1 This is true since we can always permute the symbols in coordinate i of all the words
of C, without changing any of the distances of the code.
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Since we assume that C is 1-competitive, we must have

n−
⌈

2n
q(q + 1)

⌉
≤ opt-d(q + 1) = d(Cq+1) ≤ n−

⌈
n

q

⌉

i.e.
⌈
n
q

⌉
≤
⌈

2n
q(q+1)

⌉
. It is not hard to see that the only pair n > q that satisfies

this inequality is n = 4 and q = 2, i.e. no other space can be incrementally
perfect. As for {0, 1}4, it is indeed incrementally perfect via the optimal code
{0000, 1111, all words with two 1’s, all the rest}. �

Remark 4. Notice that a tighter analysis shows that for any q, if n is large
enough, any code of size (q+1) in [q]n has competitive ratio at least 1+1/

(
q+2
2

)
.

For example, for q = 2 we get the ratio of at least 7/6. And indeed, the optimal
incremental code of size 3 is

{
0n, 0n/716n/7, 14n/703n/7

}
. Indeed, opt-d(2) = n

and opt-d(3) = 2n/3 (via
{
02n/31n/3, 0n/31n/30n/3, 1n/302n/3

}
), so both 2- and

3-prefixes have ratios n/(6n/7) = 7/6 and (2n/3)/(4n/7) = 7/6.

Constructions. We now turn to the question of efficient constructions of
incremental codes over small alphabets. As a most trivial construction, consider
a regular code with K codewords, minimum distance d and relative distance δ =
d/n. How well does it perform as an incremental code (under arbitrary ordering)?
Without any additional knowledge about the code, the best competitive ratio we
can get is n/d = 1/δ. Still, if we take a family of asymptotically good codes2, we
get a family of incremental codes with constant rate and constant competitive
ratio. Of course, this simplistic construction has several shortcomings. First,
there is a pretty stringent tradeoff between the rate and the relative distance
of the code, so we will either sacrifice the rate (make the code very sparse),
or the competitive ratio. In particular, if the rate is close to 1, the completive
ratio tends to ∞. Secondly, even on small prefixes our code can have the same
minimal distance d, i.e. the distance does not necessarily “gradually decrease”.
Because of that, there is no point in using more sophisticated bounds than n on
the optimal code’s minimal distance. Thus, this approach does not address the
essence of the problem at all.

Therefore, we use more sophisticated techniques that will give us better trade-
offs between the rate and the competitive ratio of incremental codes. Specifically,
we examine three efficient constructions: (1) using algebraic-geometric codes
(AG-codes) as a natural generalization of the RS-codes to small fields, (2) using
concatenation theorem to reduce the alphabet size, and (3) using random lin-
ear codes. The latter construction will let us achieve our ultimate goal: have an
absolute constant competitive ratio (close to 2), even when rate is 1− o(1).

2 A family of codes {Cn}n∈N is asymptotically good if both the relative distance and
the rate of Cn is Ω(1).
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4.3 Algebraic-Geometric Codes

Algebraic-Geometric Codes (AG-codes) are natural extensions of the RS-codes
to small fields. Detailed treatment of AG-codes is beyond the scope of this paper,
so we informally concentrate on the essentials only (see [S93] for more informa-
tion). Rather than talking about polynomials of degree at most α which can be
evaluated at n points in the field, AG-codes deal with algebraic functions with at
most α “poles” at the “point of infinity” which can be evaluated at n “rational
points” of the function field. In both cases, the valuation map returns n elements
of F , and a given polynomial/algebraic function can have at most α zeros. We
let L(α,∞) denote the space of such functions, which turns out to be a linear
space over F . The famous Riemann-Roch theorem says that the dimension of
this space is at least α − g + 1, where g is the “genus” of the algebraic field
(for the RS-codes we can achieve g = 0, but for smaller fields g cannot be very
small; see below). All together, AG-codes given by the space L(α,∞) have the
following parameters: the dimension k ≥ α− g+1, the distance d ≥ n−α. Like
with the RS-codes, we observe that L(0;∞) ⊆ L(1;∞) ⊆ . . . ⊆ L(n − 1;∞),
which implies that AG-codes of increasing pole orders at infinity define an in-
cremental code, the first qk codewords of which have minimal distance at least
(n− k − g + 1). Since the singleton bound still says that the optimum distance
is at most (n− k + 1), we get
Theorem 3. The competitive ratio of AG-codes of dimension k (listed in the
order specified above) is at most n−k+1

n−k−g+1 . In particular, setting k = n− 2g + 1
gives an incremental code with qk codewords and competitive ratio at most 2.

While the main advantage of the AG-codes is the fact that they are defined
on small (e.g. constant size) alphabets, we briefly point out their limitations. In
particular, the bound above is meaningful only when k < n− g, i.e. the rate can
be at most (1 − g

n ). It is known that g ≥ n/(
√
q − 1),3 so the maximal rate we

can hope to achieve is roughly (1− 1√
q−1 ).

4.4 Concatenation Theorem

We next address a general method of constructing an incremental code over
small alphabet from the one over a large alphabet and a good regular error-
correcting code over a small alphabet. This method is completely analogous to
the one used when constructing regular codes over small alphabets, and is called
the concatenation of codes.

Let C = 〈c1 . . . cK〉 be an incremental code in [q]n, with competitive ratio A
and rate τ = (logqK)/n. Let T = {t(1) . . . t(q)} be a regular code in [q2]n2 (q2 �
q), with distance d2, relative distance δ2 = d2/n2, and rate τ2 = (logq2 q)/n2.
An incremental code C∗ = C ∗T = 〈c∗(1) . . . c∗(K)〉 ⊆ [q2]n·n2 , the concatenation
of C and T , is defined as follows. If we write the i-th codeword of C as ci =
3 When n grows w.r.t. q, and this bound is tight for certain q’s. The general bound is

g ≥ (n− q − 1)/(2√q).
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ci,1 . . . ci,n ∈ [q]n, and interpret each ci,j as an integer in {1 . . . q}, then the i-th
codeword of C∗ is c∗i = t(ci,1) . . . t(ci,n) ∈ [q2]nn2 . The code C is called the “outer
code”, and T is called the “inner code”.

Theorem 4. C∗ is an incremental code in [q2]nn2 with K codewords, rate τ∗ =
(logq2 K)/(nn2) = (logqK · logq2 q)/(nn2) = ττ2, and competitive ratio A∗ sat-
isfying:

A∗ ≤ A
d2
·max
i≤K

opt-d(i; q2, nn2)
opt-d(i; q, n)

=
A

δ2
·max
ρ≤τ

opt-δ(ρτ2; q2, nn2)
opt-δ(ρ; q, n)

(3)

Proof. Take the i-prefix C∗
i of C∗. We claim that d(C∗

i ) ≥ d(Ci) ·d2, which is clear
from the construction of C∗. Using also A-competiveness of C (i.e. opt-d(Ci) ≤
A · d(Ci)), we get

A∗ = max
i≤K

opt-d(i; q2, nn2)
d(C∗

i )
≤ max

i≤K
opt-d(i; q2, nn2)

opt-d(i; q, n)
· opt-d(i; q, n)
d(Ci) · d2

≤ A
d2
·max
i≤K

opt-d(i; q2, nn2)
opt-d(i; q, n)

�
Clearly, we can try to substitute some known upper (resp. lower) bounds in

place of opt-δ(i; q2, nn2) (resp. opt-δ(i; q, n)), to get a more algebraic expres-
sion in the bound above. For example, in the asymptotic sense we can use the
Hamming bound in the numerator, and the Gilbert-Varshamov bound in the
denominator, and get

max
ρ≤τ

opt-δ(ρτ2; q2, nn2)
opt-δ(ρ; q, n)

� max
ρ≤τ

2 ·H−1
q2 (1− ρτ2)

H−1
q (1− ρ) =

2 ·H−1
q2 (1− ττ2)

H−1
q (1− τ)

(recall, Hq is the q-ary entropy function). However, such generic bound are of-
ten not much easier to work with, and different such bounds could be more
convenient for different constructions.

Below we illustrate the bound from Theorem 4 for the case where the outer
code is the incremental RS-code constructed in Section 4.1, which is perhaps the
most attractive case to consider. Recall, from Section 4.1 that these incremental
codes are 1-competitive, can be used with any rate τ ≤ 1, and have the restriction
that q ≥ n.
Corollary 2. Let C be the 1-competitive RS-code of rate τ , and T be as before.
Then C∗ has rate τ∗ = ττ2 and competitive ratio

A∗ ≤ 1− ττ2
δ2(1− τ) (4)

Proof. We notice that for the RS-code we have A = 1 and opt-δ(ρ; q, n) = 1−ρ+
1/n. Now the most convenient bound to use for opt-δ(ρτ2; q2, nn2) seems to be
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the (very loose in general) singleton bound, which says that opt-δ(ρτ2; q2, nn2) ≤
1− ρτ2 + 1/(nn2). Using Equation (3) now, we get

max
ρ≤τ

1− ρτ2 + 1
nn2

1− ρ+ 1
n

≤ max
ρ≤τ

1− ρτ2
1− ρ =

1− ττ2
1− τ

�

We notice the tradeoff that we obtain. In particular, 1−ττ2
δ2
≥ 1−τ2

δ2
≥ 1 (the

latter part follows from the singleton bound applied to T ). Thus, our guarantee
on A∗ cannot be better than 1/(1− τ). This implies that if we want a constant
competitive ratio from C∗, we cannot make τ = 1 − o(1). In other words, even
though we can extend the RS-code to all the rates up to 1, our analysis can no
longer provide a constant guarantee on A∗. On a positive note, we can make the
rate τ∗ = ττ2 of C∗ arbitrarily close to 1 (at the expense of A∗). Finally, it is also
interesting to compare the bound in Equation (4) with the trivial bound we get
by simply viewing C∗ as a code of minimal relative distance δ∗ = δ2(1− τ). We
see that we would get the ratio 1/(δ2(1− τ)), which is a factor (1− ττ2) worse
than our bound.4

Justeson Codes. Justeson codes, which were the first known asymptotically
good binary codes, are also constructed using the concatenation theorem: the
outer code is again any RS-code, while the inner codes are special “good av-
erage distance” codes of rate 1/2. It is well known (see [MS81]) that Justeson
codes can achieve any rate τ < 1/2, while having relative distance at least
(1− 2τ)H−1

2 (1/2) ≈ 0.1(1− 2τ). A straightforward extension of our concatena-
tion theorem shows that such a code could be ordered into an incremental code
of rate τ and competitive ratio at most 10(1 − τ)/(1 − 2τ). Again, we save a
factor (1− τ) over the trivial bound (order arbitrarily).

4.5 Random Linear Codes

We saw that the explicit (and efficient) constructions from the previous sec-
tions failed to achieve a constant competitive ratio for rates (1 − o(1)). On the
other hand, Theorem 1 shows the existence (and inefficient construction) of an
exhaustive 2-competitive codes for any [q]n. In this section we show that, with
high probability, a random linear code will achieve a competitive rate 2(1+ε) (for
arbitrarily small ε, and possibly better if of understanding of optimal codes will
improve), even for rate (1− o(1)) (specifically, dimension up to n− Θ(logq n)).
This gives an efficient (albeit randomized) procedure to generate competitive
and almost exhaustive incremental codes.

Recall that a (standard) random linear code of dimension k in [q]n, is the set
of words which are spanned by the rows of a k × n random matrix G over [q].
As we are interested in ordered codes, we consider these words in a canonical

4 In fact, a tighter gap implied by Theorem 4 is opt-δ(ττ2; q2, nn2), which is usually
much less than 1− ττ2.
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order of their coefficients. Namely, for a given matrix G, the order between
two codewords c = xG and c′ = x′G is determined by the lexicographic order
between x and x′.5 We note that with this ordering, all the codewords that are
spanned by the first i rows of G, appear before all the codewords that depend
also the i + 1’st row. This means that for any m ≤ k, the prefix Cqm is itself a
(random) linear code.

We first recall an easy lemma that bounds the minimum distance of a random
linear code.

Lemma 3. For k ≤ n, let G be a random k × n q-ary matrix, and let C =
C(G) = {c1 . . . cqk} be the ordered linear code that is spanned by G. Then for
every ε < 1− 1

q , we have

Pr [d(C) < εn] < 2k−n(1−Hq(ε))

Proof. Let S(εn) be the sphere of radius εn around the origin in Hamming
space [q]n. We know that S(εn) contains Vq(εn; n) ≤ qnHq(ε) words. For a fixed
k-vector x �= 0̄, we have PrG[xG ∈ S(εn)] ≤ qnH(ε)−n. Using the union bound,
we get

Pr [d(C) < εn] = Pr[∃x �= 0̄, xG ∈ S(εn)] < qk · q−n(1−H(ε))

�

Corollary 3. Let k < n, δ > 0, and G be a random k × n q-ary matrix. With
probability of at least 1−δ (over the choice of G), the minimum distance of C(G)
is at least nH−1

q

(
n−k−logq(1/δ)

n

)
.

Below we prove that a random linear code has competitive ratio of at most
2(1 + ε) for rates up to 1−Θ( logq n

n ). For this proof, we first recall a somewhat
weak variant of the Hamming bound, and one fact about the (inverse of the)
q-ary entropy function Hq.

Hamming bound. For any q and k ≤ n, opt-d(qk; q, n) ≤ 2nH−1
q(

n−k−1+logq n

n

)
.

Proposition 1. For any constant ε > 0, there exists a constant “threshold”
ρ = ρ(ε) > 0, so that for all δ ≤ ρ, all z ≥ 2δ/ε and all q ≥ 2, it holds that
H−1
q (z + δ)/H−1

q (z) < 1 + ε.

Theorem 5. For any q, any constant ε > 0, any large enough n, and any
k ≤ n−(2+ 6

ε ) logq n, a random linear code of dimension k in [q]n has competitive
ratio A ≤ 2(1 + ε), with probability at least 1− 1

n .

5 Notice, this is the same lexicographic order we used with the RS-codes in Section 4.1.
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Proof. Let G be a random k × n q-ary matrix and let C = C(G) be the ordered
linear code spanned by G. For each integer m ≤ k, Corollary 3 with δ = 1/n2

tells us that with probability at least 1 − 1/n2, the minimum distance of Cqm

(i.e., the code spanned by the first m rows of G) is at least

dm = nH−1
q

(
n−m− 2 logq n

n

)

Taking the union bound, we conclude that with probability at least 1− k/n2 >
1 − 1/n, the above holds for all 1 ≤ m ≤ k. This, in turn, implies that for any
m and any i ∈ {qm−1 + 1, . . . , qm

}
, the minimum distance of Ci is at least dm.

On the other hand, the Hamming bound tells us that the minimum distance
of the optimal qm−1-word code cannot be more than

d∗
m−1 = 2nH

−1
q

(
n− (m− 1)− 1 + logq n

n

)
= 2nH−1

q

(
n−m+ logq n

n

)

This implies that also for every i ∈ {qm−1 + 1, . . . , qm
}
, the minimum distance

of the optimal i-word code cannot be more than d∗
m−1. We conclude that with

probability at least 1 − 1/n, the competitive ratio of C is bounded below by
maxm(d∗

m−1/dm).
Fix any m ≤ k, and denote δ = 3 logq n

n and z = n−m−2 logq n

n . Since m ≤ k ≤
n− (2+ 6

ε ) logq n, it follows that z ≥ ( 6ε logq n)/n = 2δ/ε. Also, for large enough
n we have δ ≤ ρ(ε) (where ρ is the “threshold” function from Proposition 1), we
can use Proposition 1 to conclude that

d∗
m−1

dm
=
2nH−1

q (z + δ)

nH−1
q (z)

≤ 2(1 + ε)

As the inequality above holds for any m ≤ k, this completes the proof of the
theorem. �

5 Conclusions
We have introduced the notion of incremental codes. We studied these codes
for general as well as for specific metric spaces (including the most important
Hamming space). We showed that many standard error-correcting codes can
be made incremental by simply ordering them in a special way (in particular,
lexicographic ordering seems to be great for linear codes). Thus, we advocated the
practice of making codes ordered, since this is useful and can often be made at no
extra cost. We believe incremental codes will prove useful in other application,
and will be studied further. The most immediate open problems include: (1)
both explicit and efficient construction of codes of constant competitive ratio
and rate 1− o(1) (maybe even exhaustive); and (2) trying to prove better (even
matching) lower bounds on the competitive ratio for codes over small alphabets.
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Abstract. We consider the following problem: given a connected graph
G = (V, EE) and an additional edge set E, find a minimum size subset
of edges F ⊆ E such that (V, E ∪ F ) is 2-edge connected. This problem
is NP-hard. For a long time, 2 was the best approximation ratio known.
Recently, Nagamochi reported a (1.875 + ε)-approximation algorithm.
We give a new algorithm with a better approximation ratio of 3/2 and
a practical running time.

1 Introduction

The 2-Edge Connected Subgraph Problem Containing a Spanning Tree (2-ECST)
is defined as follows. The input consists of an undirected graph G(V, E) and a set
of additional edges (called “links”) E ⊆ V ×V . A subset F ⊆ E is called an aug-
mentation of G into a 2-edge-connected graph if G(V, E ∪F ) is 2-edge connected.
The goal is to find an augmentation F of G into a 2-edge-connected graph with
fewest links. This problem is NP-Complete [2]. We present a 1.5-approximation
algorithm for the 2-ECST problem.

The 2-edge-connected components of G form a tree. It follows that by con-
tracting these components, one may assume that G is a tree. Hence, the 2-ECST
Problem is equivalent to the Tree Augmentation Problem (TAP) defined as fol-
lows. The input consists of a tree T (V, E) and a set of links E ⊆ V ×V . The goal
is to find a smallest subset F ⊆ E such that G(V, E ∪ F ) is 2-edge connected.
Previous Results. Frederickson & Jájá [7] presented a 2-approximation to the
weighted version of TAP. Improving the approximation ratio below 2 was posed
by Khuller [12] as one of the main open problems in graph augmentation. Nag-
amochi & Ibaraki [11] presented a 12/7-approximation algorithm for TAP. How-
ever, the proof of the approximation ratio in [11] contains an error. Recently,

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, pp. 90–101, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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Nagamochi [10] reported a (1.875+ ε)-approximation algorithm. The time com-
plexity of the algorithm in [10] depends exponentially on 1/ε (alternatively, the
approximation ratio can be increased to 1.9). Our paper uses a few techniques
that appear in [10,11] including: leaf-close trees, shadows, stems, and the usage
of maximum matchings that forbid certain links. Our lower bound (Claim 12) is
a strengthening of [10, Lemma 4.2].

Related Results. The weighted version of 2-ECST (or equivalently TAP) is called
Bridge-Connectivity Augmentation (BRA) in [7]. In the BRA problem, the input
consists of a complete graph G(V,E) and edge weights w(e). The goal is to find
a minimum weight subset of edges F such that G′(V, F ) is 2-edge connected.
The 2-ECST is simply the case in which the edges have {0, 1,∞} weights; the
edges of the connected graph have zero weight, links have unit weight, and all
the rest have infinite weight.

There are a few 2-approximation algorithms for the BRA problem. The first
algorithm, by Frederickson and Jájá [7] was simplified later by Khuller and
Thurimella [13]. These algorithms are based on constructing a directed graph
and computing a minimum weight arborescence. The primal-dual algorithm of
Goemans & Williamson [8] and the iterative rounding algorithm of Jain [9]
are LP-based 2-approximation algorithms. The approximation ratio of 2 for all
these algorithms is tight. Fredrickson and Jájá [7] showed also that when the
edge costs satisfy the triangle inequality, the Christofides heuristic leads to a
3/2-approximation algorithm.

Cheriyan et. al. [3] presented a 17/12-approximation algorithm for the special
case of BRA in which edges have {1,∞} weights. A 4/3-approximation algorithm
was presented for {1,∞} weights by Vempala & Vetta [14]. Eswaran & Tarjan
[4] presented a linear time algorithm for the special case of BRA in which all
edges have unit weights. Surveys for broad classes of augmentation problems can
be found in [12] and [5].

Equivalent Problems. The following two problems are equivalent to TAP, in the
sense that the corresponding reductions preserve approximation ratios (e.g., see
[2]): (1) Given a laminar family S of proper subsets of a ground set U , and an
edge set E on U , find a minimum subset F ∗ ⊆ E that “covers” S (that is, for
every S ∈ S, there is an edge in F , with one endpoint in S and the other in
V − S). (2) Given a k-connected graph G = (U,E0) with k odd, and an edge
set E on U disjoint to E0, find a min size edge set F ∗ ⊆ E such that G ∪ F is
(k + 1)-edge connected. Due to space limitations, all proofs as well as details of
the algorithm are omitted. See the full version for these parts.

2 Preliminaries

Let T (V, E) denote a tree defined over a vertex set V . A rooted tree is a tree T
with a node r ∈ V designated as a root. The root induces a partial order on V
as follows. For u, v ∈ V , we say that u is a descendant of v, and that v is an
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ancestor of u, if v lies on the path from r to u in T ; if, in addition, (u, v) is an
edge of T , then u is a child of v, and v is the parent of u. We denote the parent
of u by p(u). The least common ancestor, lca(u, v), of u and v is the common
ancestor of u and v with the largest distance to the root. We refer to a rooted
tree as a pair (T, r), and do not mention the root when it is clear which vertex
is the root. In the TAP problem, we designate an arbitrary node r of T as the
root.

The leaves of a rooted tree T are the nodes in V − r having no descendants.
We denote the leaf set of T by L(T ), or simply by L, when the context is clear.

Consider a rooted tree (T, r) and a vertex v ∈ V . The rooted subtree of T
induced by the descendants of v (including v) is denoted by Tv. Note that v is
the root of Tv. A subtree T ′ of T is called a rooted subtree if T ′ = Tv, for some
vertex v ∈ V . We say that a rooted subtree T ′ of T is minimal w.r.t. property P
or that T ′ is P-minimal if T ′ satisfies property P, but no proper rooted subtree
of T ′ satisfies property P.

To contract a subset X of V is to combine all nodes in X to make a single
new node x. All edges and links with both endpoints in X are deleted. All edges
and links with one endpoint in X now have x as their new endpoint, but retain
their correspondence with the edge or link of the original graph. If r ∈ X, then x
becomes the root of the new tree. If parallel links arise, we consider an arbitrary
underlying set of links. For simplicity, we say that such x contains a node v if
v ∈ X. For a set of links F ⊆ E let T/F denote the tree obtained by contracting
every 2-edge connected component of T ∪ F into a single node.

Let p(u, v) denote the path in T between u and v. Consider a link (u, v) ∈ E.
If we decide to add (u, v) to the solution F , then the vertices along the path
p(u, v) belong to the same 2-edge connected component of T ∪ F . Hence, we
would like to contract the vertices along p(u, v). Instead of defining a new node
into which the vertices are contracted, it is convenient to regard this contraction
as a contraction of the vertices along p(u, v) into the least common ancestor,
lca(u, v). The advantage of this convention is that the contracted tree is a
subtree of the original tree. Note that we may obtain T/F simply by contracting
the paths corresponding to the links of F one by one. Moreover, the resulting
tree does not depend on the order by which the links are contracted.

We say that a link (u, v) covers all the edges along the path p(u, v). This
terminology enables us to formulate TAP as a covering problem. Namely, find a
minimum size set of links that covers the edges of T . We extend this terminology
and refer to covering a an edge (u, v) where v is the parent of u as covering the
node u.

We say that a link (u′, v′) is a shadow of a link (u, v) if p(u′, v′) ⊆ p(u, v), and
(u′, v′) is a proper shadow of (u, v) if the inclusion is proper, that is p(u′, v′) ⊂
p(u, v). A link is maximal if it is not a proper shadow of any other link. We say
that a cover F of T is shadows-minimal if for every link (u, v) ∈ F replacing
(u, v) by a proper shadow of (u, v) results in a link set that does not cover T .

An edge (u, v) of a tree T is reducible w.r.t. a link set E if there is an edge
(u′, v′) such that every maximal link that covers (u′, v′) also covers (u, v).
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Definition 1. A tree T and an edge set E defined over the same vertex set
are proper if (a) for every edge (u, v) of T , there are at least 2 maximal links
covering it, and (b) no edge in T is reducible.

Note that non-proper TAP instances can be reduced without effecting the
size of the solution. Hence from this point we assume that every tree we wish to
cover is proper. One convenient property of proper trees is that every parent of
a leaf has at least two children. By induction, it follows that if (T,E) is a proper
pair, then there cannot be a path (of length 2 or more) consisting of degree-2
vertices ending at a leaf.

The following assumption simplifies many of the arguments we make.

Assumption 2. The set of links E is closed under shadows, that is, if (u, v) ∈ E
and p(u′, v′) ⊆ p(u, v) then (u′, v′) ∈ E.

Every instance can be made to be closed under shadows by adding shadows of
existing links as new links (i.e. shadow completion). Shadow completion does
effect the solution size, since every shadow can be replaced by a maximal link.

In what follows, the TAP instance consists of the input tree T = (V, E) and
the set of links E. We assume that E covers T , that is, the graph (V, E ∪ E) is
2-connected; this can be tested beforehand by contracting all the links.

3 Motivation: A 2-Approximation Algorithm

We start the discussion with a 2-approximation algorithm. This rather simple
algorithm introduces the notions of leaf-closed subtrees, up-links, and the dis-
jointness condition. Our 3/2-approximation extends these ideas.

For a set of links or edges F and a vertex v, let degF (v) denote the degree
of v in the graph (V, F ). Consider an arbitrary cover F ⊆ E of T . A simple well
known lower bound follows from the degree-sum of F , namely,

∑
v degF (v), as

follows. Every leaf of T has at least one link of F incident to it, so the degree-sum
of F is at least |L(T )|, and hence |F | ≥ |L(T )|/2.

The ratio between the value of an optimal solution and this lower bound
can be arbitrarily large; if T is a path, and E consists of links parallel to the
edges of T , then |L(T )|/2 = 1, but the value of an optimal solution is |V | − 1.
An approximation algorithm based on this lower bound requires applying the
lower bound to a subproblem of the original problem and that a local ratio
argument be used. This means that we compare the cost invested in covering the
subproblem with the cost the optimum invests in this subproblem. We recurse
on the remaining subproblem. Since we compare the cost of our cover of the
subproblem with the cost of an optimal solution of the subproblem, it is necessary
that the an optimal solution covers each of the charged subproblems by disjoint
sets of links. We refer to this requirement as the disjointness condition.

Suppose the subproblem we choose is to cover the leaves (namely, the edges
in E incident to the leaves of T ). This can be done using |L(T )| links; we just
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choose a set of links F with one link per leaf. The cost of covering the leaves is
|L(T )|, and the leaf lower bound is |L(T )|/2, so the local approximation ratio for
solving the subproblem is 2. However, recursing on T/F and repeating the same
approximation argument fails. The reason is that a link in an optimal solution
can cover a leaf in L(T ) as well as a leaf in L(T/F ). Hence, the disjointness
condition is not met. This motivates the following definition and lemma, which
appeared in the paper of Nagamochi and Ibaraki [11] for U = L(T ).

Definition 3. Let U ⊆ V . A rooted subtree T ′ of T is U -closed (w.r.t. E) if
every link in E having one node in U ∩ V (T ′) has it other node in V (T ′).

For every U ⊆ V , the tree T is U -closed. Hence the set of rooted subtree that
are U -closed is not empty. This implies that, for every U ⊆ V , there exists a
rooted subtree that is U -closed minimal.

The highest link incident to a node u is denoted by up(u). Namely, among
the links emanating from u and whose other endpoint is along the path p(r, u),
up(u) is the link that covers the largest subpath of p(r, u). For U ⊆ V , let
up(U) =

⋃{up(u) : u ∈ U}.
Lemma 4. Let U ⊆ V , and let T ′ be a U -closed minimal rooted subtree of T .
Then up(U ∩ V (T ′)) covers T ′.

Lemma 4 is interesting when L(T ′) ⊆ U (otherwise T ′ consists of single leaf).
A rooted subtree T ′ of T is leaf-closed if it is L(T ′)-closed. Lemma 4 implies

the following claim, that appears in [11].

Claim 5. [11] A leaf-closed minimal subtree T ′ of T is covered by up(L(T ′)).

We now present a simple 2-approximation algorithm. The algorithm is recur-
sive and its parameter is a tree T and a link set F . The algorithm starts with
the whole tree T and an empty link set F = ∅. It finds a minimally leaf-closed
subtree T ′, adds up(L(T ′)) to F , and recurses on T/up(L(T ′)) and F , until T is
contracted into a single node.

Initialization: F ← ∅.
Algorithm cover(T, F ):
1. If |V (T )| = 1, then return F and stop.
2. Compute a leaf-closed minimal subtree T ′ of T .
3. F ← F ∪ up(L(T ′)), T ← T/up(L(T ′)).
4. Recurse: cover(T, F ).

Clearly, the algorithm returns a feasible cover. We can prove that the size of
the computed cover is 2-optimal by induction on k, the number of iterations of
the algorithm. The induction base k = 1 follows from Claim 5. For the induc-
tion step, consider a leaf-closed minimal subtree T ′ of the first iteration of the
algorithm. Let F ∗ be an arbitrary optimal cover of T . Let F ∗

L be the links in F ∗

incident to the leaves of T ′, and let F ∗
res be the links in F

∗ that cover at least
one link not in T ′. Then |F ∗

L| ≥ |L(T ′)|/2, and since T ′ is leaf closed, all the links
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in F ∗
L have their both endpoints in V (T ′). Hence, F ∗

L and F ∗
res are disjoint. By

the induction hypothesis, the recursive call for covering T/up(L(T ′)) produces a
solution Fres with at most 2|F ∗

res| links. Hence, the total number of links in the
solution produced by the algorithm is:

|up(L(T ′))|+ |Fres| = |L(T ′)|+ |Fres| ≤ 2|F ∗
L|+ 2|F ∗

res| = 2|F ∗|.

In the following section we present a lower bound that strengthens the leaf
lower bound, as well as a generalization of the idea of leaf-closed minimal subtrees
in order to improve the approximation ratio to 3/2.

4 Lower Bound and the Credit Scheme

In this section we present a new lower bound on the size of a minimum cover.
This lower bound is based on a maximum matching consisting of a subset of
links. A credit scheme is established based on the lower bound.

Notation and Preliminaries. A non-root node s ∈ V − r is a stem of a tree T
if it has exactly two children, both of them are leaves, such that there is a link
joining them. Such two leaves are called a twin pair, and the link between them
is called a twin link. The edge connecting a stem s and its parent is called a
stem-edge. We denote the the set of stems of a tree T by St(T ).

Leaves and stems play a special role in our algorithm. For short, we say that
node of T is special it is a leaf or a stem. We denote the set of special nodes in
T by Sp(T ). We denote the set of non-special nodes in T by Sp(T ). We often
use L,St,Sp for short to denote the set of leaves, the set of stems, and the set of
special nodes if the context is clear. A rooted subtree T ′ of T is leaf-stem-closed
if it is L(T ) ∪ St(T )-closed.

For X,Y ⊆ V and a set of links F , let FX,Y denote the be the set of links
in F that have one endpoint in X and the other in Y . We denote the number
of links in F that emanate from a node v by degF (v). For a subset U ⊆ V of
nodes we denote the degree-sum of nodes in U with respect to a set of links F
by degF (U). Namely, degF (U) =

∑
v∈U degF (v).

A link (u, v) is called a backward link if u is a descendant of v or vice-versa. A
link that is not a backward link is called a side link. A link e with a non-special
endpoint is called a bad link.

We can also take advantage of another property of shadow-minimality. Let
F be a shadow minimal cover of T . Every two links in F that share an endpoint
cover disjoint sets of edges. Therefore, there is exactly one link in F emanating
from every leaf v of T , and FL(T ),L(T ) is a matching.

Consider a matching M that consists of leaf-to-leaf links. A leaf � ∈ L is un-
matched with respect toM ifM lacks a link incident to �. The set of unmatched
leaves in T with respect toM is denoted by ULT (M). A stem s ∈ S is uncovered
with respect to M if the corresponding stem-edge is not covered by the links of
M . The set of uncovered stems in T with respect to M is denoted by UST (M).
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Let F ∗ denote an optimal shadows minimal cover of T . The optimality of F ∗

implies that it is not possible that both the links (s, �1) and (s, �2) are in F ∗, for
a stem s and its children �1 and �2. The reason is that these two links can be
replaced by the link (�1, �2).

Assumption 6. Without loss of generality, a cover F ∗ of T lacks links from a
stem to one of its children.

We use Assumption 6 to assume that a stem s is uncovered with respect to
F ∗
L,L iff F ∗ contains the twin-link between the children of s. The following claim

follows.

Claim 7. Let s denote a stem. If F ∗ satisfies Assumption 6, then, degF∗(s) ≤ 1.
Moreover, degF∗(s) = 1 iff s is uncovered with respect to F ∗

L,L.

4.1 Two Special Small Trees

In this section we consider two special subtrees. Subtrees of the first kind are
called H-structures and play an important role in the algorithm. Subtrees of
the second kind can be reduced to H-structures. Part (A) of Figure 1 depicts a
twin-thorn subtree. This is a rooted subtree with 3 leaves: twin leaves a1, b1, and
a leaf b2 called the “thorn”. The leaves a1 and b1 are a twin-pair that are the
children of a common stem s. The stem s is connected to the root-node v by a
path, all the internal nodes along which are nodes of degree 2. The node v has
two children, one is an ancestor of s, and the other is a leaf b2.

v

b1 a1

b2

s

v

b1 a1

b2

s

v

b1 a1

b2

s

(B)(A) (C)

Fig. 1. (A) a twin-thorn subtree (B) an H-structure (C) A twin-thorn reducible to an
H-structure.

Definition 8. A subtree Tv is defined as an H-structure if: (i) Tv is isomorphic
to a twin-thorn subtree, (ii) one of the twin-leaves is linked only to nodes that
are its ancestors, and (iii) the other twin-leaf is linked to the thorn (b1 may have
other links incident to it). Part (B) of Figure 1 depicts an H-structure.
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The twin-leaf in an H-structure that is linked only to ancestors is called a locked-
leaf (node a1 in Fig. 1). The twin-link in an H-structure that has at least one
side-link emanating from it is called a locking-leaf (node b1 in Fig. 1). The link
between the locking-leaf and the thorn is called the locking-link (link (b1, b2) in
Fig. 1). A key observation is that if (a1, b1) does not belong to a feasible cover,
then a1 is covered by a bad link. Let F denote a set of links. An H-structure Tv
is called F -activated if F contains the locking-link in Tv.

Reducible Twin-Thorn Subtrees. Consider the twin-thorn subtree Tv depicted in
part (C) of Figure 1. Suppose that the links incident to nodes in Tv satisfy the
following conditions: (a) (a1, b2) and (b1, b2) are links in E, and (b) the only side
links emanating from a1 and b1 are (a1, b2) and (b1, b2), respectively.

Observe that if (b1, b2) ∈ F ∗, then without loss of generality up(a1) ∈ F ∗.
Similarly, if (a1, b2) ∈ F ∗, then up(b1) ∈ F ∗. Assume that the path covered by
the link up(a1) is not shorter than the path covered by the link up(b1). Informally,
this means that up(a1) is “higher reaching” than up(b1). It follows that the links
up(a1) and (b1, b2) cover all the edges that are covered by up(b1) and (a1, b2).
Hence, we may discard the link (a1, b2) from E without increasing the size of an
optimal solution. Note that this reduces Tv to an H-structure.

The above discussion justifies the first stage of the algorithm in which every
twin-thorn subtree that satisfies the conditions described above is reduced to an
H-structure. We summarize this reduction in the following assumption.

Assumption 9. Let Tv denote a twin-thorn subtree. If the twin-leaves are linked
only to the thorn or to their ancestors, then exactly one of the twin-leaves is
linked to the thorn.

4.2 Matchings

Our algorithm first computes maximum matching consisting of leaf-to-leaf links
except for twin-links and locking-links. We denote this matching by M .

Now, consider an H-structure Tv. If both endpoints of a locking link (b1, b2)
are unmatched leaves in UL(M), we can add the locking-link (b1, b2) into the
matching M . Let M+ denote a maximal matching obtained by augmenting the
matching M with all possible locking links. Let LLM+ denote the set of locking-
links in M+, namely, LLM+ =M+ −M .

The following notation is now defined. Let M∗ denote the set of leaf-to-
leaf links in F ∗, except for twin-links. Let diff(M,M∗) denote the set of links
in M both endpoints of which are not matched by links in M∗. Observe that
diff(M,M∗) is non-empty only if M∗ is not a maximal matching. A link e ∈
diff(M,M∗) is referred to as a singleton; the reason is that e shares no endpoints
with other links in the symmetric difference of M∗ and M . Let LLF∗ be the
set of locking links in F ∗. Note that |LLF∗ | equals the number of F ∗-activated
H-structures.

Consider the following two terms: (a) |M∗|−|M+|+diff(M,M∗); the number
of non-twin links in F ∗

L,L minus the number of links in M+ plus the number of



98 Guy Even et al.

singletons, and (b) |LLF∗ |−|LLM+ |; the number of F ∗-activeH-structures minus
the number of M+-active H-structures.

Claim 10. |M∗| − |M+|+ |diff(M,M∗)| ≤ |LLF∗ | − |LLM+|
Observe that Claim 10 also holds if one considers a leaf-stem closed subtree T ′

and only considers the matching links and the H-structures within T ′.

The Lower Bound. Consider a leaf-stem closed subtree T ′ of T . Recall that
F ∗ denote a shadows-minimal optimal cover of T that satisfies Assumption 6.
The following claim proves a lower bound on the number of links of F ∗ both
endpoints of which are inside T ′ in terms of the number of leaves, uncovered
stems, unmatched leaves and bad links in T ′.

Claim 11. Let T ′ denote a leaf-stem closed subtree, then

|F ∗
V (T ′),V (T ′)| ≥

1
2
· L+

1
3
· |UST ′(F ∗

L,L)|+
1
6
· |ULT ′(F ∗

L,L)|

+
1
3
· degF∗

V (T ′),V (T ′)
(Sp).

In the following lower bound claim, T ′ is a leaf-stem closed subtree, F ∗ is a
shadows-minimal optimal cover of T , and M is a maximum matching consisting
of leaf-to-leaf links without twin links or locking links. Let M+ denote its aug-
mentation with locking links. We denote by MT ′ and M+

T ′ the set of links in M
and M+ that incident to leaves in T ′.

For every non-special node v let deg′
F∗

V (T ′),V (T ′)
(v) denote the degree of v

with respect to links of F ∗ both endpoints of which are in T ′ not including links
connecting it to locked leaves in F ∗-activated H-structures.

In the next claim MS refers only to singletons internal to T ′.

Claim 12. (The matching lower bound)

3
2
· |F ∗

V (T ′),V (T ′)| ≥
3
2
· |M+

T ′ |+
(|L| − 2 · |M+

T ′ |
)
+

1
2
|LLMT ′ |+ |MS(F ∗)|

2

+
1
2
· deg′

F∗
V (T ′),V (T ′)

(Sp).

5 A 3/2-Approximation Algorithm

In this section we present the techniques used in our 3/2-approximation al-
gorithm. The algorithm is listed at the end of this section for reference. The
algorithm is rather elaborate; more details and analysis will appear in the full
version.

5.1 The Coupon Scheme

In order to use our lower bound, we need to apply a credit scheme. We say that
a coupon can pay for a contraction of one link. We distribute coupons based on
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the matching lower bound from Claim 12. We assign 3/2 coupons to every pair
of vertices that are matched by a link in M+, and we assign 1 coupon to every
leaf of T not covered byM+. Furthermore, everyM+-activated H-structure gets
half a coupon. By the matching lower bound, the number of coupons used is no
more than 3|F ∗|/2.

In addition to coupons, we have tickets. Each ticket is worth half a coupon.
We consider two types of tickets: (a) matching tickets - a matching ticket is given
to each link in MS . (b) golden tickets - a non-special node that has a link of F ∗

incident to it receives a golden ticket.
The difference between coupons and tickets is that the algorithm can assign

coupons directly from the matchingM+ it computes. Tickets are harder to reveal
and require a proof that they exist.

5.2 Algorithm Techniques

In the 2-approximation algorithm, we covered a leaf-closed subtree and recursed.
In this algorithm, we are looking to cover a leaf-stem-closed subtree, and recurse.
The main difficulty is to find enough coupons to pay for some leaf-stem-closed
subtree. One important insight is that by using the coupon distribution described
above, and maintaining the proper invariants, we can contract parts of the tree
in order to find a leaf-stem-closed tree on which to recurse.

One invariant we maintain is a set A of active nodes, each of which always
contain a coupon. We also build a set J of candidate links. As we add links to
J , we contract the paths that the links of J cover. Hence we operate mostly on
the tree T/J . The set A begins as the set of unmatched leaves.

The first step we take is to apply greedy contractions. An α-greedy contrac-
tion is defined as follows. Let T ′ be a subtree of T/J , (not necessarily rooted)
coverable by α links (i.e. T ′ is a connected union of α paths, each covered by a
link). If there are at least α+1 coupons contained in T ′, then we can add these α
links to J . The new node (created by contracting all the vertices of T ′ together)
inherits the extra coupon, and becomes an active node. Thus we maintain the
invariant that all active nodes contain a coupon.

After applying all possible 1-greedy and 2-greedy steps, we attempt to find
a leaf-stem-closed subtree by finding an A-closed (or active-closed) subtree T ′ of
T/(J ∪M+), the tree obtained by contracting all the links of J and those of the
matching M+. If this is leaf-stem-closed, we are done, and we can recurse, since
we have enough coupons to pay for the links of J and M+. The disjointness
condition requires that the portions of F ∗ that are charged for solving each of
the subproblems be disjoint. This way “double charging” is avoided. Note that
the matching lower bound is applied to the links that are contained in a leaf-
stem closed subtree T ′. If the algorithm succeeds in contracting T ′, then the
disjointness condition holds since F ∗ does not cover edges in T − T ′ using links
that are contained in T ′. Hence the algorithm may recurse with T − T ′.

If T ′ is not leaf-stem-closed, we need to be more careful. This requires some
sophisticated case-analysis, and the details will appear in the full version of the
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paper.

Algorithm Tree-Cover(T )

1. If T contains a single node, then Return(∅).
2. Reduce the pair (T,E) to a proper pair.
3. Compute a maximum matching M consisting of leaf-to-leaf links

that are not twin-links and not locking links. Augment it into M+.
4. Define the set of active nodes A to be the set of unmatched leaves.
5. Initialize the set of candidate links: J ← ∅.
6. Apply 1-greedy contractions or 2-greedy contractions to T/J while

possible. Update M+, A, and J accordingly.
7. Find an active-closed minimal subtree (T/(J∪M+))v of T/(J∪M+).

Let T ′ denote the subtree (T/J)v.
8. While T ′ is not leaf-stem closed, do:

(a) If T ′ exhibits certain technical conditions, apply case analysis on
the size and structure of T ′ (see full version for details).

(b) Otherwise, cover T ′ by the basic cover. Formally,
i. J ← J ∪ (M+ ∩ T ′) ∪ up(active(T ′)),
ii. A← A− active(T ′) + v, and
iii. M+ ←M+ − T ′.

9. Cover Tv and recurse. Formally,
(a) J ← (J ∩ Tv) ∪ up(active((T/J)v))) ∪ (M+ ∩ (T/J)v), and
(b) Return(J ∪ Tree-Cover(T/J)).
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Abstract. Recently there has been a surge of interest in auctions re-
search triggered on the one hand by auctions of bandwidth and other
public assets and on the other by the popularity of Internet auctions and
the possibility of new auction formats enabled by e-commerce. Simul-
taneous auction of items is a popular auction format. We consider the
problem of maximizing total revenue in the simultaneous auction of a
set of items where the bidders have individual budget constraints. Each
bidder is permitted to bid on all the items of his choice and specifies
his budget constraint to the auctioneer, who must select bids to maxi-
mize the revenue while ensuring that no budget constraints are violated.
We show that the problem of maximizing revenue is such a setting is
NP-hard, and present a factor-1.62 approximation algorithm for it. We
formulate the problem as an integer program and solve a linear relaxation
to obtain a fractional optimal solution, which is then deterministically
rounded to obtain an integer solution. We argue that the loss in revenue
incurred by the rounding procedure is bounded by a factor of 1.62.

Keywords: auctions, winner determination, approximation algorithm,
rounding.

1 Introduction

In recent years, there has been a great deal of interest in the research community
in various formats and methodologies for auctions [2,7,8]. This has been driven in
part by the widespread popularity of Internet auctions. Another major factor in
the revival of interest in the theory of auctions has been the wave of privatization
of public property in many parts of the world, which has involved the design and
use of a variety of auction formats. Such auctions have ranged from the sale of
spectrum rights in several countries [10] to the public assets in the former Soviet
Union. Simultaneous auctions are also popular in electricity markets and equities
trading [3,4]. Issues of interest include both the design of suitable auction formats
as well as optimization problems related to winner determination.

In many scenarios, such as that of the auction of public assets, the simultane-
ous auction of several assets is likely to impose financial or liquidity constraints
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on the bidders. For instance, in the simultaneous auction of the expensive spec-
trum rights of several territories, bidders may be constrained in matching rivals’
bids by the limitations of total resources available [1]. For efficient price discov-
ery, it would be helpful to insulate the bidders against the risk of their winning
bids exceeding their financial capacity.

One format that answers these concerns is a budget-constrained auction. In a
budget-constrained auction, several items are simultaneously auctioned in sealed-
bid auctions. Each bidder submits a collection of bids and informs the auctioneer
of his aggregate financial capacity or budget. The auctioneer then allocates the
objects to the bidders, charging each winner a price no higher than his bid for
the item won, and making sure that the total charge for each bidder is within his
specified budget. The auctioneer may for some item choose to charge a price lower
than the corresponding bid in view of the winning bidder’s budget constraint.

The problem of auction when bidders have budget constraints has been stud-
ied in several different contexts. Rothkopf [6] discusses how the computation of
best responses is affected by budget constraints. J-P Benoit and Vijay Krishna
[1] discuss ordering bids in sequential auctions when bidders have budget con-
straints. Palfrey [5] has studied the effects of budget constraints in a multiple-
object setting with complete information. Both [1] and [5] are game theoretic in
treatment, and try to prevent bidders from bringing down valuations in the face
of complete information.

In this paper we consider the problem of winner determination in a budget-
constrained auction, which we term the Budget Constrained Auction Problem
(BCAP). We show this problem to be NP-hard and present a polynomial-time
1.62-approximation for it. Our approach involves formulating the problem as
an integer program, solving a linear relaxation, and deterministically rounding
the resulting optimal fractional solution to derive a feasible integer solution. We
argue that the feasible integer solution so obtained is within a factor of 1.62 of
the optimal fractional solution.

More formally, the budget constrained auction problem (BCAP) with N bid-
ders and M items can be formulated by the following integer program (IP1).

max
N∑
i=1


 M∑
j=1

bi,jxi,j − di

 (1)

subject to
N∑
i=1

xi,j ≤ Qj j ∈ [1,M ] (2)

M∑
j=1

bi,jxi,j − di ≤ Di i ∈ [1, N ] (3)

xi,j ∈ [0, qi,j ] (4)

Qj is an integer representing the available stock of item j, bi,j is the price per
item bid by the bidder i on item j, qi,j is an integer representing the maximum
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quantity of item j that bidder i wants to buy, and Di is the budget of bidder
i. In any solution, the integer variables xi,j represent the number of items of
type j assigned to bidder i. The variable di represents the discount given to
bidder i – that is, the difference between the sum of the winning bids of bidder
i and his budget (recall that the auctioneer may choose to charge a bidder less
than the sum of his winning bids). The objective function represents the total
revenue which is to be maximized. ( 2) represents the stock constraint of the
items, ( 3) represents the budget constraint of the bidders, and ( 4) represents
the bid constraint.

The structure of the integer program under consideration is similar to that of
the generalized assignment problem [9]. Consider the variation of BCAP in which
an item can be assigned to a bidder only at his bid value. In the special case
where all the Qj values are unity, this problem reduces directly to the generalized
assignment problem, for which a factor-2 approximation is presented in [9]. It
is possible to obtain such a reduction (and approximation) in the general case
as well. Ostensibly, the flexibility provided by allowing the auctioneer to accept
certain bids at below the quoted value permits an improved approximation factor
of 1.62 (this may be an interesting fact from the point of view of its implications
for the many scheduling problems [9] that have the structure of the generalized
assignment problem).

1.1 Paper Outline

In Section 2 we present the basic framework of our approach. Section 3 contains
the details of various procedures used to round a fractional solution into a integral
one. The algorithm is analysed in Section 4. A proof of the NP-hardness of the
problem under consideration is contained in Appendix A.

2 Our Algorithm

Our algorithm is based upon deterministic rounding of an optimal fractional
solution. We begin by solving a linear program to obtain an optimal fractional
solution. In this solution we make certain transformations or modificatons which,
without reducing the value of the objective function, give us what we call a simple
solution, which is a fractional solution with certain properties. Next we make a
series of modifications to this simple solution, to obtain a succession of simple
solutions each of which contains fewer fractional values than the previous. At
the end of this process we are left with an integral solution. We show that the
value of this integral solution is within a certain constant factor of the value of
the initial simple solution.

Our linear program LP1 is obtained from IP1 by substituting the bid con-
straint (4) by the following relaxed bid constraint:

0 ≤ xi,j ≤ qi,j (5)

In order to describe our algorithm, we need the following definitions. In the
context of a solution A = xAi,j of LP1, we define the unsold stock of item j as
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Qj−
∑N
i=1 x

A
i,j , the sold quantity of item j as

∑N
i=1 x

A
i,j , and the amount spent by

bidder i as
∑M
j=1 bi,jx

A
i,j . Item j is said to be sold out if its unsold stock is zero,

partially sold if its unsold stock and sold quantity are both positive, and unsold
if its sold quantity is zero. We say that bidder i is unsatisfied if the amount
spent by him is less than the maximum permitted by his budget constraint and
discount (that is,

∑M
j=1 bi,jx

A
i,j < Di+di — incidentally, in our algorithm either

this inequality is tight or di = 0). Define the residual graph R(A) corresponding
to a solution A as a bipartite graph with N vertices (ui, i ∈ [1, N ]) on the bidder
side and M vertices (vj , i ∈ [1,M ]) on the item side. The edge (ui, vj) is present
in R(A) iff the value of xAi,j is not an integer.

Given a path P = (u1, v1, . . . , uk, vk) in R(A), let

e1 = 1
el+1 = el

bl+1,l

bl,l
for l ∈ [1, k − 1]

bP1,k = bk,k

ek

= bk,k
∏k
l=2(

bl−1,l−1
bl,l−1

)

We call bP1,k the effective bid for item k by bidder 1 along the path P .
Let P = (uj , . . . , vk, ul) be a path joining bidder vertices uj and ul. Define

the exchange ratio between bidder j and l along the path P as e(P ) = bl,k

bP
j,k

.

We define a solution B of LP1 to be a simple solution if R(B) contains

– no cycle,
– no path from a partially sold item to another partially sold item, and
– no path P from an unsatisfied bidder to another bidder such that e(P ) ≤ 1.

The last property implies that R(B) can not contain a path P from an unsatisfied
bidder to another unsatisfied bidder.

In the case of a simple solution A, the residual graph R(A) has no cy-
cles. Therefore the path joining any two bidder vertices is unique. Let P =
(uj , . . . , vk, ul) be the unique path joining bidder vertices uj and ul. Denote
the exchange ratio between bidder j and l as e(j, l) = e(P ) = bl,k

bQ
j,k

, where

Q = (uj , . . . , vk). Note that if ui, uj and uk are connected bidder vertices, then
e(i, k) = e(i, j)e(j, k).

Theorem 1. From a feasible solution A of LP1, a simple solution B of same
or higher value can be constructed in polynomial time.

In Section 3, we prove Theorem 1 by presenting a polynomial-time algorithm
simplify(A) that, given a feasible solution A, constructs and returns a simple
solution of equal or greater value.

Our algorithm can now be presented. It is described in Figure 1. The algo-
rithm first obtains an optimal fractional solution of LP1, which is then converted
into a simple solution. The algorithm then proceeds by selecting the bidder ver-
tices by examining maximal paths in the residual graph and modifying xij ’s
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algorithm budget constrained auction
begin

Let A be an optimal simple solution
s1: while there are edges in R(A)

Let P be a maximal path in R(A)
if (P starts with an item vertex)

P = reverse(P )
else if (both ends of P are bidder vertices) AND (e(P ) > 1)

P = reverse(P )
endif
Let ui1 and vj1 be the first two vertices in P
if (bi1j1xi1j1 ≤ pDi1), where p is a chosen constant

s2.1 mark (ui1)
s2.2 Obtain solution A′ from A by setting xi1j1 to 0
s2.3 A = simplify(A′);

else
s3.1 Modify A by setting di1 to (1− p)Di1

s3.2 A = simplify(A);
s3.3 Modify A by setting di1 to

∑M

j=1 bi1,jx
A
i1,j −Di1

end if
end while

end

Fig. 1. Our Algorithm

corresponding to selected vertices. Each selected vertex is marked. The algo-
rithm terminates when there are no edges left in the residual graph. The detail
algorithm is presented in Figure 1, and its correctness and the performance are
analysed is Section 4.

3 Obtaining Simple Solutions

Given a feasible solution, the procedure simplify converts it into a simple solution
by repeated application of four simple transformations, which involve limited
local redestribution of money and items among a set of bidders. These four
transformations are described below.

3.1 Indirect Purchase

Consider a solution A that has a path P connecting an unsatisfied bidder to an
unsold or partially sold item. WLOG, let the vertices of R(A) be numbered so
that P = (u1, v1, . . . , uk, vk).

Given such a path, an indirect purchase is the following transaction. Bidder
1, who has not yet spent all his budget, spends an additional amount δ to buy
another small quantity of item 1. Item 1 may be sold out, in which case the
required amount of item 1 is bought back from bidder 2. This leaves some spare
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money with bidder 2, which he spends to buy some more quantity of item 2, and
so forth. This process terminates when we reach item k – an item which is not
sold out. If δ is kept small enough, all the budget constraints, stock constraints
and relaxed bid constraints are still satisfied and the solution so obtained is of
higher value.

More formally, define

e1 = 1
el+1 = el

bl+1,l

bl,l
for l ∈ [1, k − 1] (6)

From A, we obtain another solution B as follows.

xBl,l = xAl,l + δ
el
bl,l

1 ≤ l ≤ k (7)

xBl+1,l = xAl+1,l − δ
el
bl,l

1 ≤ l ≤ k − 1 (8)

where

δ = min




minkl=1(�xAl,l� − xAl,l) bl,l

el

mink−1
j=1 (x

A
l+1,l − �xAl+1,l�) bl,l

el

D1 −
∑M
j=1 b1,jx

A
1,j

(Qk −
∑N
i=1 x

A
i,k)

bk,k

ek

(9)

For all other i, j,

xBi,j = xAi,j . (10)

We refer to the perturbation of the solution A along a path P as given by (7 -
10) as an indirect purchase of item k by bidder 1 along the path P . Note that the
value of δ is positive and non-zero, since the bidder 1 is unsatisfied, item k is not
sold out and all the edges of the form (ul, vl), l ∈ [1, k] and (ul+1, vl), l ∈ [1, k−1]
are present in R(A).

It is easy to verify that

Lemma 1. As a result of an indirect purchase along a path P = (u1, v1, . . . ,
uk, vk), bidder 1 spends more money and the sold quantity of item k increases,
while the expenses of all other bidders and the sold quantities of all other items
remain unchanged; and the resulting solution is a feasible solution. �	
In particular, bidder 1 spends δ more money and the sold quantity of item k
increases by δ

bP
1,k

.

3.2 Cycle Elimination

Consider a situation where the residual graph R(A) corresponding to the current
solution A has a cycle C. Let vk, ui and vj be three consecutive vertices in C.
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Let P be the longer path from ui to vk and Q the longer path from ui to vj along
the cycle C. We observe that bPi,k = bi,jbi,k

bQi,j
, which implies that either bPi,k ≥ bi,k

or bQi, j > bi,j .
We call the following procedure a cycle elimination: if bQi,j ≥ bi,j then bidder

i reduces by quantity ε his purchase of item j using his direct bid bi,j and uses
all the money saved to indirectly purchase the same item along the path Q.
Otherwise, bidder i reduces his direct purchase of item k by quantity ε and
makes up for this reduction by an indirect purchase of item k along path P .

In either case, the expenses of all the bidders remain the same as in A and
therefore the objective function value remains unchanged. The sold quantities
of items j and k either remain the same or decrease. The sold quantity of all
other items remain the same. By making ε large enough, we ensure that the
transaction removes at least one edge from the residual graph.

3.3 Item Exchanges

Let P = (vi, uj , . . . , , uk, vl) be a path from a partially sold item i to another
partially sold item l. Let Q = (uj , . . . , uk, vl) and T = (uk, . . . , uj , vi). It is easily
shown that bQj,lb

T
k,i = bj,ibk,l, and it follows that either bQj,l ≥ bj,i or bTk,i > bk,l.

An item exchange along the path P is the following transaction: if bQj,l ≥ bj,i then
bidder j reduces his purchase (using bid bj,i) of item i and uses the saved money
in an indirect purchase of item l along the path Q. Otherwise bidder k reduces
his purchase of item l and instead indirectly purchases item i along the path T .
The quantities involved can be chosen in such a way that either one edge in P
is eliminated from the residual graph or one out of items i and l gets sold out.
The amount of money spent by any bidder remains unchanged.

3.4 Bidder Exchanges

Let P = (ui, vj , . . . , vk, ul) be a path from unsatisfied bidder i to some bidder l
such that e(P ) ≤ 1. Let Q = (ui, vj , . . . , vk). We define a bidder exchange along
the path P to be the following transaction: bidder l reduces by a small quantity
ε his purchase of item k, and this quantity is bought by bidder i in an indirect
purchase along the path Q. The quantities involved can be chosen in such a
way that either one edge in P is eliminated from the residual graph or bidder i
becomes satisfied. The sold quantity of every item remains unchanged. The total
amount spent by all the bidders does not decrease, since e(P ) < 1⇒ bQi,k ≥ bl,k.

A proof of Theorem 1 is now straightforward: repeated application of cycle
eliminations, item exchanges and bidder exchanges converts A into a simple
solution B. As noted above, these procedures do not decrease the value of the
objective function. �	

Having thus obtained a simple solution, the procedure simplify proceeds to
carry out as many indirect purchases as may be possible, thus possibly increasing
the value of the objective function. Note that simplify terminates in polynomial
time since each cycle elimination, item exchange, bidder exchange or indirect
purchase reduces the number of edges in the residual graph.
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4 Correctness and Performance

In the following, we compare the value of the integral solution obtained by our
algorithm to that of the optimal solution of LP1. Consider the situation at any
particular time during the execution of the algorithm. Let A be the current
solution. We define the potential function f(A) corresponding to solution A as:

f(A) =
1

1− p
∑
i∈S

M∑
j=1

bijxij +
∑
i �∈S


 M∑
j=1

bijxij − di

 (11)

where S = {i | ui is marked}. The constant p is chosen such that 1
1−p = 2 − p,

and thus the selected value is 3−√
5

2 .
Let OPT denote the value of the optimal solution of LP1. We will show that

the algorithm maintains the following invariants at the entry of the outer loop.

Invariant 1 At least one end point of every maximal path in R(A) is a satisfied
bidder vertex.

Invariant 2 f(A) ≥ OPT .

We begin by establishing some properties of the solutions we work with.

Lemma 2. Let A be an optimal solution of LP1. There is no path in R(A)
joining an unsatisfied bidder to an unsold or partially sold item.

Proof. If there were such a path P , then it follows from Lemma 1 that it is
possible to obtain another feasible solution which increases the total revenue.

�	
Lemma 3. Every sold-out item vertex in R(A) either has no edge or at least
two incident edges.

Proof. Assume item j is sold-out, i.e.
∑N
i=1 xij = Qj . Since Qj is an integer,

either none or at least two of the xij values must be fractional. Therefore either
there is no incident edge, or there are two or more incident edges on vj in R(A).

�	
Lemma 4. One of the endpoints of every maximal path in the residual graph of
an optimal simple solution is a satisfied bidder vertex.

Proof. Let P be any maximal path in R(A) for which this is not true. Lemma 3
implies that neither endpoint of P is a sold-out item vertex. Thus P must connect
two partially sold items, two unsatisfied bidders or a partially sold item to an
unsatisfied bidder. The first two possibilities are ruled out since A is a simple
solution, while the last is ruled out by Lemma 2. �	
Theorem 2. The algorithm maintains Invariants 1 and 2 at the time of every
visit to step s1.
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Proof. The proof is by induction. We show that the invariants are true at the
time time of the first visit to step s1, and we show that they are preserved from
one visit to the next.

Lemma 4 implies that Invariant 1 is true when step s1 is first visited. Since
there are no marked vertices at this time, the Invariant 2 is also true.

Next, we show that the two invariants are preserved from one visit to step
s1 to the subsequent one. That is, the execution of the while loop beginning at
step s1 preserves the invariants.

The algorithm proceeds by selecting a maximal path P in the residual graph.
From the first invariant, it follows that one end of P must be a satisfied bidder
vertex (ui1). The algorithm orients P appropriately such that ui1 is the first
vertex of P . The rest of the body of the loop consists of a conditional statement
in which either steps 2.1 – 2.3 or steps 3.1 – 3.3 are executed. We separately
analyse the two possibilities resulting from the conditional statement.
Case 1: If the only edge from ui1 contributes less than p times the amount
spent by bidder i1, then the edge is dropped, setting xi1j1 to zero, and ui1 is
marked. This could lead to a new maximal path ending at vertex vj1 , from
either a partially sold item vertex, or from a unsatisfied bidder vertex, either of
which would violate Invariant 1. However, observe that paths of either kind are
eliminated by the procedure simplify, which is executed at step s2.3. Invariant
1 is thus restored.

Since bi1j1xi1j1 ≤ p
∑M
j=1 bi1j1xi1j1 , the execution of steps s2.1 and s2.2 does

not decrease the value of the potential function. Step s2.3 does not decrease
the value of the potential function since it only affects unmarked vertices (note
that marked vertices are not present in the residual graph) and causes a non-
negative change in the contribution of these vertices to the objective function
(this contribution equals the second term of the potential function (11)). Thus
Invariant 2 is maintained through the execution of the loop.
Case 2: If the only edge in R(A) incident on ui1 corresponds to an expense of
more than pDi1 , then at step 3.1 the discount di1 available to bidder i1 is changed
to (1−p)Di1 . This makes the bidder vertex ui1 unsatisfied and it is possible that
Invariant 1 may not hold any more. As before, the invocation of simplify (at step
3.2) removes any paths that may violate Invariant 1. At step 3.3 the discount di1
is reduced to the smallest quantity required to facilitate the current purchases
of bidder i1. Steps 3.1 and 3.3 do not affect the potential function while step
3.2 does not reduce it. Thus, Invariant 2 is maintained through the execution of
steps 3.1 – 3.3. �	

The algorithm terminates in polynomial time because

Lemma 5. Every iteration of the outer loop reduces at least one edge from the
residual graph.

Proof. In Case 1 above, the first edge of the path P is removed from R(A).
Consider Case 2. After step 3.1, ui1 is an unsatisfied vertex connected by path
P to either a partially sold item or a satisfied bidder. Thus either an indirect
purchase or a bidder exchange would be possible when the procedure simplify
is invoked at step 3.2, either of which would remove at least one edge from the
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residual graph. If that operation is not carried out, it must be that either vertex
ui1 has been converted into a satisfied vertex, or some edge of path P has been
removed, during the execution of simplify. In either case, at least one edge has
been removed from the residual graph. �	
Theorem 3. Our algorithm is a polynomial time factor-1+

√
5

2 approximation
algorithm for the budget-constrained auction problem.

Proof. Let A denote the integral solution X obtained by our algorithm and Obj
the corresponding value of the objective function. Every bidder i contributes the
amount

∑M
j=1 bijxij − di to the objective function. Note that for i ∈ S, di = 0.

Since 1
1−p = 2− p, we have

Obj

1− p =
1

1− p
∑
i∈S

M∑
j=1

bijxij + (2− p)
∑
i �∈S


 M∑
j=1

bijxij − di



di > 0 for some i only if Di <
∑M
j=1 bijxij . Since di ≤ (1− p)Di <

∑M
j=1 bijxij ,

Obj

1− p >
1

1− p
∑
i∈S

M∑
j=1

bijxij +
∑
i �∈S

M∑
j=1

bijxij = f(A)

By Invariant 2, f(A) ≥ OPT . Since Obj
1−p > f(A), it follows that Obj >

(1−p)OPT , and thus our algorithm is a 1
1−p -approximation. Substituting 3−√

5
2

for p yields the desired approximation factor. �	
The authors would like to thank David Shmoys, R. Ravi and Naveen Garg for
helpful comments and suggestions.

A Hardness of BCAP

Using a reduction from the 3-SAT problem, we show that BCAP is NP-hard.
Given an instance I of a 3-SAT problem with n variables and m clauses,

obtain an instance I ′ of BCAP as follows. Corresponding to each variable xi in
I, I ′ contains

– an item Yi,
– two bidders, Xi and Xi, both of which bid for Yi with bid value 1.
– m items {Xi1, Xi2, . . . , Xim} called the t-items of Xi. Xi makes bids of

value 1
m on each of the t-items of Xi.

– m items {Xi1, Xi2, . . . , Xim} called the f-items of Xi. Xi makes bids of
value 1

m on each of the f-items of Xi.

For each clause ck, I ′ contains a bidder Ck which makes a bid of value 1
m

for the object Xik if variable xi is present in clause ck, and a bid of value 1
m for

the object Xik if xi is present in clause ck. Figure 2 shows the basic structure
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X1j

X2j

X3j

C
j

Xim

i

Xi
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Xi

Xim

1
m

1
m

1
m

1
mXi1

Xi1

1
m

1
m

1
m X1 + X2 +=( X3 )

Variable 
Bidders

Items Clause
Bidders

1

1

Fig. 2. The reduction

of the reduction for a variable xi and a clause cj . This structure is repeated
for all variables and clauses of I, and appropriate bids are added. The budget
constraint for each bidder of the type Xi or Xi is 1, and the budget constraint
for each Ck is 1

m . The maximum revenue possible in I ′ is 2n + 1 where n is
number of variables in I. Clearly I ′ can be obtained from I in polynomial time.

Lemma 6. If I is satisfiable then there exists an assignment of items to bidders
in I ′ such that the total revenue is 2n+ 1.

Proof. Let A be asatifying assignment for I. If xi is true in A then assign Yi
to Xi at price 1, and assign all f-items of Xi to Xi at price 1

m each. Otherwise
assign Yi to Xi at price 1, and assign all t-items of Xi to Xi at price 1

m each.
For each clause cj , there exists at least one true literal. Choose one such true
literal xi (or xi), and assign the j t-item (f-item in case of a negated literal) of
Xi to Cj . It can be easily verified that we can assign exactly one item at price
1
m to each clause. �	
Lemma 7. If there exists an assignment of items to bidders in I ′ which results
in revenue more than ( 2n + 1 − 1

m + ε) for some ε > 0, then I is satisfiable.

Proof. Obtain a solution to I as follows: for all i, let xi be true if Yi has been
assigned to Xi, and false otherwise.

As the revenue from all bidders of the type Xi or Xi can be no more than
2n, the revenue from bidders of the type Cj is at least (1 − 1

m + ε). Similarly,
the revenue from each bidder of the type Xi or Xi must be at least (1 − 1

m + ε).
Clearly each Cj has been assigned an item at a price greater than zero. Consider
any Cj and an item assigned to it. Let us suppose that the clause has been
assigned a t-item (respectively f-item) of a variable Xi. Since the income from Xi

(respectively Xi) is at least (1 − 1
m + ε), Yi has been assigned to Xi (respectively

Xi). Thus xi (respectively xi), one of the literals in clause cj is true, and cj is
satisfied.

It follows from Lemmas 6 and 7 and the NP-completeness of 3-SAT that
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Theorem 4. The Budget Constrained Auction Problem is NP-hard and cannot
be approximated to within a factor of 1+ 1

2n of the optimal, where n is the number
of bidders.
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Abstract. Scheduling dependent jobs on multiple machines is modeled
as a graph (multi)coloring problem. The focus of this work is on the sum
of completion times measure. This is known as the sum (multi)coloring
of the conflict graph. We also initiate the study of the waiting time and
the robust throughput of colorings. For uniform-length tasks we give an
algorithm which simultaneously approximates these two measures, as
well as sum coloring and the chromatic number, within constant factor,
for any graph in which the k-colorable subgraph problem is polynomially
solvable. In particular, this improves the best approximation ratio known
for sum coloring interval graphs from 2 to 1.665.
We then consider the problem of scheduling non-preemptively tasks (of
non-uniform lengths) that require exclusive use of dedicated processors.
The objective is to minimize the sum of completion times. We obtain
the first constant factor approximations for this problem, when each
task uses a constant number of processors.

1 Introduction

We consider scheduling jobs which are dependent, since they utilize the same
non-sharable resource. Coloring problems capture well this type of scheduling in
multiple machine environment, as they inherently allow to select, at any time, a
subset of non-conflicting jobs. Thus, scheduling with dependencies is modeled as
graph coloring, when all jobs have the same (unit) execution times, and as graph
multicoloring for arbitrary execution times; the vertices of the graph represent
the jobs, and an edge in the graph between two vertices represents a dependency
or conflict between the two corresponding jobs, which forbids scheduling these
jobs at the same time. For simplicity, in formulating our results we do not refer
to the number of machines in the system (i.e., it is implicitly assumed that the
number of machines is “unbounded”); however, our study applies to a system
with any given number of machines.
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Objective Functions. It is often the case that no single measure of a quality
of a schedule satisfies our needs. We seek to expand the set of measures that can
be applied. The focus of our work is on the sum of completion times measure.
For unit-length tasks, this is known as the chromatic sum or sum coloring of the
conflict graph. We also initiate the study of two other measures of colorings.

The waiting time of a coloring ψ is the sum
∑
v(ψ(v) − 1). Whereas the

chromatic sum corresponds to the sum of completion times of the jobs repre-
sented by the vertices, the waiting time represents the total time jobs waited
for execution. Given a coloring ψ of the conflict graph, G, the sum coloring
of ψ is given by SC(G,ψ) =

∑
v ψ(v). The minimum chromatic sum of G is

given by SC(G) = minψ SC(G,ψ). The waiting time approximation of ψ is then
SC(G,ψ)−n
SC(G)−n . Thus, a ρ-approximation of waiting time immediately implies the
same ρ-approximation for sum coloring.

The throughput of a partial schedule is the number of jobs that have been
completed.1 We can stop a coloring after any given time step, k, ask for the
throughput at that point Thr(ψ, k) =

∑k
i=1 |Ii|, where Ii is the set of ver-

tices colored with i, and compare that to the optimal throughput after k colors,
k-ColS(G). The throughput of a coloring can be said to be robust, if it is good
for each value of k simultaneously. The robust throughput measure of a color-
ing compares the throughput in each step to the best possible, and takes the
maximum, that is,

Th(ψ) = max
k

k-ColS(G)
Thr(ψ, c)

.

Finally, recall that the chromatic number χ(G) of a graph G is the mini-
mal number of colors required for (multi)coloring the vertices in G properly. In
scheduling terms, this is the minimal total length (or makespan) of any legal
schedule. This goal is important from system point of view, while for the users,
the sum/average completion time is at least as important.

It is often hard to find a schedule that is optimal with respect to several mea-
sures. Indeed, a schedule that is optimal for one measure may perform poorly
for other measures. A classical example is scheduling independent jobs on iden-
tical machines. The shortest processing time (SPT) rule, which minimizes the
average completion time, may be far from the optimal for the total completion
time measure. In this paper we consider schedules that minimize the average
completion/waiting time of a job and the total completion time of the schedule,
while maximizing the robust throughput of the system.

Sum Coloring Interval Graphs. Numerous applications of sum coloring (and
sum multicoloring) interval graphs have been cited in the literature. One is a
wire-minimization problem in VSLI design [NSS99]. Terminals lie on a single
vertical line, and with unit spacings are vertical bus lanes. Pairs of terminals are
to be connected via horizontal wires on each side to a vertical lane, with non-
overlapping pair utilizing the same lane. With the vertical segments fixed, the
1 In the weighted case, we take the sum of the weights of the jobs completed.
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wire cost corresponds to the total length of horizontal segments. Numbering the
lanes in increasing order of distance from the terminal line, lane assignment cor-
responds to coloring the interval by an integer. The wire-minimization problem
then corresponds to sum coloring.

A certain warehouse storage allocation problem involves minimizing the total
distance traveled by a robot [W97]. Goods are checked in and out at known times;
thus, goods that are not in the warehouse at the same time can share the same
location. Numbering the storage locations by their distance from the reception
counter, the total distance corresponds to sum coloring the intervals formed by
the goods.

Resource Constrained Scheduling. In resource-constrained scheduling in
general, we are given a collection of n jobs of integral lengths and a collection
of resources. Each job requires an exclusive access to a particular subset of the
resources to execute.

A natural example of a limited resource is the set of processors in a multi-
processor system. In the biprocessor task scheduling problem we are given a
set of jobs and a set of processors; each job requires the exclusive use of two
dedicated processors. We are interested in finding a schedule, which minimizes
the sum of completion times of the jobs. In scheduling terms, this problem is
denoted by P |fixj |

∑
Cj with |fixj | = 2, where the second term indicates that

each job requires a fixed subset of machines and the last term denotes the sum
of completion times measure.

Another limited resource is the set of paths in communication network. Here
we get path coloring problems, recently popularized in network design. Some
additional applications, which involve sum multicoloring, include traffic inter-
section control [BH94] and compiler design [NSS99].

Our focus is on the case where each task uses up to k resources. Hence, the
conflict graph is an intersection graph of a collection of sets of size at most k.
Such graphs are called k + 1-claw free, as they do not contain the star K1,k+1
as an induced subgraph. In the special case of two resources per task, such as
the biprocessor task problem, the conflict graph is a line graph. We focus on
scheduling, or coloring such graphs, so as to minimize the sum of completion
times of the jobs.

Our Results. Our first main result (in Section 2) is an algorithm, which ap-
proximates simultaneously sum coloring, waiting time, robust throughput and
the chromatic number, to within constant factors from the optimal. The constant
for sum coloring and waiting time is 1.6651, for robust throughput 1.4575, and
for the chromatic number 3.237. This holds for graphs in which the maximum
k-colorable subgraph problem is polynomially solvable, including comparabil-
ity graphs and their complements, and chordal graphs with constant maximum
clique size. Of particular interest is the class of interval graphs, for which we im-
prove the best previous known approximation ratio of 2 for sum coloring. Note
that Gonen [G01] has recently shown that SC is APX -hard.
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Table 1. Known results for sum (multi-)coloring problems

SC SMC
u.b. l.b. pSMC npSMC

General graphs · n1−ε n/ log2 n n/ logn

Perfect graphs 4 · 16 O(logn)
Comparability 1.6651 (4 ) · 6.66 (16 ) ·
Interval graphs 1.6651 (2 [NSS99]) 1 + ε [G01] · ·
Bipartite graphs 10/9 [BK98] 1 + ε [BK98] 1.5 2.8
Line graphs 2 NPC 2 12
Partial k-trees 1 [J97] PTAS [HK99] FPTAS [HK99]
Planar graphs · NPC [HK99] PTAS [HK99] PTAS [HK99]
Trees 1 [K89] PTAS [HK+99] 1 [HK+99]
k + 1-claw free k + 1 k + 1 4k2 − 2k

Our second main result (in Section 3) is a constant factor approximation al-
gorithm for non-preemptive sum multicoloring on claw-free graphs. More specif-
ically, for graph with no k+ 1-claw, we obtain a 2k(2k− 1)-approximation, and
in particular a 12-approximation for line graphs. This encompasses dedicated
processor scheduling, where the number |fixj | of processors involving a given
job is at most k. The previously best ratio known for this problem was logn
[BHK+99].

Related Work. The sum coloring (SC) problem was introduced in [K89] and the
sum multicoloring (SMC) problems in [BHK+99]. Table 1 summarizes the known
results for these problems in various classes of graphs. New bounds given in this
paper are shown in boldface. The last two columns give known upper bounds for
preemptive and non-preemptive SMC, denoted by pSMC and npSMC, respectively.
Entries marked with · follow by inference, either using containment of graph
classes (bipartite and interval graphs are perfect), or by SC being a special case
of SMC. When omitted, [BBH+98] is the references for SC and [BHK+99] for SMC.

Resource-constrained scheduling has recently been investigated in the vast
literature of scheduling algorithms (see, e.g., [BKR96,K96]). Kubale [K96] stud-
ied the complexity of scheduling biprocessor tasks. He also investigated special
classes of graphs, and showed that npSMC of line graphs of trees is NP-hard in
the weak sense. Recently, Afrati et al. [AB+00] have given a polynomial time
approximation scheme for the problem that we consider, minimizing sum of com-
pletion times of dedicated tasks. However, their method applies only to the case
where the total number of processors is a fixed constant.

2 Approximating Waiting Time and Throughput
of Interval and Comparability Graphs

In this section, we consider algorithms for sum coloring and proceed to discuss
the less studied measures of waiting time and robust throughput. We start by
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looking at two previous algorithms; then, we present a new method that obtains
improved performance on several well-known classes of graphs.

The MaxIS Algorithm. The MaxIS coloring algorithm is the iterative greedy
method, which colors in each round a maximum independent set among the
yet-to-be colored vertices. It was first considered for SC in [BBH+98], where it
was shown to give a 4-approximation. This was shown to be the tight bound for
MaxIS in [BHK]. This ratio holds for graphs where the maximum independent
set (IS) problem is polynomially solvable, including, e.g., perfect graphs. When
IS is ρ-approximable, MaxIS yields a 4ρ-approximation for SC.

It is plausible that the performance of MaxIS for the waiting time is also 4,
but the analysis is not straightforward. We can however make a simple argument
to show that the performance ratio of MaxIS for waiting time is at most 6. For
robust throughput, we can obtain a tight bound of e/(e− 1) ≈ 1.58 (Details are
omitted).

The Algorithm of [NSS99] for Interval Graphs. An algorithm of Nicoloso
et al. [NSS99] for sum coloring interval graphs starts by computing G1, G2, . . . ,
Gχ(G), where Gi is a maximum i-colorable subgraph. They show that when G is
an interval graph and the Gi’s are computed by a left-to-right greedy algorithm,
then (a) Gi contains Gi−1, and (b) the difference set Gi − Gi−1 is 2-colorable.
Thus, the algorithm colors G by coloring G1 with the color 1, and coloring
Gi −Gi−1 with 2i− 2 and 2i− 1.

Nicoloso et al. showed that its performance for SC, and simultaneously for
chromatic number, was 2, and that it was tight. From this description of the
algorithm, it is easy to derive bounds on its performance for the other measures.
Since for each k a maximum k-colorable subgraph is fully colored by color 2k−1,
a ratio of 2 follows for robust throughput.

Observation 1 The algorithm of [NSS99] attains a simultaneous performance
ratio of 2 for both the waiting time and robust throughput of interval graphs (as
well as sum coloring and chromatic number).

It should be fairly clear that these bounds on the performance of the algo-
rithm cannot be improved. They also crucially depend on special properties of
interval graphs. Also, it is not clear if these bounds hold when the algorithm is
used on weighted graphs.

An Algorithm Based on Finding k-Colorable Subgraphs. We now give an
algorithm for coloring, which simultaneously approximates the chromatic sum,
waiting time, the robust throughput and the chromatic number.

A k-colorable subgraph in a graph G is a vertex subset S ⊂ V that can be
partitioned into k independent sets. In the k-ColS problem, we need to find a k-
colorable subgraph of maximum cardinality. The k-ColS problem is solvable, for
example, on interval graphs, by a greedy algorithm [YG87], on chordal graphs
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with constant maximum clique size (or k-trees), and on comparability graphs
and their complements [F80]. This holds also for the vertex-weighted problem,
where we seek a k-colorable subgraph of maximum total weight.

The algorithm Assign Color Sets (ACS) uses as a subroutine an algorithm
kIS(G,k) for k-ColS , where k can be as large as χ(G). It consists of repeatedly
coloring k-colorable subgraphs, where k is taken from a geometrically increasing
sequence, with a quotient q given as a parameter. The method is given in a
randomized form, but can be derandomized with any desired precision by trying
all sufficiently closely spaced values in the range [0, 1].

ACS(G, q)
o← uniformly random in (0, 1]
Color a maximum independent set with color 0
i← 0; �i ← 0
while (G 
= ∅) do
ci ← �qi+o
Gi ← kIS(G,ci)
Color Gi with colors �i + 1, �i + 2, . . . , �i + ci
G← G−Gi
i← i+ 1; �i ← �i−1 + ci−1

end
end

The MaxIS algorithm of [BBH+98] corresponds to the choice of q = 1 and o = 0,
i.e., in each step a single independent set is extracted from the graph.

Analysis. Note that ci = �qi+o is the number of colors used in iteration i of the
algorithm, and �i is the number of colors used up to and including iteration i−1.
Let A(c) denote the total number of vertices colored with the first c colors by
ACS. Let O(c) denote the maximum number of vertices colorable with c colors,
i.e., the cardinality of a maximum c-colorable subgraph. Much of the analysis
hinges on the following useful property.

Observation 2 A(1 +
∑i
j=0 ci) ≥ O(ci), for i = 0, 1, . . ..

Proof: The claim follows from the fact that in each step i, i ≥ 0, ACS uses a
new set of colors, of size ci, and finds a subgraph of maximum cardinality that
can be colored with this set. Now, for any i ≥ 0, consider a subgraph Gi that is
ci-colorable. Note that each vertex in Gi yet uncolored can be colored with the
next ci colors. Hence, by the end of step i (i.e., after ACS overall uses

∑i
j=0 ci

colors, plus one for the initial independent set) at least O(ci) vertices have been
colored. ��

This observation suggests that we can imagine a bijective mapping g of ver-
tices as chosen by the algorithm to the vertices as colored in an optimal solution.
The mapping has the property that if v is chosen in round i, then g(v) is assigned
a color greater than ci−1.
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Theorem 3. For any 1 < q ≤ 5.828, ACS approximates WT(G) (and thus also
SC(G)) within a factor of

√
q(1/(q − 1) + 1/2).

Proof: We first bound the cost incurred by ACS for coloring an arbitrary vertex,
v, for a fixed value of the random element o. Let ψOPT be a coloring of G
optimizing the waiting time, and t be the color of g(v) in that optimal solution,
t = ψOPT (g(v)). If t = 0, then ACS also colored v in the initial independent set,
paying the same zero amount. Otherwise, qa−1+o ≤ t < qa+o, where a is some
non-negative integer. We can write t = qa−1+o+r, where 0 ≤ r < 1. Then, v is
colored by ACS in round a.

The color used for v by ACS equals to the sum of two components: the number
of colors already used, and the offset among the ca colors used in round a. The
former equals

∑a−1
i=0 ci. The latter can be simplified by viewing all the vertices

colored in round a together. These vertices are colored at an offset of at most
(ca + 1)/2 on the average. Hence, the color of v is bounded by

a−1∑
i=0

ci +
1 + ca
2

=
a−1∑
i=0

�qi+o+ �q
a+o
2

+
1
2

≤ tq1−r
[

1
q − 1 +

1
2

]
+
1
2
− qo

q − 1 .

Note that since o is selected randomly and uniformly in (0, 1], so is r. Hence,
the expected value of the color assigned to v is t

(√
q(1/(q − 1) + 1/2))+ 1/2−√

q/(q − 1).
For q ∈ (1, 5.828] we get that √q/(q − 1) ≥ 1/2. It follows that the waiting

time of the coloring obtained is bounded by
∑
v∈G
ψ(v) ≤

∑
v∈G

√
q(1/(q − 1) + 1/2)ψOPT (g(v)) = √q(1/(q − 1) + 1/2)WT(G).

��
Since the analysis gave expected values for each vertex separately, these ratios

hold also for the vertex-weighted variant problem. Intuitively, we can view each
weighted vertex as a compatible collection of unweighted vertices

The best ratio is attained when q is about 4.12. This improves on the previ-
ously best known ratio of 2 by Nicoloso et al. [NSS99], stated for (unweighted)
sum coloring.

Corollary 1. WT(G) and SC(G) can be approximated within a factor of 1.6651
on interval graphs and comparability graphs and their complements, even in the
weighted case.

This yields a corollary for the preemptive sum multicoloring problem. In
[BHK+99], a 4ρ-ratio approximation is obtained for graphs where SC can be
approximated within a factor of ρ. We thus obtain an improvement, for graphs
for which k-ColS is polynomially solvable, from the previous 16-factor.
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Corollary 2. pSMC is approximable within 4 · 1.6651 ≈ 6.66 on interval and
comparability graphs and their complements.

We proceed to analyze the throughput behavior of the algorithm.

Theorem 4. Robust throughput can be approximated within a factor of 1.45751
on interval graphs and comparability graphs, even in the weighted case.

Proof: For this, the random offset parameter is of no help; since it complicates
the analysis, we shall fix its value as 1. Further, for simplicity, we look only at
the case when q = 2, which we experimentally find the best one.

We compare the number of nodes A(k) found by the algorithm in the first k
color classes, to the O(k) nodes in the first k colors of the optimal solution. Let
m = �lg k. Recall that ci = 2i and �i = 2i − 1. The set of nodes found by ACS
then consists of the A(�m) nodes found in the first m− 1 rounds, and at least a
(k − �m)/k fraction of the colors used in the m-th round. The analysis uses the
following simple observation.

A(�i)−A(�i−1) ≥ ci−1

k
(O(k)−A(�i−1)).

Rewriting, we get O(k) − A(�i) ≤ (1 − ci−1/k)(O(k) − A(�i−1)). By induction,
we have that

O(k)−A(�m) ≤ O(k)
m−1∏
i=0

(1− 2i/k).

In the last round, we count the final k− �m colors. The fraction still not colored
after that round amounts to

O(k)−A(k) ≤ (1− (k − (2
m − 1))
k

)(O(k)−A(�m)

= O(k)2
m − 1
k

m∏
i=1

(1− 2i/k)

By computational analysis, we find that this value is maximized when k/2m ≈
1.3625, converging to about 0.3139 O(k). This implies a performance ratio
O(k)/A(k) ≤ 1/(1 − 0.3139) ≈ 1.4575 for the throughput of the coloring, for
a given value k. Since this bound is independent of k, we have derived a bound
on the robust throughput measure. ��

On graphs for which k-ColS is not solvable but approximable within a ρ-
factor, we easily obtain a 1.4575ρ ratio for robust throughput. Approximation-
preserving arguments can also be made for waiting times, by repeating each
round of the algorithm �ρ� times.

Finally, we can argue a bound on the number of colors used.

Theorem 5. ACS uses at most ( q
q−1+q)χ(G) colors, or at most 4 times optimal

when q = 2. The randomized algorithm uses an expected ( q
q−1 +

√
q)χ(G), or

about 3.237 times optimal when q = 3.
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We have seen that the same algorithm approximates all four measures: χ(G),
WT(G), SC(G), and robust throughput. The parameters used to obtain optimum
values were not the same; however with judicious choices of the parameters, one
can obtain colorings that simultaneously approximate all the measures consid-
ered, as suggested in the following result.

Corollary 3. ACS, with q = 2, simultaneously approximates robust throughput
within a factor of 1.4575, SC(G) and WT(G) within a factor of 2.12, and χ(G)
within a factor of 4.

3 Scheduling Dedicated Tasks

In this section we give a constant factor approximation algorithm for npSMC on
k+1 claw-free graphs. As noted earlier, this implies an O(1) ratio approximation
for the dedicated task scheduling problem P |fixj |

∑
Cj with |fixj | = k, for fixed

k.

Sum Multicoloring. The problem of scheduling dependent tasks, to minimize
their average completion time, can be modeled as a graph multicoloring problem.
This is particularly useful when there is a structure to the task dependencies, that
we can take advantage of. We consider here the situation where dependencies
are caused by resource conflicts, and each job requires the exclusive use of up
to k resources; thus, the resulting graph is k + 1-claw free, i.e. the star graph
K1,k+1 is a forbidden subgraph.

An instance to multicoloring problems is a pair (G, x), where G = (V,E) is a
graph, and x is a vector of color requirements (or lengths) of the vertices. For a
given instance, we denote by n the number of vertices, and by p = maxv∈V x(v)
the maximum color requirement. A multicoloring of G is an assignment ψ : V →
2N , such that each vertex v ∈ V is assigned a set of x(v) distinct colors, and
adjacent vertices receive non-intersecting sets of colors.

As schedules can be either non-preemptive or preemptive, so can the resulting
colorings be either contiguous or arbitrary. A multicoloring, ψ, is called non-
preemptive if the colors assigned to v are contiguous, i.e. if for any v ∈ V ,
(maxi∈ψ(v) i)− (mini∈ψ(v) i) + 1 = x(v).

Denote by fψ(v) = maxi∈ψ(v) i the largest color assigned to v by a multicol-
oring ψ. The sum multicoloring (SMC) of ψ on G is

SMC(G,ψ) =
∑
v∈V

fψ(v) .

The SMC problem is to find a multicoloring ψ, such that SMC(G,ψ) is minimized;
the non-preemptive version is npSMC. When all the color requirements are equal
to 1, the problem reduces to SC. Our focus here is on the contiguous version,
npSMC.
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Algorithm. Let G be a given k + 1-claw-free graph, and let β be a parameter
dependent on k, to be determined later. Informally, our strategy is the follow-
ing. We allocate x′(v) = (β + 1)x(v) colors to each vertex v, or β + 1 times
more than required. We constrain this allocation so that the last x(v) colors be
contiguous, as they will form the actual set of colors assigned to v. The alloca-
tion is performed one color at a time, to a maximal independent set of vertices
that have higher priority than others, either because they are shorter jobs, or
because they have become active. Active vertices are those v that have received
at least βx(v) + 1 colors (but fewer than (β + 1)x(v)), and thus must receive a
contiguous set until fully colored. Namely, in each round, the algorithm colors
a maximal independent set, I, satisfying two constraints: (i) I contains all cur-
rently active vertices, and (ii) vertices of small color requirements have priority
over large ones. We assume that all color requirements are different, since ties
can be broken in a fixed but arbitrary way.

The logic for allocating an additional βx(v) colors is to build a buffer so that
a long job does not accidentally become active and delay many short jobs for a
long time. This way, all the neighbors of v have fair chance to be scheduled to
completion before v becomes active. As they say, you have to pay your dues to
become a player.

SG(G)
1. j ← 1.
2. while G is not fully colored do

(a) Ij ← all currently active vertices
(b) Extend Ij to a maximal independent set, in such a way that

each node outside the set has a neighbor in the set that is either
active or of higher priority.

(c) Assign color j to the vertices in set Ij , decrease their
residue color requirement, update active vertices, and delete fully
colored vertices.

(d) j ← j + 1.
3. The last x(v) colors allocated to v form the

coloring of v in the npSMC solution.

Note that step 2.(b) can be performed by greedily selecting compatible ver-
tices of highest priority.

Analysis. We use the following notation and conventions in the analysis.
Throughout this section, fix some optimum solution, OPT , for the npSMC in-
stance. A vertex is smaller (larger) than its neighbor if its color-requirement is.
The set of smaller (larger) neighbors of node v is denoted Ns(v) (Nl(v)). Let Ov
(respectively, Osv and O

l
v) denote the collection of neighbors of v (respectively,

smaller and larger neighbors of v) scheduled before v by OPT . Similarly, let Av,
Alv and A

s
v be the nodes in N(v), respectively, colored before v in SG, colored

before v in SG and belonging to Nl(v), and colored before v in SG and belonging



124 Magnús M. Halldórsson, Guy Kortsarz, and Hadas Shachnai

to Ns(v). Let Sv =
∑
u∈Av

x(v), Slv =
∑
u∈Al

v
x(v), and Ssv =

∑
u∈As

v
x(v). Let

S(G) =∑v x(v).
A vertex yet to be completed is either selected or delayed, in a given round.

It is selected if placed in the current independent set, in which case it is either
active or chosen. The vertex can either have a good delay in a round, if it has
a smaller selected neighbor, or a bad delay, if it is delayed by a larger active
neighbor.

We summarize this in the following fact. Let I be the current chosen inde-
pendent set and Ia the set of active vertices, necessarily contained in I.

Fact 6 In any round, exactly one of the following holds for a vertex v: (i)
Good delay: I ∩Ns(v) 
= ∅, (ii) Bad delay: Ia ∩Nl(v) 
= ∅, I ∩Ns(v) = ∅. (iii)
Selected: v is chosen or active.

Let dg(v) (db(v)) denote the total good (bad) delay of v under SG. Fact 6
implies that the final color of v is given by fSG(v) = (β+1)x(v)+dg(v)+db(v).
We proceed to bound separately the good and bad delays. Define

Q(G) =
∑
v

∑
w∈Ns(v)

x(w) =
∑

vw∈E(G)
min(x(v), x(w)).

The quantity Q(G) provides an effective lower bound on the unrestricted multi-
color sum, and thus also on the contiguous one.

Lemma 1. Q(G) ≤ k · (pSMC(G)− S(G)).
Proof: Let Div be the residual delay sum of v in OPT after round i. Namely,
for any u ∈ Ov, if xi(u) time units of the job of u were already processed after
round i by OPT , then Div =

∑
u∈Ov

(x(u)− xi(u)).
We note that Di+1v ≥ Div − k, as in each round at most k of the neighbors

of v are selected. Thus, the delay of v is at least D0
v/k, and pSMC(G) ≥ S(G) +∑

vD
0
v/k. Now, as every edge e = (u, v) either contributes x(u) to D0

v or x(v)
to D0

u we have:
∑
vD

0
v ≥ Q(G). The required lemma follows. ��

Lemma 2. For any graph G,
∑
v dg(v) ≤ (β + 1) ·Q(G).

Proof: A smaller neighbor u of v is selected for at most (β+1) ·x(u) time units,
and can delay v by at most that much. Thus, dg(v) ≤ (β+1)

∑
w∈Ns(v) x(w). ��

Lemma 3. For any vertex v, db(v) ≤ (k − 1)/β − k + 1) · dg(v).

Proof: Each u ∈ Alv was chosen β ·x(u) times, because it became active. During
rounds when a node in Alv was chosen, v was not selected, leaving us with cases
(i) and (ii) of Fact 6. Some of these events may occur in parallel, i.e., several
nodes in Alv can be chosen in the same round. At most k neighbors of v can be
selected in a given round, since the graph is k+1-claw free. In any round when v
is delayed, there is either a smaller selected neighbor or a larger active neighbor,
and therefore at most k−1 larger chosen (i.e. selected but not active) neighbors.
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Recall that Slv =
∑
u∈Al

v
x(u). The total number of times that a node in Alv

was chosen is exactly β · Slv. Thus, the total delay of v, dg(v) + db(v) is at least
β · Slv/(k − 1), the total count of nodes in Alv chosen divided by the number of
nodes simultaneously chosen. By the definition of Alv, db(v) is at most S

l
v. Then,

we have that dg(v) + db(v) ≥ βdb(v)/(k − 1), and the lemma follows. ��

Theorem 7. SG approximates npSMC(G) on k + 1-claw free graphs by a factor
of 2k(2k − 1). In particular, it achieves a factor 12 on line graphs and proper
interval graphs.

Proof: Let β = 2(k−1). Let SG(G) denote the multicolor sum of our algorithm
on G. Combining Lemmas 2, 3 and 1, we have that SG(G) ≤ (β+1)S(G)+(β+
1)(1 + k−1

β−k+1 )Q(G) ≤ 2k(2k − 1)pSMC(G)− (2k − 1)2S(G). ��

The above result can be applied to any claw-free graph. For example, it holds
for the intersection graph of families of radius one circles (which are 7−claw
free).

The above proof implies that the optimum preemptive and non-preemptive
multicolor sums are within a constant factor on these graphs. Also, it gives a
simultaneous approximation of the makespan within the same constant factor.
The proofs can be extended to release times and to weights on jobs. We omit
these extensions for lack of space.
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Abstract. We present a natural greedy algorithm for the metric unca-
pacitated facility location problem and use the method of dual fitting to
analyze its approximation ratio, which turns out to be 1.861. The run-
ning time of our algorithm is O(m logm), where m is the total number
of edges in the underlying complete bipartite graph between cities and
facilities. We use our algorithm to improve recent results for some vari-
ants of the problem, such as the fault tolerant and outlier versions. In
addition, we introduce a new variant which can be seen as a special case
of the concave cost version of this problem.

1 Introduction

A large fraction of the theory of approximation algorithms, as we know it today, is
built around the theory of linear programming, which offers the two fundamental
algorithm design techniques of rounding and the primal–dual schema (see [18]).
It also offers the method of dual fitting for analyzing combinatorial algorithms.
The latter has been used on perhaps the most central problem of this theory,
the set cover problem [13,4]. Although this method appears to be quite basic,
to our knowledge, it does not seem to have found use outside of the set cover
problem and its generalizations [15]. Perhaps the most important contribution
of this paper is to apply this method to the fundamental metric uncapacitated
facility location problem.

The method can be described as follows, assuming a minimization problem:
The basic algorithm is combinatorial – in the case of set cover it is in fact a simple
greedy algorithm. Using the linear programming relaxation of the problem and
its dual, one shows that the primal integral solution found by the algorithm
is fully paid for by the dual computed; however, the dual is infeasible. The
main step in the analysis consists of dividing the dual by a suitable factor and
showing that the shrunk dual is feasible, i.e., it fits into the given instance. The
shrunk dual is then a lower bound on OPT, and the factor is the approximation
guarantee of the algorithm.

Our combinatorial algorithm for the metric uncapacitated facility location
problem is a simple greedy algorithm. It is a small modification of Hochbaum’s

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, pp. 127–137, 2001.
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greedy algorithm for this problem [7]. The latter was in fact the first approxima-
tion for this problem, with an approximation guarantee of O(log n). In contrast,
our greedy algorithm achieves an approximation ratio of 1.861 and has a running
time of O(m logm), where m is the number of edges of the underlying complete
bipartite graph between cities and facilities, i.e., m = nc × nf , where nc is the
number of cities and nf is the number of facilities. Although this approximation
factor is not the best known for this problem, our algorithm is natural and sim-
ple, and achieves the best approximation ratio within the same running time.
For a metric defined by a sparse graph, Thorup [17] has obtained a (3 + o(1))-
approximation algorithm with running time Õ(|E|).

The first constant factor approximation algorithm for this problem was given
by Shmoys, Tardos, and Aardal [16]. Later, the factor was improved by Chudak
and Shmoys [3] to 1 + 2/e. This was the best known algorithm until the recent
work of Charikar and Guha [1], who slightly improved the factor to 1.728. The
above mentioned algorithms are based on LP-rounding, and therefore have high
running times. Jain and Vazirani [9] gave a primal–dual algorithm, achieving a
factor of 3, and having the same running time as ours (we will refer to this as the
JV algorithm). Their algorithm was adapted for solving several related problems
such as the fault-tolerant and outlier versions, and the k-median problem [9,10,2].
Mettu and Plaxton [14] used a restatement of the JV algorithm for the on-line
median problem.

Strategies based on local search and greedy improvement for facility location
problem have also been studied. The work of Korupolu et. al. [11] shows that a
simple local search heuristic proposed by Kuehn and Hamburger [12] yields a con-
stant factor approximation for the facility location problem. Guha and Khuller [5]
showed that greedy improvement can be used as a post-processing step to im-
prove the approximation guarantee of certain facility location algorithms. The
best approximation ratio for facility location [1] was obtained by combining the
JV algorithm, greedy augmentation, and the best LP-based algorithm known.
They also combined greedy improvement and cost scaling to improve the factor
of the JV algorithm. They proposed two algorithms with approximation factors
of 2.41+ε and 1.853 and running times of Õ(n2/ε) and Õ(n3) respectively, where
n is the total number of vertices of the underlying graph. Regarding hardness
results, Guha and Khuller [5] showed that the best approximation factor that
we can get for this problem is 1.463, assuming NP �⊆ DTIME[nO(log log n)].

Our greedy algorithm is quite similar to the greedy set cover algorithm: itera-
tively pick the most cost-effective choice at each step, where cost-effectiveness is
measured as the ratio of the cost incurred to the number of new cities served. In
order to use LP-duality to analyze this algorithm, we give an alternative descrip-
tion which can be seen as a modification of the JV algorithm. This algorithm
constructs a primal and dual solution of equal cost. Let us denote the dual by
α. In general, α may be infeasible. We write a linear program that captures the
worst case ratio, R, by which α may be infeasible. We then find a feasible solu-
tion to the dual of this latter LP having objective function value 1.861, thereby
showing that R ≤ 1.861. Therefore, α

1.861 is a dual feasible solution to the facility
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location LP, and hence a lower bound on the cost of an optimal solution to the
facility location problem. As a consequence, the approximation guarantee of our
algorithm is 1.861.

We have run our algorithm on randomly generated instances to obtain ex-
perimental results. The cost of the integral solution found is compared against
the solution of the LP-relaxation of the problem. The results are good: The error
is at most 7.1%.

We also use our algorithm to improve some recent results for some variants of
the problem. In the facility location problem with outliers we are not required to
connect all cities to some open facilities. In the robust version of this variant we
are asked to choose l cities and connect the rest of them to some open facilities. In
facility location with penalties we can either connect a city to a facility, or pay a
specified penalty. Both versions were motivated by commercial applications, and
were proposed by Charikar et al. [2]. In this paper we will modify our algorithm
to obtain a factor 2 approximation algorithm for these versions, improving the
best known result of factor 3.

In the fault tolerant variant, each city has a specified number of facilities it
should be connected to. This problem was proposed in [10] and the best factor
known is 2.47 [6]. We can show that we can achieve a factor 1.861 algorithm,
when all cities have the same connectivity requirement. In addition, we introduce
a new variant which can be seen as a special case of the concave cost version of
this problem: the cost of opening a facility at a location is specified and it can
serve exactly one city. In addition, a setup cost is charged the very first time a
facility is opened at a given location.

Recently, Jain, Mahdian, and Saberi [8] have shown that a small modification
of our greedy algorithm, analyzed using dual fitting, achieves an approximation
factor of 1.61. This becomes the current best factor for the metric uncapacitated
facility location problem. The running time of their algorithm is higher than
ours, and is O(n3).

2 The Algorithm

Before stating the algorithm, we give a formal definition of the problem.
Metric Uncapacitated Facility Location: Let G be a bipartite graph with
bipartition (F,C), where F is the set of facilities and C is the set of cities.
Suppose also that |C| = nc and |F | = nf . Thus, the total number of vertices in
the graph is n = nc+nf and the total number of edges is m = nc×nf . Let fi be
the cost of opening facility i, and cij be the cost of connecting city j to facility
i. The connection costs satisfy the triangle inequality. We want to find a subset
I ⊆ F of facilities that should be opened and a function φ : C → I assigning
cities to open facilities, that minimizes the total cost of opening facilities and
connecting cities to them.

In the following algorithm we use a notion of cost-effectiveness. For each
pair (i, C ′), where i is a facility and C ′ ⊆ C is a subset of cities, we define its
cost-effectiveness to be (fi +

∑
j∈C′ cij) /|C ′| .
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Algorithm 1

1. In the beginning all cities are unconnected and all facilities are closed.
2. While C �= ∅:

– Among all pairs of facilities and subsets of C, find the most cost effective
one, (i, C ′), open facility i, if it is not already open, and connect all cities
in C ′ to i.

– Set fi := 0, C := C \ C ′.

Note that a facility can be chosen again after being opened, but its opening cost
is counted only once since we set fi to zero after the first time the facility is
picked by the algorithm. As far as cities are concerned, every city j is removed
from C, when connected to an open facility, and is not taken into consideration
again. Also, notice that although the number of pairs of facilities and subsets of
cities is exponentially large, in each iteration the most cost-effective pair can be
found in polynomial time. For each facility i, we can sort the cities in increasing
order of their connection cost to i. It can be easily seen that the most cost-
effective pair will consist of a facility and a set, containing the first k cities in
this order, for some k.

The idea of cost-effectiveness essentially stems from a similar notion in the
greedy algorithm for the set cover problem. In that algorithm, the cost effec-
tiveness of a set S is defined to be the cost of S over the number of uncovered
elements in S. In each iteration, the algorithm picks the most cost-effective set
until all elements are covered. The most cost-effective set can be found either
by using direct computation, or by using the dual program of the linear pro-
gramming formulation for the problem. The dual program can also be used to
prove the approximation factor of the algorithm. Similarly, we will use the LP-
formulation of facility location to analyze our algorithm. As we will see, the dual
formulation of the problem helps us to understand the nature of the problem
and the greedy algorithm.

Consider the following integer program for this problem. In this program yi is
an indicator variable denoting whether facility i is open, and xij is an indicator
variable denoting whether city j is connected to facility i. The first constraint
ensures that each city is connected to at least one facility and the second that
this facility should be open.

minimize
∑
i∈F,j∈C cijxij +

∑
i∈F fiyi

subject to
∑
i∈F xij ≥ 1 ∀j ∈ C

yi − xij ≥ 0 ∀i ∈ F, j ∈ C
xij , yi ∈ {0, 1} ∀i ∈ F, j ∈ C

(1)

The LP-relaxation of this program can be obtained if we allow xij and yi to be
non-negative real numbers. The dual program of the LP-relaxation will then be

maximize
∑
j∈C αj

subject to αj − βij ≤ cij ∀i ∈ F, j ∈ C∑
j∈C βij ≤ fi ∀i ∈ F

αj , βij ≥ 0 ∀i ∈ F, j ∈ C
(2)



A Greedy Facility Location Algorithm Analyzed Using Dual Fitting 131

There is an intuitive way of interpreting the dual variables. We can think of αj as
the contribution of city j. This contribution goes towards opening some facility
and connecting city j to it. Using the inequalities of the dual program, we will
have

∑
j∈C max(0, αj−cij) ≤ fi.We can now see how the dual variables can help

us find the most cost-effective pair in each iteration of the greedy algorithm: if we
start raising the dual variables of all unconnected cities simultaneously, the most
cost-effective pair (i, C ′) will be the first pair for which

∑
j∈C′ max(0, αj−cij) =

fi. Hence we can restate Algorithm 1 based on the above observation. This
is in complete analogy to the greedy algorithm and its restatement using LP-
formulation for set-cover.
Algorithm 2

1. We introduce a notion of time, so that each event can be associated with the
time at which it happened. The algorithm starts at time 0. Initially, each
city is defined to be unconnected, all facilities are closed, and αj is set to 0
for every j.

2. While C �= ∅, for every city j ∈ C, increase the parameter αj simultaneously,
until one of the following events occurs (if two events occur at the same time,
we process them in arbitrary order).
(a) For some unconnected city j, and some open facility i, αj = cij . In this

case, connect city j to facility i and remove j from C.
(b) For some closed facility i, we have

∑
j∈C max(0, αj − cij) = fi. This

means that the total contribution of the cities is sufficient to open facility
i. In this case, open this facility, and for every unconnected city j with
αj ≥ cij , connect j to i, and remove it from C.

In each iteration of algorithm 1 the process of opening a facility and connecting
some cities to it can be thought of as an event. It is easy to prove the following
theorem by induction.

Theorem 1. The events executed by algorithms 1 and 2 are identical.

Algorithm 2 can also be seen as a modification of JV algorithm [9]. The only
difference is that in JV algorithm cities, when connected to an open facility,
are not excluded from C, hence they might contribute towards opening several
facilities. Due to this fact they have a second cleanup phase, in which some of
the already open facilities will be closed down.

3 Analysis of the Algorithm

In this section we will give an LP-based analysis of the algorithm. As stated be-
fore, the contribution of each city goes towards opening at most one facility and
connecting the city to an open facility. Therefore the total cost of the solution
produced by our algorithm will be equal to the sum

∑
j αj of the contributions.

However, (α, β), where βij = max(αj − cij , 0), is no longer a dual feasible solu-
tion as it was in the JV algorithm. The reason is that

∑
jmax(αj−cij , 0) can be

greater than fi and hence the second constraint of the dual program is violated.
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However, if we show that for some R > 1, we can define β such that (α/R,β/R)
is a feasible dual solution, then by the weak duality theorem, (

∑
j αj)/R is a

lower bound for the optimum solution, and therefore the approximation ratio of
the algorithm is R.

Theorem 2. Let αj (j = 1, . . . , nc) denote the contribution of city j when al-
gorithm 2 terminates. If for every facility i, every set of k cities, and a fixed
number R, we have

∑k
j=1 αj ≤ R(fi +

∑k
j=1 cij), then the approximation ratio

of the algorithm is at most R.

Proof. Let βij = max(αj −Rcij , 0). We will show that (α/R,β/R) is a feasible
dual solution. To see that the first condition of the dual program is satisfied, we
need to show that αj −max(αj −Rcij , 0) ≤ Rcij . We can verify that this holds
by considering the two possible cases (αj > Rcij) and (αj ≤ Rcij). As far as
the second constraint of the dual program is concerned, we need to show that∑nc

j=1max(αj−Rcij , 0) ≤ Rfi. Let S be the set of cities for which αj−Rcij > 0.
Then

∑nc

j=1max(αj −Rcij , 0) =
∑
j∈S(αj −Rcij). Thus the constraint becomes

equivalent to the condition
∑
j∈S αj ≤ R(fi+

∑
j∈S cij), which is true due to the

assumptions of the theorem. Hence by the weak duality theorem, (
∑
j αj)/R is a

lower bound for the optimal solution. We also know that the cost of the solution
produced by our algorithm is

∑
j αj . This completes the proof.

From now on, we assume without loss of generality that α1 ≤ α2 ≤ . . . ≤ αnc
.

For the rest of the analysis, we need the following lemmas.

Lemma 1. For every two cities j, j′ and facility i, αj ≤ αj′ + cij′ + cij.

Proof. If αj′ ≥ αj , the inequality obviously holds. Assume αj > αj′ . Let i′ be
the facility that city j′ is connected to by our algorithm. Thus, facility i′ is open
at time αj′ . The contribution αj cannot be greater than ci′j because in that case
city j could be connected to facility i′ at some time t < αj . Hence αj ≤ ci′j .
Furthermore, by triangle inequality, ci′j ≤ ci′j′ + cij′ + cij ≤ αj′ + cij′ + cij .

Lemma 2. For every city j and facility i,
∑nc

k=j max(αj − cik, 0) ≤ fi.

Proof. Assume, for the sake of contradiction, that for some j and some i the
inequality does not hold, i.e.,

∑nc

k=j max(αj − cik, 0) > fi. By the ordering on
cities, for k ≥ j, αk ≥ αj . Let time t = αj . By the assumption, facility i is fully
paid for before time t. For any city k, j ≤ k ≤ nc for which αj−cik > 0 the edge
(i, k) must be tight before time t. Moreover, there must be at least one such city.
For this city, αk < αj , since the algorithm will stop growing αk as soon as k has
a tight edge to a fully paid for facility. The contradiction establishes the lemma.

Subject to the constraints introduced by these lemmas, we want to find a factor R
such that for every facility i and every set of k cities,

∑k
j=1 αj ≤ R(fi+

∑k
j=1 cij).
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This suggests considering the following program.

zk = maximize

∑k
j=1 αj

f +
∑k
j=1 dj

subject to αj ≤ αj+1 ∀j ∈ {1, . . . , k − 1}
αj ≤ αl + dj + dl ∀j, l ∈ {1, . . . , k}∑k
l=j max(αj − dl, 0) ≤ f ∀j ∈ {1, . . . , k}

αj , dj , f ≥ 0 ∀j ∈ {1, . . . , k}

(3)

For a facility i and a set of k cities, S, the variables f and dj ’s of this maximiza-
tion program will correspond to the opening cost of i, and the costs of connecting
each city j ∈ S to i. Note that it is easy to write the above program as an LP.

In the following theorem, we prove, by demonstrating an infinite family
of instances, that the approximation ratio of Algorithm 2 is not better than
supk≥1{zk}. The proof is not difficult and is omitted.

Theorem 3. For every k, there is an instance of the facility location problem
for which Algorithm 2 outputs a solution of cost at least zk times the optimum
solution.

The following theorem combined with theorems 2 and 3 shows that the factor of
our algorithm is exactly equal to supk≥1{zk}. The proof is easy using Lemmas
1 and 2 and is omitted.

Theorem 4. For every facility i and every set of k cities, 1 ≤ k ≤ nc, we have∑k
j=1 αj ≤ zk(fi +

∑k
j=1 cij).

Hence, the following theorem shows that the approximation ratio of our algo-
rithm is 1.861.

Theorem 5. For every k ≥ 1, zk ≤ 1.861.

Proof. omitted.

Numerical computations using the software package AMPL show that z300 ≈
1.81. Thus, the approximation factor of our algorithm is between 1.81 and 1.861.
We still do not know the exact approximation ratio of our algorithm. The exam-
ple in Fig. 1 shows that the approximation factor of the algorithm is at least 1.5.
The cost of the missing edges in this figure are equal to the cost of the shortest
path in the above graph.

3.1 Running Time Analysis

In order to implement algorithm 2, for each facility, we can use a heap data
structure to maintain a list of events. There are three types of event: (a) City
j starts contributing towards opening facility i; (b) Facility i is being paid for
and hence opened; and (c) City j connects to an open facility i. It is easy to
see that there are at most m events of type (a), nf events of type (b), and nc
events of type (c), and these events can be processed in times O(logm), O(nc)
and O(nf logm), respectively. Hence, the total running time of the algorithm is
O(m logm).
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Fig. 1. The approximation ratio of the algorithm is at least 1.5

Table 1. Experimental results

nc nf # of instances average ratio worst ratio
50 20 20 1.033 1.070
100 20 20 1.025 1.071
100 50 20 1.026 1.059
200 50 20 1.032 1.059
200 100 20 1.027 1.064
300 50 20 1.034 1.070
300 80 20 1.030 1.057
300 100 20 1.033 1.053
300 150 20 1.029 1.048
400 100 20 1.030 1.060
400 150 20 1.030 1.050

4 Experimental Results

We implemented our algorithm in C to see how it behaves in practice. The
test bed of our experiments consisted of randomly generated instances. In each
instance, cities and facilities were points, drawn uniformly from a 10000× 10000
grid, the connection costs were according to the Euclidean distance, and facility
opening costs were random integers between 0 and 9999. We used the optimal
solution of the LP-relaxation, computed using the package AMPL, as a lower
bound for the optimal solution of each instance. The results of our experiments
are summarized in Table 1.

5 Variants

In this section, we show that our algorithm can also be applied to several variants
of the metric facility location problem.

Arbitrary Demands: In this version, for each city j, a non-negative integer
demand dj , is specified. An open facility i can serve this demand at the cost of
cijdj . The best way to look at this modification is to reduce it to unit demand
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case by making dj copies of city j. This reduction suggests that we need to
change Algorithm 2, so that each city j raises its contribution αj at rate dj .
Note that the modified algorithm still runs in O(m logm) in more general cases,
where dj is fractional or exponentially large, and achieves an approximation ratio
of 1.861.

Fault Tolerant Facility Location with Uniform Connectivity Require-
ments: We are given a connectivity requirement rj for each city j, which
specifies the number of open facilities that city j should be connected to. We
can see that this problem is closely related to the set multi-cover problem, in the
case at which every set can be picked at most once [15]. The greedy algorithm
for set-cover can be adapted for this variant of the multi-cover problem achiev-
ing the same approximation factor. We can use the same approach to deal with
the fault tolerant facility location: The mechanism of raising dual variables and
opening facilities is the same as in our initial algorithm. The only difference is
that city j stops raising its dual variable and withdraws its contribution from
other facilities, when it is connected to rj open facilities. We can show that when
all rj ’s are equal, this algorithm has an approximation ratio of 1.861.

Facility Location with Penalties: In this version we are not required to
connect every citiy to an open facility; however, for each city j, there is a specified
penalty, pj , which we have to pay, if it is not connected to any open facility. We
can modify Algorithm 2 for this problem as follows: If αj reaches pj before j
is connected to any open facility, the city j stops raising its dual variable and
keeps its contribution equal to its penalty until it is either connected to an
open facility or all remaining cities stop raising their dual variables. At this
point, the algorithm terminates and unconnected cities remain unconnected.
Using the same proof as the one we used for Algorithm 2, we can show that the
approximation ratio of this algorithm is 2, and its running time is O(m logm).

Robust Facility Location: In this variant, we are given a number l and we
are only required to connect nc − l cities to open facilities. This problem can be
reduced to the previous one via Lagrangian relaxation. Very recently, Charikar et
al. [2] proposed a primal-dual algorithm, based on JV algorithm, which achieves
an approximation ratio of 3. As they showed, the linear programming formulation
of this variant has an unbounded integrality gap. In order to fix this problem,
they use the technique of parametric pruning, in which they guess the most
expensive facility in the optimal solution. After that, they run JV algorithm
on the pruned instance, where the only allowable facilities are those that are
not more expensive than the guessed facility. Here we can use the same idea,
using Algorithm 1 rather than the JV algorithm. Using similar methods, we can
prove that this algorithm solves the robust facility location problem with an
approximation factor of 2.

Dealing with Capacities: In real applications, it’s not usually the case that
the cost of opening a facility is independent of the number of cities it will serve.
But we can assume that we have economy of scales, i.e., the cost of serving
each city decreases when the number of cities increases. In order to capture



136 Mohammad Mahdian et al.

this property, we define the following variant of the capacitated metric facility
location problem. For each facility i, there is an initial opening cost fi. After
facility i is opened, it will cost si to serve each city. This variant can be solved
using metric uncapacitated facility location problem: We just have to change the
metric such that for each city j and facility i, c′ij = cij + si. Clearly, c′ is also a
metric and the solution of the metric uncapacitated version to this problem can
be interpreted as a solution to the original problem with the same cost.

We can reduce the variant of the capacitated facility location problem in
which each facility can be opened many times [9] to this problem by defining
si = fi/ui. If in the solution to this problem k cities are connected to facility
i, we open this facility �k/ui� times. The cost of the solution will be at most
two times the original cost so any α-approximation for the uncapacitated facility
location problem can be turned into a 2α-approximation for this variant of the
capacitated version.
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Abstract. In this paper, we propose 0.863-approximation algorithm for
MAX DICUT. The approximation ratio is better than the previously
known result by Zwick, which is equal to 0.8596434254.
The algorithm solves the SDP relaxation problem proposed by Goemans
and Williamson for the first time. We do not use the ‘rotation’ technique
proposed by Feige and Goemans. We improve the approximation ratio by
using hyperplane separation technique with skewed distribution function
on the sphere. We introduce a class of skewed distribution functions
defined on the 2-dimensional sphere satisfying that for any function in the
class, we can design a skewed distribution functions on any dimensional
sphere without decreasing the approximation ratio. We also searched and
found a good distribution function defined on the 2-dimensional sphere
numerically.

1 Introduction

In this paper we propose an approximation algorithm for the optimization prob-
lem called MAX DICUT. Let D = (V,A) be a complete directed graph with
vertex set V = {1, 2, . . . , n} and arc set A = {(i, j) ∈ V × V | i �= j}. For
each arc (i, j) ∈ A, we associate the non-negative arc weight wij . An arc subset
A′ ⊆ A is called a dicut if and only if there exists a vertex subset U ⊆ V satisfy-
ing that A′ = {(i, j) ∈ A | i ∈ U and j ∈ V \U}. The weight of an arc-subset A′

is the sum total of the weights of arcs in A′. The MAX DICUT is the problem
for finding a dicut which maximizes its weight. The MAX DICUT is formulated
as follows;

(DI) maximize
∑

i∈U, j∈V \U
wij subject to U ⊆ V.

This problem is NP-Hard and so there are some algorithms for finding an
approximate solution. As known well, Goemans and Williamson [5] proposed a
randomized polynomial time algorithm for MAX CUT, MAX 2SAT and MAX
DICUT. Their algorithm is based on Semi-Definite Programming (SDP) relax-
ation and random hyperplane separation technique. The approximation ratio
of their algorithm for MAX DICUT is 0.79607. More precisely, their algorithm
finds a dicut whose weight is at least 0.79607 times the optimal value.

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, pp. 138–146, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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In the paper [4], Feige and Goemans proposed an approximation algorithm
for MAX DICUT which achieves 0.859387 of approximation ratio. Their algo-
rithm based on two ideas. First, they added some constraints introduced by
Feige and Lovász in [3] to SDP relaxation problem. Next, they proposed the ‘ro-
tation’ technique which modifies the solution obtained by SDP relaxation. They
calculated the approximation ratio of their algorithm numerically.

Recently, Zwick refined the rotation technique and proposed an algorithm
whose approximation ratio is 0.8596434254 in [8]. He also showed that the ap-
proximation ratio of his algorithm almost completely matches upper bounds that
we can obtain by any rotation technique.

As a related work, in the APPROX 2000, Ageev, Hassin and Sviridenko pro-
posed an approximation algorithm for MAX DICUT with given sizes of parts [1].

In this paper, we propose an approximation algorithm without rotation tech-
nique whose approximation ratio is 0.863. Our algorithm solves the SDP relax-
ation problem by Goemans and Williamson with the constraints used in Feige
and Goemans’ algorithm. We improve the approximation ratio by using hy-
perplane separation technique with skewed distribution function on the sphere.
Although, the use of hyperplane separation technique with skewed distribution
is suggested by Feige and Goemans in the paper [4], there is a non-trivial prob-
lem to design a good distribution function. More precisely, the performance of
skewed distribution functions depends on the dimension of the corresponding
sphere. First, we show a non-trivial relation between the skewed distribution
functions on the 2-dimensional sphere and the n-dimensional sphere. We intro-
duce a class of skewed distribution functions defined on the 2-dimensional sphere
satisfying that for any distribution function in the class, we can design a skewed
distribution function defined on any dimensional sphere without decreasing the
approximation ratio. Second, we searched and found a good distribution func-
tion on the 2-dimensional sphere numerically. By using the above results, we
can design a good skewed distribution function on any dimensional sphere. It
means that the distribution function of our algorithm changes with respect to
the dimension of the corresponding sphere.

In Section 2, we review the SDP relaxation and hyperplane separation tech-
nique briefly. In Section 3, we describe the outline of our algorithm. In Section 4,
we discuss some relations between the skewed distribution functions on the 2-
dimensional sphere and the n-dimensional sphere. In Section 5, we describe a
numerical method used for finding a good distribution function defined on the
2-dimensional sphere.

2 Semi-definite Programming Relaxation

Here we describe a SDP relaxation of MAX DICUT and review the hyperplane
separation technique. First, we formulate the MAX DICUT problem as an integer
programming problem as follows;

(DI’) maximize (1/4)
∑

(i,j)∈A
wij(1 + v0vi − v0vj − vivj),
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subject to v0 = 1, vi ∈ {−1, 1} (∀i ∈ V ).

The above problem is equivalent to the original problem (DI). In the paper [5],
Goemans and Williamson relaxed this problem by replacing each variable vi ∈
{−1, 1} with a vector on the n-dimensional unit sphere vi ∈ Sn where Sn

def.=
{v ∈ Rn+1 | ||v|| = 1}. This relaxation is proposed by Lovász [6] originally. And
We add some valid constraints used in papers [3,4], and obtain the following
relaxation problem;

(DI) maximize (1/4)
∑

(i,j)∈A
wij(1 + v0 · vi − v0 · vj − vi · vj),

subject to v0 = (1, 0, . . . , 0)�, vi ∈ Sn (∀i ∈ V )
v0 · vi + v0 · vj + vi · vj ≥ −1 (∀(i, j) ∈ A),
−v0 · vi − v0 · vj + vi · vj ≥ −1 (∀(i, j) ∈ A),
−v0 · vi + v0 · vj − vi · vj ≥ −1 (∀(i, j) ∈ A).

It is well-known that we can transform the above problem to semidefinite pro-
gramming problem [5] and so we can solve the problem in polynomial time by
using an interior point method [2,7].

Next, we describe the hyperplane separation technique proposed by Goemans
and Williamson. Let (v1,v2, . . . ,vn) be an optimal solution of DI. We generate
a vector r ∈ Sn uniformly and construct the vertex-subset U = {i ∈ V |
sign(r · v0) = sign(r · vi)} and the corresponding dicut A = {(i, j) ∈ A | i ∈
U and j �∈ U}. We denote the expected weight of the dicut A by E(U). Then
the linearity of the expectation implies that;

E(U) =
∑

(i,j)∈A
wij

arccos(vi · vj) + arccos(v0 · vj)− arccos(v0 · vi)
2π

.

Then we can estimate the approximation ratio of the algorithm by calculating
α defined by;

α
def.= min

(vi,vj) ∈ Ω

(1/2π)(arccos(vi · vj) + arccos(v0 · vj)− arccos(v0 · vi))
(1/4)(1 + v0 · vi − v0 · vj − vi · vj) ,

where

Ω
def.=




(vi,vj) ∈ S2 × S2

∣∣∣∣∣∣∣∣

v0 · vi + v0 · vj + vi · vj ≥ −1,
−v0 · vi − v0 · vj + vi · vj ≥ −1,
−v0 · vi + v0 · vj − vi · vj ≥ −1,

v0 · vi − v0 · vj − vi · vj ≥ −1




,

and v0 = (1, 0, 0)�. Clearly, the following inequalities hold;

E(U) ≥ α(optimal value of (DI)) ≥ α(optimal value of (DI)).

So, the expected weight E(U) is greater than or equal to α times the optimal
value of (DI). It is known that α > 0.79607 [5].
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Feige and Goemans’ algorithm solves the problem (DI) and modifies the
obtained optimal solution by using rotation technique. The approximation ratio
is 0.859387. Zwick refined the rotation technique and proposed an algorithm
whose approximation ratio is equal to 0.8596434254. Our algorithm does not use
the rotation technique and so we will not describe the technique here.

3 Hyperplane Separation by Skewed Distribution
on Sphere

Goemans and Williamson’s algorithm generates a separating hyperplane at ran-
dom. Our algorithm generates a separating hyperplane with respect to a distri-
bution function defined on Sn which is skewed towards v0 but is uniform in any
direction orthogonal to v0. Given the n-dimensional sphere Sn, we define the
class of skewed distribution function Fn by;

Fn def.=


f : Sn → R+

∣∣∣∣∣∣
∫
Sn

f(v) ds = 1, f(v) = f(−v) (∀v ∈ Sn),

[v0 · v = v0 · v′ → f(v) = f(v′)] (∀v,∀v′ ∈ Sn)


 .

Let f ∈ Fn be a skewed distribution function defined on Sn. Now consider
the probability that arc (i, j) are contained in a dicut obtained by hyperplane
separation technique based on f . For any pair (vi,vj) ∈ Sn, we define

p(vi,vj | f) def.= Pr
[

sign(r · v0) = sign(r · vi) and
sign(r · v0) �= sign(r · vj)

]
.

Then the expectation of the weight of the dicut with respect to a feasible solution
(v1,v2, . . . ,vn) of DI based on the distribution function f is

∑
(i,j)∈A wij p(vi,

vj | f).
When we use a skewed distribution function f ∈ Fn defined on Sn, the

approximation ratio can be estimated by the distribution function f̂ defined by
projection of a vector on Sn to the linear subspace spanned by {v0,vi,vj}. We
define f̂ more precisely. Let H be the 3-dimensional linear subspace including
{v0,vi,vj}. The distribution function f̂ ∈ F2 is defined as follows;

f̂(v′) def.=
∫
T (v′)

f(v) ds,

where

T (v′) def.= {v ∈ Sn | the projection of v to H is parallel to v′}.
Here we note that the distribution function f̂ is invariant with respect to the
3-dimensional subspace H including v0, since f is uniform in any directions
orthogonal to v0. For any distribution function f ′ ∈ F2 we define

αf ′
def.= min

(vi,vj) ∈ Ω

p(vi,vj | f ′)
(1/4)(1 + v0 · vi − v0 · vj − vi · vj) ,
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here we note that p(vi,vj | f ′) is defined on S2 = H ∩Sn. Then the approxima-
tion ratio of the algorithm using skewed distribution function f ∈ Fn is bounded
by α

f̂
from below.

For constructing a good skewed distribution function, we need to find a func-
tion f ′ ∈ F2 such that the value αf ′ is large. In Section 5, we describe a numerical
method for finding a good skewed distribution function in F2.

Even if we have a good distribution function in F2, a non-trivial problem
still remains. For applying hyperplane separation technique, we need a skewed
distribution function on the n-dimensional sphere. However, when n > 2, not
every distribution function f ′ ∈ F2 has a distribution function f ∈ Fn satisfying
f̂ = f ′. For example, it is easy to show that there does not exists any distribution
function f ∈ F3 satisfying the conditions that

f̂(v) =
{

1/(2
√

2π) (−0.5 ≤ v0 · v ≤ 0.5),
0 (otherwise).

In Section 4, we propose a class of functions in F2 such that a corresponding
skewed distribution function exists for any sphere Sn with n ≥ 3.

4 Main Theorem

For any function f ∈ Fn, we can characterize f by the function Pf : [0, π/2]→
R+ defined by

Pf (θ) def.= f(v)|cos θ=|v0·v|.

The following theorem gives a class of permitted skewed distribution function in
Fn.

Theorem 1 Let f ∈ Fn be a skewed distribution function with n ≥ 2 satisfying

Pf (θ) =
1
a

∞∑
k=0

ak cosk θ.

Then the function P
f̂
(φ) can be described as

P
f̂
(φ) =

1
a

∞∑
k=0

S(k+n)(1)
S(k+2)(1)

ak cosk φ,

where a is a coefficient used for normalizing the total probability to 1 and S(n)(r)
is the area of the n dimensional sphere whose radius is equal to r.

Proof. First, we notate some well-known formulae;

Γ (0) = 1, Γ (
1
2

) =
√
π, Γ (x + 1) = xΓ (x),∫ π

2

0
sinp x cosq x dx =

Γ (p+1
2 )Γ ( q+1

2 )
2Γ (p+q+2

2 )
, Sn(r) =

2π
n+1

2

Γ (n+1
2 )

.
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When we fix φ and dφ, we have the following;

2π sinφP
f̂
(φ)dφ

=
∫ 1

0
Pf (arccos(r cosφ))(2πr sinφ)

(
S(n−3)

(√
1− r2

))
(√

1− r2 cos2 φ√
1− r2

r
dφ

cosφ

)(
cosφ√

1− r2 cos2 φ

)
dr.

Thus we have

P
f̂
(φ) =

∫ 1

0
Pf (arccos(r cosφ))S(n−3)

(√
1− r2

)
r2

dr√
1− r2

.

When we replace r by sinα and Pf (θ) by (1/a)
∑∞
k=0 ak cosk θ, we can describe

P
f̂
(φ) as;

P
f̂
(φ) =

∫ π
2

0

(
1
a

∞∑
k=0

ak sink α cosk φ

)
2π

n−2
2

Γ (n−2
2 )

cosn−3 α sin2 α dα

=
1
a

∞∑
k=0

2π
n−2

2

Γ (n−2
2 )

ak cosk φ
∫ π

2

0
sink+2 α cosn−3 α dα

=
1
a

∞∑
k=0

2π
n−2

2

Γ (n−2
2 )

ak cosk φ
Γ (k+3

2 )Γ (n−2
2 )

2Γ (n+k+1
2 )

=
1
a

∞∑
k=0

Γ (k+3
2 )

2π
k+3
2

2π
n+k+1

2

Γ (n+k+1
2 )

ak cosk φ =
1
a

∞∑
k=0

S(k+n)(1)
S(k+2)(1)

ak cosk φ.

And so we have done. ��
The above theorem directly implies the following.

Corollary 1 Let f ′ ∈ F2 be a distribution function satisfying

Pf ′ =
1
b

∞∑
k=0

bk cosk φ

with the condition that bk ≥ 0. Then, for any n ≥ 2, there exists a distribution
function f ∈ Fn satisfying f̂ = f ′ and

Pf =
1
b

∞∑
k=0

S(k+2)(1)
S(k+n)(1)

bk cosk θ,

where b is a coefficient used for normalizing the total probability to 1.

The following theorem extends the class of tractable distribution functions.
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Theorem 2 Let f ∈ Fn be a distribution function satisfying that
Pf (θ) = (1/a)

∑
p∈X ap cosp θ

and X is a finite set of non-negative real numbers. Then the distribution function
f̂ satisfies
P
f̂
(φ) = (1/a)

∑
p∈X cpap cosp φ,

where a is a normalization coefficient and

cp =
2π

n−2
2

Γ (n−2
2 )

∫ π
2

0
sinp+2 α cosn−3 α dα for each p ∈ X.

Proof. We can prove in a similar way with the proof of Theorem 1 and so proof
is omitted. ��

This theorem implies the following.

Corollary 2 Let f ′ ∈ F2 be a distribution function satisfying
Pf ′(φ) = (1/b)

∑
p∈X bp cosp φ and bp ≥ 0 (∀p ∈ X)

where X is a finite set of positive real numbers. Then there exists a distribution
function f ∈ F satisfying
f̂ = f ′ and Pf (θ) = (1/b)

∑
p∈X dpbp cosp θ

where b is a normalization coefficient and

dp =

(
2π

n−2
2

Γ (n−2
2 )

∫ π
2

0
sinp+2 α cosn−3 α dα

)−1

for each p ∈ X.

The above corollaries imply that if we have a good distribution function
f ′ ∈ F2 satisfying that Pf ′(φ) is a finite sum of non-negative power of cosφ,
then we can construct an approximation algorithm for MAX DICUT whose
approximation ratio is greater than αf ′ .

5 Numerical Method for Designing Algorithm

First, we designed a distribution function f ′ ∈ F2 satisfying Pf ′(φ) = (1/a)(a0+
a1 cosφ+ a2 cos2 φ), (a0, a1, a2) ≥ 0 and a0 + a1 + a2 = 3. We tried every triplet

(a0, a1, a2) ∈ {0.01(x0, x1, x2) | (x0, x1, x2) ∈ Z3
+, 0.01(x0 + x1 + x2) = 3}.

We choose a triplet (a∗
0, a

∗
1, a

∗
2) which maximizes the approximation ratio αf ′ .

Then we decrease the grid size around (a∗
0, a

∗
1, a

∗
2) and tried all the triplets in

the set
{

0.0001(x0, x1, x2)
∣∣∣∣ (x0, x1, x2) ∈ Z3

+, 0.0001(x + y + z) = 3,
|0.0001xi − a∗

i | < 0.01 (∀i ∈ {0, 1, 2})
}

.

As a result, we found that the following function

Pf ′(φ) = (1/a)(1.1404 + 0.7754 cosφ + 1.0842 cos2 φ)

satisfies that the approximation ratio is greater than 0.859.
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Next, we designed a distribution function f ′ ∈ F2 satisfying Pf ′(φ) = (1/b)
cos1/β φ, for each β ∈ {1.5, 1.6, . . . , 2.5}. As a result, we found that the following
function

Pf ′(φ) = cos(1/1.8) φ

satisfies that the corresponding approximation ratio is greater than 0.863.
For each function Pf ′(φ), we calculate the approximation ratio αf ′ , as follows.

We discretize the 2-dimensional sphere S2 and choose every pair of points (vi,vj)
from the set{

(x, y, z)� ∈ S2

∣∣∣∣∃η,∃ξ ∈ {−32π/64,−31π/64, . . . , 32π/64}
x = cos η, y = sin η cos ξ, z = sin η sin ξ,

}
,

and calculate the value

p(vi,vj | f ′)
(1/4)(1 + v0 · vi − v0 · vj − vi · vj) .

Next, we choose minimum, 2nd minimum and 3rd minimum pairs of points. For
each pair (v∗

i ,v
∗
j ) of chosen three pairs, we decrease the grid size and checked

every pair of points (vi,vj) satisfying that

vi ∈

(x, y, z) ∈ S2

∣∣∣∣∣∣
∃η,∃ξ ∈ {−64π/4096,−63π/4096, . . . , 64π/4096}
x = cos(η∗

i + η), y = sin(η∗
i + η) cos(ξ∗

i + ξ),
z = sin(η∗

i + η) sin(ξ∗
i + ξ)


 ,

and

vj ∈

(x, y, z) ∈ S2

∣∣∣∣∣∣
∃η,∃ξ ∈ {−64π/4096,−63π/4096, . . . , 64π/4096}
x = cos(η∗

j + η), y = sin(η∗
j + η) cos(ξ∗

j + ξ),
z = sin(η∗

j + η) sin(ξ∗
j + ξ)


 ,

where v∗
i = (cos η∗

i , sin η∗
i cos ξ∗

i , sin η∗
i sin ξ∗

i )� and
v∗
j = (cos η∗

j , sin η∗
j cos ξ∗

j , sin η∗
j sin ξ∗

j )�. For each pair of points (vi,vj) we cal-
culated the value p(vi,vj |f) by numerical integration.

6 Conclusion

In this paper, we proposed an approximation algorithm for MAX DICUT prob-
lem whose approximation ratio is 0.863. Our algorithm solves the SDP relax-
ation problem proposed by Goemans and Williamson with additional valid con-
straints introduced in [3,4]. We generate a dicut by using hyperplane separat-
ing technique based on skewed distribution function f ∈ Fn satisfying that
P
f̂
(θ) = cos(1/1.8) φ.
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Abstract. We study the problem of finding a maximum acyclic sub-
graph of a given directed graph in which the maximum total degree (in
plus out) is 3. For these graphs, we present: (i) a simple combinatorial
algorithm that achieves an 11/12-approximation (the previous best fac-
tor was 2/3 [1]), (ii) a lower bound of 125/126 on approximability, and
(iii) an approximation-preserving reduction from the general case: if for
any ε > 0, there exists a (17/18 + ε)-approximation algorithm for the
maximum acyclic subgraph problem in graphs with maximum degree 3,
then there is a (1/2+ δ)-approximation algorithm for general graphs for
some δ > 0. The problem of finding a better-than-half approximation for
general graphs is open.

1 Introduction

Given a directed graph G = (V,E), the maximum acyclic subgraph problem is
to find a maximum cardinality subset E′ of E such that G′ = (V,E′) is acyclic.
The problem is NP-hard [2] and the best-known polynomial-time computable
approximation factor for general graphs is 1

2 .
In this paper, we focus on graphs in which every vertex has total degree

(in-degree plus out-degree) at most 3. Throughout this paper, we refer to these
graphs as degree-3 graphs. The problem remains NP-hard for these graphs [2].
In Section 2, we present an algorithm that finds an 11

12 -approximation. This
improves on the previous best guarantees of 2

3 for graphs with maximum degree
3 and 13

18 for 3-regular graphs [1]. The algorithm is purely combinatorial and relies
heavily on exploiting the structure of degree-3 graphs. As a simple corollary of a
Theorem in [4,5], we obtain an approximation lower bound of 125

126 in Section 3.
Finally, in Section 4, we show that the problem for this special class of graphs has
a close connection to the general problem. Specifically, we show that if for any
ε > 0, there exists a ( 1718 + ε)-approximation algorithm for the maximum acyclic
subgraph in degree-3 graphs, then there is a ( 12 + δ)-approximation algorithm
for general graphs, for some δ > 0. Finding a (12 + δ)-approximation algorithm
for general graphs is an open problem. Our methods open up the possibility of
finding such an approximation via an algorithm for the special case of degree-3
graphs.
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2 Combinatorial Approximation Algorithms

In [1], Berger and Shor present an algorithm that returns an acyclic subgraph
of size at least 2|E|

3 for degree-3 graphs that do not contain 2-cycles. For 3-
regular graphs (note that the set of 3-regular graphs is a proper subset of the
set of degree-3 graphs) with no 2-cycles, an algorithm that returns an acyclic
subgraph of size 13|E|

18 is given in [1]. In this section, we show that the problem in
degree-3 graphs (with or without 2-cycles) can be approximated to within 11

12 of
optimal using simple combinatorial methods. First we give an 8

9 -approximation
algorithm to illustrate some basic arguments. Then we extend these arguments
to give an 11

12 -approximation algorithm.

2.1 An 8
9 -Approximation

Given a degree-3 graph G = (V,E) for which we want to find an acyclic subgraph
S ⊆ E, we can make the following assumptions.
(i) All vertices in G have in-degree and out-degree at least 1 and total degree

exactly 3.
(ii) G contains no directed or undirected 2- or 3-cycles.

The explanation for assumption (i) is as follows. If G contains any vertices
with in- or out-degree 0, we can immediately add all edges adjacent to these
vertices to the acyclic subgraph S, since these edges are contained in any maximal
acyclic subgraph. Additionally, we can contract all vertices in G that have in-
degree 1 and out-degree 1. For example, say that vertex j in G has in-degree
1 and out-degree 1 and G contains edges (i, j) and (j, k). Then at least one of
these two edges will be included in any maximal acyclic subgraph of G. Thus,
contracting vertex j is equivalent to contracting edge (i, j) and adding it to the
acyclic subgraph S.

Now we explain assumption (ii). We can contract multi-edges without adding
cycles to the graph, thus removing any undirected 2-cycles. This is shown in
Figure 1A. The edges in the undirected 2-cycle are added to S since they are
included in any maximal acyclic subgraph. In Figure 1, the dotted edges are
added to S. Similarly, we can remove any undirected 3-cycle by contracting it
and adding its edges to S. This results in a degree-3 vertex as shown in Figure
1B. Contracting an undirected 3-cycle will not introduce any new cycles into the
graph since each of the vertices in the 3-cycle has in-degree and out-degree at
least 1 by (i).
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In the case of directed 2- and 3-cycles, we can remove the minimum number
of edges from the graph while breaking all such cycles. For directed 2-cycles,
consider the two adjacent non-cycle edges of a 2-cycle. If they are both in edges,
or both out edges, as in Figure 2A, then we can break the 2-cycle by removing
an arbitrary edge. If one is out and the other is in, as in Figure 2B, then only
one of the edges in the 2-cycle is consistent with the direction of a possible cycle
containing both of edges that are not in the 2-cycle. For example, in Figure 2B,
we would remove edge (i, j). For directed 3-cycles, consider Figure 2C. In this
case, or in the analogous case where three edges point towards the 3-cycle, we
can remove any edge from the 3-cycle. In the other case, we remove an edge from
the 3-cycle, so that the path from the single in edge or to the single out edge is
broken. For example, in Figure 2D, we would remove edge (j, k).

B.
i j i j

A. D.C.

i

j

k i

j

k

Fig. 2.

We now consider two subclasses of degree-3 graphs. We will use the following
definition.

Definition 1. An α-edge is an edge (i, j) such that vertex i has in-degree 2 and
out-degree 1 and vertex j has in-degree 1 and out-degree 2.

For example, edge (j, k) in Figure 2D is an α-edge. First, we consider the
case where G contains no α-edges. If there are no α-edges, then we can find
the maximum acyclic subgraph in polynomial time. We will use the following
lemma.

Lemma 1. If G is a 3-regular graph and contains no α-edges, then all cycles in
G are edge disjoint.

Proof. Assume that there are two cycles in G that have an edge (or a path)
in common. First case: assume that these two cycles have a single edge (i, j)
in common, i.e. edge (i, j) belongs to both cycles, but edges (a, i) and (j, b)
each belong to only one of these cycles. Then vertex i must have in-degree 2
and vertex j must have out-degree 2. Thus, edge (i, j) is a α-edge, which is a
contradiction. Second case: assume these two cycles have a path {i, . . . , j} and
that this path is maximal, i.e. edge (a, i) and (j, b) each belong to only one of
these cycles. Vertex i must have in-degree 2 and vertex j must have out-degree
2. Therefore, at least one of the edges on the path must be an α-edge, which is
a contradiction. ��
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Since all the cycles in a graph with no α-edges are edge disjoint, we can find
the maximum acyclic subgraph of such a graph in polynomial time. Given a
graph G containing no α-edges, we simply find a cycle in G, throw away any
edge from this cycle, and add edges to the acyclic subgraph S by contracting
appropriate edges in G or removing appropriate edges from G until G satisfies
properties (i) and (ii). We repeat until there are no more cycles in G.

a

b
c

i

j

d
a

b
c

i

j

d

c

ad

contracted edges

edges added to S

Fig. 3. An illustration of step 4.

If G contains α-edges, then the problem is NP-hard. For this case, we give the
following 8

9 -approximation algorithm. Define C(e) as the connected component
containing edge e. Define E(e) as the set of edges adjacent to edge e, i.e. the
edges that share an endpoint with e. For example, if e is edge (i, j) in the first
picture in Figure 3, then E(e) contains edges (d, i), (a, i), (j, c), and (j, b). S is
the solution set. The first part of the algorithm is the following procedure. An
illustration of step 4 is shown in Figure 3.

While G contains α-edges, do the following:

1. Make sure G is 3-regular and remove all 2- and 3-cycles from G (see expla-
nation of assumptions (i) and (ii)).

2. Find an α-edge e in G.
3. If |C(e)| = 9, solve this component exactly.
4. Else remove e from G. Add E(e) and any other edges with in- or out-degree
0 to S. Contract any vertices with in-degree and out-degree 1.

When there are no more α-edges in G, then we can solve for the maximum
acyclic subgraph in polynomial time as discussed previously. Then, we uncontract
every edge in S that corresponds to a path contracted in some execution of step
1 or step 4. For every edge not in S that corresponds to some contracted path,
we throw away one edge from the path, and add the remaining edges to S. Thus,
every time we contract a vertex, we guarantee that at least one more edge will
be added to S.
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Theorem 1. The algorithm is an 8
9 -approximation for the maximum acyclic

subgraph problem in degree-3 graphs.

The proof of this theorem is based on the idea that for each α-edge we remove,
we can add at least eight edges to S. For example, in Figure 3, we immediately
add six edges to S and make five contractions. This results in a total of eleven
edges added to S. The full proof of Theorem 1 is simple, but is omitted here.

2.2 An 11
12 -Approximation

We now show how to extend the previous algorithm to obtain an 11
12 -approxima-

tion algorithm. In our 8
9 -approximation algorithm, we arbitrarily choose α-edges

to remove. There are degree-3 graphs such that if we arbitrarily choose α-edges
to remove, then we may obtain an acyclic subgraph with size only 8

9 of optimal.
We will show that if we choose the α-edges to remove carefully, then we can
always ensure that the resulting graph contains certain α-edges whose removal
allows us to add eleven edges (rather than eight) to the solution set.

In order to analyze the steps of the algorithm more easily, we consider a
further modification of a given degree-3 graph. We contract any pair of adjacent
vertices in which each vertex has in-degree 1 or each vertex has out-degree 1.
An example of such a pair of adjacent vertices is shown in Figure 4. Here, j, k
is a pair of vertices both with in-degree 1 and f, i is a pair of vertices both with
out-degree 1, so we contract edges (f, i) and (j, k). In order to account for the
contracted edges, if a vertex has d out edges or d in edges after an edge was
contracted, then the value of these edges is 2d − 2, since this is the number of
edges they represent in the original graph. For example, in Figure 4, there are
now three incoming edges to vertex i. These three edges represent four edges in
the original degree-3 graph, so they have value 4. In other words, if the three
edges coming into vertex i are added to the acyclic subgraph for the modified
graph, then this is equivalent to adding all four edges to the acyclic subgraph for
the original graph. After contracting the relevant edges, the resulting graph will
no longer be a degree-3 graph, but will correspond to a degree-3 graph. However,
every edge still has in- or out-degree 1 and total degree at least 3. Hence, we can
still handle undirected and directed 2- and 3-cycles as described in Section 2.1
and thus property (ii) holds. We now have the additional assumption about the
given graph G for which we want to find an acyclic subgraph.

(iii) G contains no adjacent vertices such that both vertices have in-degree 1 or
both vertices have out-degree 1.

When we remove an edge e from a graph G, the graph G−e will represent the
graph that is obtained by removing edge e from G, removing all edges adjacent to
a vertex with in- or out-degree 0 in the resulting graph, contracting all resulting
vertices that have in-degree 1 and out-degree 1 and all edges (i, j) such that both
i and j have in-degree or out-degree 1. We will use the following definitions.

Definition 2. Edge (i, j) is a profitable α-edge if either i or j has in-degree or
out-degree at least 3.
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Fig. 4. Edges (f, i) and (j, k) will be contracted.

Definition 3. A super-profitable graph is a graph that contains either a 4-cycle
or an α-edge (i, j) in which the in-degree of i plus the out-degree of j is at least
6.

Our algorithm will use the following lemmas. The proofs of these lemmas are
omitted here.

Lemma 2. If e is a profitable α-edge, then removing e from G allows us to add
11 edges to the solution set S.

Lemma 3. If G is not super-profitable and G does not contain any profitable
α-edges, then G contains an edge e such that the graph G−e contains a profitable
α-edge.

Lemma 4. If G is not a super-profitable graph and G contains a profitable α-
edge, then there is some set {e1, . . . ek} of edges for some k ∈ {1, 2, 3} such that
G− {e1, . . . ek} contains a profitable α-edge and removing these k edges from G
allows us to add at least 11k edges to the solution set S.

Lemma 5. If G is a super-profitable graph, then G contains some α-edge whose
removal allows us to add at least 14 edges to the solution set S.

We have now stated all the lemmas that we will use to show that we can
approximate our problem to within 11

12 . The algorithm is similar to the previous
algorithm, except that the while loop is more complex. We will give a high-
level description of the steps that make up this loop. A precise statement of the
algorithm and the proof of its approximation guarantee (Theorem 2) are omitted
here.

The main idea is that during each iteration of the while loop, we want to
remove a profitable α-edge from the graph and simultaneously ensure that the
resulting graph also contains a profitable α-edge or is super-profitable. We can
assume that the given degree-3 graph G contains a profitable α-edge. If it does
not, we can use Lemma 3 to obtain a graph that does. We will only discard
one edge in the process and since G contains at least one cycle (otherwise it
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is already acyclic), the number of edges in the new graph is no less than the
maximum acyclic subgraph of the original graph. Then we have two cases. In
the first case, if this graph is super-profitable, by Lemma 5, we can remove an
α-edge and add 14 edges to S. If after removing this edge, we are not left with
a graph that is super-profitable or contains a profitable α-edge, then we can use
Lemma 3 again to obtain a graph that contains a profitable α-edge. Thus we
will discard two edges and add at least 22 edges to S. In the second case, if the
graph is not super-profitable, we can use Lemma 4 remove a set of k ∈ {1, 2, 3}
edges and add a set of 11k edges to S so that the resulting graph contains a
profitable α-edge.

Theorem 2. The algorithm is an 11
12 -approximation algorithm for the maximum

acyclic subgraph problem in degree-3 graphs.

3 A Lower Bound

We can make a straightforward modification of the gadgets in [4,5] to obtain the
following lower bound for degree-3 graphs. Specifically, we can add edges to the
gadgets so that the graphs obtained in the reduction are degree-3 graphs.

Theorem 3. It is NP-hard to approximate the maximum acyclic subgraph of a
3-regular graph to within 125

126 + ε for any ε > 0.

4 Bounded-Degree Graphs

In this section, we investigate the maximum acyclic subgraph problem restricted
to Eulerian graphs and to the maximum acyclic subgraph problem restricted
to degree-3 graphs. Somewhat surprisingly, the general problem can be reduced
to these special cases. First, we present an approximation-preserving reduction
from the problem in general graphs to the problem restricted to Eulerian graphs.
We then give an approximation-preserving reduction from Eulerian graphs to
degree-3 graphs.

4.1 Reduction to Eulerian Graphs

This reduction is due to Fang Chen and László Lovász [3].

Theorem 4. If for any δ > 0, there exists a ( 12 + δ)-approximation algorithm
for the maximum acyclic subgraph problem in Eulerian graphs, then there exists
a ( 12 +

δ
8 )-approximation algorithm for the maximum acyclic subgraph problem

in general graphs.

Proof. Let d+(v) be the in-degree of a vertex v, let d−(v) be the out-degree of
a vertex v, and let d(v) = d+(v) + d−(v). We say that a graph G = (V,E) is
ε-far from Eulerian if there is a v ∈ V such that |d+(v) − d−(v)| > 2εd(v). We
call such a vertex v an ε-far vertex. Assume that for some δ > 0, there exists a
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( 12 + δ)-approximation algorithm for the maximum acyclic subgraph problem in
Eulerian graphs. Then we will consider two cases.

(i) If ε ≥ δ
8 , then we can make at least an ε (or δ

8 ) gain at each ε-far
vertex by placing max{d+(v), d−(v)} edges in the solution set and throwing
min{d+(v), d−(v)} edges away. When there are no ε-far vertices remaining, the
resulting graph is less than δ

8 -far from Eulerian.
(ii) If ε < δ

8 , then G is less than δ
8 -far from Eulerian. In this case, we add a

new vertex v∗ to G to obtain a new graph G+v∗. To the vertex v∗, we attach in
edges and out edges from and to each vertex in G for which |d+(v)−d−(v)| > 0,
thus making G + v∗ Eulerian. Let OPT (G) denote the size of the maximum
acyclic subgraph of G. So we have:

d(v∗) =
∑
v∈G
|d+(v)− d−(v)| ≤

∑
v∈G

2εd(v) ≤ 2ε
∑
v∈G

d(v) ≤ 4ε|E| (1)

Since |E|
2 ≤ OPT (G), we have, |E| ≤ 2OPT (G). Thus:

4ε|E| ≤ 8εOPT (G) (2)

Combining (1) and (2), we have:

d(v∗) ≤ 8εOPT (G) (3)

Let OPT (G + v∗) denote the size of the maximum acyclic subgraph of the
Eulerian graph G+ v∗. Then the following is true of G+ v∗:

OPT (G+ v∗) ≥ OPT (G) + 1
2
d(v∗) (4)

Say 0 ≤ δ ≤ 1
2 . Then from (4), we have:

(
1
2
+ δ)OPT (G+ v∗)− d(v∗) ≥

(
1
2
+ δ)OPT (G) + (

1
2
+ δ)

1
2
d(v∗)− d(v∗) ≥

(
1
2
+ δ)OPT (G)− 3

4
d(v∗) (5)

Combining (3) and (5), we have:

(
1
2
+ δ)OPT (G)− 6εOPT (G) ≥ (

1
2
+ δ − 6ε)OPT (G) (6)

Since ε < δ
8 :

(
1
2
+ δ − 6ε) > (1

2
+ δ − 6

8
δ) = (

1
2
+
δ

4
) (7)

Combining (5), (6), and (7), we have:

(
1
2
+ δ)OPT (G+ v∗)− d(v∗) ≥ (1

2
+
δ

4
)OPT (G) (8)
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v v

Fig. 5. Steps 0 and 1.

Thus, if there is algorithm with an approximation guarantee of (12 + δ) for
the Eulerian graph G+ v∗, then we can use this algorithm to obtain a ( 12 +

δ
4 )-

approximation for a graph that is less than δ
8 -far from Eulerian. Therefore, in

both cases (i) and (ii), we have an algorithm with an approximation guarantee
of at least ( 12 +

δ
8 ). ��

4.2 Reduction to 3-Regular Graphs

In this section, we give an approximation-preserving reduction from the maxi-
mum acyclic subgraph problem restricted to Eulerian graphs to degree-3 graphs.
Applying Theorem 4 yields an approximation-preserving reduction from the
problem in general graphs to the problem restricted to degree-3 graphs.

Theorem 5. If for any ε > 0, there exists a ( 1718 + ε)-approximation algorithm
for the maximum acyclic subgraph problem in degree-3 graphs, then there exists
some δ > 0 such that there is a ( 12+δ)-approximation algorithm for the maximum
acyclic subgraph problem in general graphs.

To prove this theorem we first introduce the following lemmas.

Lemma 6. Given an Eulerian graph G = (E, V ), we can construct a 3-regular
graph G′ = (E′, V ′) with |E′| = 9|E| − 9|V | such that the size of the minimum
feedback arc set in G is the same size as the minimum feedback arc set in G′.

Proof. Since G is Eulerian, we use d(v) to denote both the in-degree and the
out-degree of vertex v for the duration of this proof. We will construct G′ as
follows. Step 0 (Figure 5) depicts a vertex v in G. We first place a vertex in the
middle of each edge of G as shown in step 1 (Figure 5). The number of vertices
in G′ is now |V |+ |E|. Then for each vertex v ∈ V , we match each incoming edge
with a distinct outgoing edge by adding an edge from the vertex placed on the
incoming edge to the vertex placed on the outgoing edge. (Since G is Eulerian,
we can always find such a matching.) This is shown in step 2 (Figure 6).

All of the |E| new vertices now have in- and out-degree 2. We want to replace
the vertices from V with a new set of vertices in which each vertex has in- and
out-degree 2 so that the entire graph is 4-regular and Eulerian. Consider vertex
v ∈ V . We build a binary tree from v to the d(v) new vertices placed on the
outgoing edges as shown in step 3 (Figure 6).



156 Alantha Newman

v

v

Fig. 6. Steps 2 and 3.

v

Fig. 7. Steps 4 and 5.

This requires d(v)−2 new vertices. We can see this by the following reasoning:
let p be the highest power of 2 not greater than d(v). For a binary tree that
connects p vertices to v, we need p

2 +
p
4 + · · · + 2 = p − 2 new vertices or

vertices that are internal nodes on the binary tree. For each of the remaining
d(v) − p vertices, we connect two vertices to one of the p leaves thus adding
just one internal vertex for each of these vertices. Therefore, we have a total of
d(v)− p+ p− 2 = d(v)− 2 internal or new vertices on the binary tree.

We also build a binary tree from v to the d(v) new vertices placed on the
incoming edges. Then we match each vertex from the incoming binary tree with
a distinct vertex from the outgoing binary tree by adding an edge from the
former to the latter as shown in step 4 (Figure 7). We build these two binary
trees and match their vertices as we just described for all vertices v ∈ V . The
total number of new vertices needed to build these two binary trees for vertex v
is 2d(v)− 4. The total number of new vertices needed to build two binary trees
for all v ∈ V is therefore

∑
v∈V 2d(v)− 4 = 2|E| − 4|V |.

We now have a 4-regular Eulerian graph with (|E|+ |V |) + (2|E| − 4|V |) =
3|E| − 3|V | vertices. We are not yet finished constructing G′ since we want G′

to be a 3-regular graph and we currently have a 4-regular graph. We will refer
to this 4-regular graph as G′′ further on in this proof. The last step in the
construction of G′ is to “stretch” each vertex in the current graph into an edge
so that G′ is 3-regular. This is shown in step 5 (Figure 7). After this final step in
the construction of G′, |E′| = 3(3|E| − 3|V |) = 9|E| − 9|V |. Recall the definition
(Definition 1) of an α-edge from Section 2.1. Note that the edges in G′ that
correspond to “stretched” vertices are α-edges.

We now show that this reduction preserves the size of minimum feedback arc
set, i.e. the size of the minimum feedback arc set of G′ is equal to the size of the
minimum feedback arc set of G. Specifically, we show that given a feedback arc
set in G, we can construct a feedback arc set in G′ of the same size. Conversely,
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given a feedback arc set in G′, we can construct a feedback arc set in G of size
at most the size of the feedback arc set in G′.

(i) Suppose F is a feedback arc set of G. We construct F ′, a feedback arc set
of G′. For each edge eij ∈ F , we add to F ′ the α-edge from E′ that corresponds
to the vertex used to subdivide edge eij in the first stage of the construction of
G′. Then |F ′| = |F | and E′ − F ′ is acyclic by the following proof.

Assume E′ − F ′ is not acyclic. Note that every α-edge corresponds to an
original edge, to an original vertex, or to a vertex on a binary tree in G′′. If
we take a walk on the graph G′ starting from a α-edge corresponding to an
edge eij in G (i.e. to a vertex used to subdivide an edge in the first step of
the construction) we either follow a path on the binary tree leading to a α-edge
corresponding to edge ejk or we walk directly to edge ejk for some k. Therefore, if
we find a cycle in G′, the set of edges in that cycle that correspond to edges in E
are still present in G implying that there is a cycle in G, which is a contradiction
to the fact that F is a feedback arc set.

(ii) Suppose F ′ is a feedback arc set in G′. Assume all edges in F ′ are α-edges.
If they are not, we can replace them with α-edges adjacent to the non-α-edges
and obtain a feedback arc set of equal or smaller size. Then for every edge in F ′

that corresponds to an edge in E, add the corresponding edge in E to F . Then
E − F is acyclic by the following proof.

Assume E−F is not acyclic. Then consider some cycle in E−F . The α-edges
corresponding to each edge eij in the cycle are still in E′ − F ′. Since E′ − F ′ is
acyclic, at least one of the edges used to connect vertices that we placed in the
middle of the edges in E must have been removed. But this is a contradiction,
because these edges are not α-edges, and we converted F ′ to a feedback arc set
that contained only α-edges. ��

Corollary 1. A maximum acyclic subgraph in G of size S corresponds to a
maximum acyclic subgraph in G′ of size S + 8|E| − 9|V |.

Let MAS(G) denote the value of a maximum acyclic subgraph of G.

Lemma 7. We can convert an acyclic subgraph of G′ of size at least ( 1718 +
ε)MAS(G′) to an acyclic subgraph of G of size at least ( 12 + δ)MAS(G) for
some constants ε, δ > 0.

Proof. We assume that MAS(G) is at least βE for some fixed β < 1. We will
discuss the exact value of β later on in the proof. If MAS(G) is less than βE,
then we can find an acyclic subgraph in G with at least half the edges of G
thereby obtaining a (12 + ε)-approximation for some ε > 0.

Say we are given an α-approximation algorithm for 3-regular graphs. We
can take an Eulerian graph G and convert it a 3-regular graph G′ using the
construction described previously. Then we can find an acyclic subgraph S′ for
G′ that is of size at least αMAS(G′). By Corollary 1 we have:

αMAS(G′) = α(MAS(G) + 8E − 9V )
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To find an acyclic subgraph S of G given S′, we remove all edges from S′ that
do not correspond to α-edges representing original edges of G. There are at most
8E − 9V such edges, since E of the edges in G′ correspond to edges in G. So
when we remove these edges from S′, we are left with a set S of size at least:

α(MAS(G) + 8E − 9V )− (8E − 9V ) = αMAS(G) + (8α− 8)E + (9− 9α)V

Since E ≤ MAS(G)
β , 8α− 8 < 0, and 9− 9α > 0, we have:

αMAS(G) + (8α− 8)E + (9− 9α)V ≥ (α+ 8α− 8
β

)MAS(G)

We can set β so that the following is true:

α+
8α
β
− 8
β
>
1
2
⇒ α+

8α
β
>
1
2
+
8
β

Since β < 1, we have:

α >
(β + 16)
(β + 8)

1
2
>
17
18

(9)

Therefore, if we found a (1718 + δ)-approximation for 3-regular graphs, then we
could find some β such that equation (9) is true. If MAS(G) ≥ βE, then we
could use the reduction and the (1718 + δ)-approximation algorithm for degree-3
graphs to find a (12 + ε)-approximation for Eulerian graphs, which would lead to
a ( 12 +

ε
8 )-approximation for general graphs by Theorem 4. ��

Note that 17
18 =

119
126 and Theorem 3 states that is NP-hard to approximate

the maximum acyclic subgraph of 3-regular graphs to within 125
126 .
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Abstract. There are various techniques for reconstructing phylogenetic
trees from data, and in this context the problem of determining how dis-
tant two such trees are from each other arises naturally. Various metrics
(NNI, SPR, TBR) for measuring the distance between two phylogenies
have been defined. Another way of comparing two trees T and U is to
compute the so called maximum agreement forest of these trees. Infor-
mally, the number of components of an agreement forest tells how many
edges need to be cut from each of T and U so that the resulting forests
agree, after performing some forced edge contractions. This problem is
known to beNP-hard. It was introduced by Hein et al. [3], who presented
an approximation algorithm for it, claimed to have approximation ratio
3. We present here a 3-approximation algorithm for this problem and
show that the performance ratio of Hein’s algorithm is 4.

1 Introduction

Phylogenetic trees or phylogenies are a standard model for representing evolu-
tionary processes, mostly involving biological entities such as species or genes. By
a phylogenetic tree we mean a rooted unordered tree whose leaves are uniquely
labeled with elements of some set S, and whose internal nodes are unlabeled and
have exactly two children. The elements of S stand for the contemporary taxa
whose evolutionary relationships one intends to model. These taxa correspond
to the leaves of the tree, whereas the ancestral taxa correspond to its internal
nodes, so that for each ancestral taxon all of its nearest derived taxa are depicted
as its children in the tree.

There are various techniques for reconstructing phylogenetic trees from data,
and in this setting the problem of determining how distant two such trees are
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from each other arises naturally. Various metrics, such as NNI (nearest-neighbor
interchange), SPR (subtree prune and regraft) and TBR (tree bisection and
reconnection) for measuring the distance between two phylogenies have been
defined [5,4,2]. Many results relating these concepts are presented by Allen and
Steel [1]. In particular, they show that the size of a maximum agreement forest
of two trees is precisely the TBR-distance between them.

We are concerned here with the problem of finding the size of a maximum
agreement forest of two trees, which is known to be NP -hard [3,1]. The for-
mal definition of this problem is given in the next section. We present a 3-
approximation algorithm for this problem and show that a previous algorithm
by Hein et al. [3], claimed to have performance ratio 3, has performance ratio 4.

The algorithm we shall describe is simple, but the analysis of its approxima-
tion ratio is quite long and technical. To give an idea of the analysis we have
to introduce many concepts that make the notation somewhat heavy. We hope
once the formal definitions are given and the proof is outlined, the reader will
be able to complete the details that we shall omit.

In Section 2 we present the basic concepts that will be needed to define the
problem and to describe the algorithm and its proof, in Section 3 we outline
our approximation algorithm, and in Section 4 we sketch the proof that its
approximation ratio is 3 and give a family of instances for which Hein’s algorithm
attains approximation ratio 4.

2 Basic Definitions

A phylogenetic tree consists of an unordered rooted tree, called its topology, such
that each internal node has two children, and of a set of labels which are mapped
one-to-one to the leaves of the tree. If T is a phylogenetic tree, then TT denotes
its topology, LT its set of leaves, ST its set of labels, fT its one-to-one label-
to-leaf mapping, and rT its root. Since we consider phylogenetic trees as having
rooted topologies, these are naturally oriented: we assume the arcs are oriented
towards its root.

For each arc e in a phylogenetic tree T , we denote by l(e) its lower endpoint
(the endpoint of e which is the farthest from the root) and by u(e) its upper
endpoint (the other endpoint of e). The lowest common ancestor of a set of
m ≥ 1 nodes v1, . . . , vm of T , written lcaT (v1, . . . , vm), is the farthest node
from the root that is an ancestor of all vi, 1 ≤ i ≤ m. For each node u in T , we
denote by D(u) the set of leaves in T that are descendants of u.

The concept of phylogenetic tree can be generalized so as to consider topolo-
gies with more than one component. Such phylogenies are called phylogenetic
forests. Each component in the topology of a phylogenetic forest corresponds to
a component of the forest, with its own topology, root, leaf set, label set and
label-to-leaf mapping. The notation adopted for all these objects is the same as
that for phylogenetic trees, except that we use FF instead of TF to denote the
topology of a phylogenetic forest F .
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2.1 Restrictions and Agreement Forests

Two phylogenetic forests G and H are said to be isomorphic if SG = SH, their
topologies FG and FH are isomorphic, and the isomorphism preserves both the
roots of the components and the labels of the leaves. If S is a subset of SV for some
component V of G, then the simple restriction of G to S, denoted by G|S, is the
phylogenetic tree G′ such that SG′ = S; LG′ = fG(S) := {fG(a) : a ∈ S}; for each
pair of nodes u, v in G′ we have lcaG′(u, v) = lcaG(u, v); and rG′ = lcaG′(LG′).
Let G[S] denote the minimal subtree of FG which connects all leaves with labels
in S.

Let G be a phylogenetic forest and S = {Si : 1 ≤ i ≤ m} a family of m ≥ 1
subsets of SG such that for each Si we have Si ⊆ SV for some component V of
G, and the trees G[Si] are pairwise node-disjoint. Then the restriction of G to S,
written G|S, is the phylogenetic forest composed of the node-disjoint components
G|Si. The size of G|S is the cardinality of S. If G′ = G|S, then we denote the
size of G′ by |G′|. If SG|S = SG , then G|S is a full restriction of G. An agreement
phylogenetic forest, abbreviated to an agreement forest, of two given phylogenetic
forests G and H is a phylogenetic forest F that is isomorphic to a full restriction
of G and to a full restriction of H. An agreement forest is said to be maximum if
it has minimum size. The problem of computing a maximum agreement forest of
two given phylogenetic trees T and U is the Maximum Agreement Forest (MAF)
problem, abbreviated as the MAF problem.

We can prove the following simple claim from the above definitions:

Lemma 1. If V1 and V2 are two simple restrictions of a phylogenetic forest G
such that the trees G[SV1 ] and G[SV2 ] are node-disjoint, a is the label of a leaf
in V1, b if the label of a leaf in V2, and fG(a) and fG(b) are sibling leaves in G,
then either V1 or V2 consists of a unique node.

2.2 Links

Let G be a phylogenetic forest and G′ be a full restriction of G. We say an arc e
of G is said to be a link of G with respect to G′ if there are m ≥ 1 components
V1, . . . , Vm of G′ such that

⋃
1≤i≤m LVi

= D(l(e)) in G.
The following lemma gives an important property of links:

Lemma 2. Let G be a phylogenetic forest and G′ be a full restriction of G. Let
e be an arc of G. If e is not a link with respect to G′, then:

1. there is a unique component V in G′ such that SV ∩ D(l(e)) �= ∅ and SV \
D(l(e)) �= ∅;

2. V[SV ∩D(l(e))] and V[SV \D(l(e))] are node-disjoint.

Observe that the definition of a link depends on the full restriction one is
considering. Hereafter, full restrictions will be given by the context and therefore
not explicitly written.
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2.3 Eliminations

Let W be a phylogenetic tree, and e an arc of W. In what follows, we define
the elimination of an arc e, which is the basic operation used in the forthcoming
algorithms.

The elimination of an arc e is the operation that yields the phylogenetic
forest whose components are W|D(l(e)) and W|(SW \ D(l(e))). This opera-
tion can be implemented by removing arc e from W (which splits W into
W|D(l(e)) and W[SW \D(l(e))]) and by performing a forced contraction of arc
e′ in W[SW \D(l(e))] where u(e′) = u(e) (which yields W|(SW \D(l(e))) from
W[SW \ D(l(e))]). Figure 1 illustrates this definition. This operation can be
defined for phylogenetic forests as well, by letting all components that do not
contain arc e remain the same and applying elimination on the component that
contains e.

o

o o

o

l(e)

e
e’

u(e)

o

o o

o o

o

o

l(e)

e’

u(e’)

l(e’)

l(e)

l(e’) = u(e’)

l(e’)

Fig. 1. Elimination of an arc e.

The lemma below exhibits the equivalence between a full restriction of a
phylogenetic forest and a sequence of arc eliminations starting from W.
Lemma 3. Let W be a phylogenetic forest. Then performing a sequence of m
eliminations starting from W yields a full restriction of W with size |W| +
m. Conversely, let S be a partition of SW such that the full restriction W|S
is defined. Then W|S can be obtained by performing a sequence of |S| − |W|
eliminations.

3 Algorithms

The algorithm takes as input two phylogenetic trees T and U with ST = SU ,
and returns an agreement forest of T and U with size up to 3 times the size of
a maximum agreement forest of T and U . Our algorithm proceeds by cutting
arcs and shrinking pairs of sibling leaves in T and U until two isomorphic full
restrictions are obtained.
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The algorithm is iterative: each iteration starts with two restrictions obtained
from T and U by the sequence of operations performed up to that iteration by
the algorithm. In each iteration, the algorithm searches for a pair of sibling
leaves in one of the restrictions and, if it succeeds, it identifies the case that
is satisfied by this pair in the other (see Figure 2). According to the case, the
algorithm then selects and applies on both restrictions a predefined sequence of
operations, which we call transactions (see Section 3.2), is selected and applied
on both restrictions.

An earlier algorithm, designed by Hein, Jiang, Wang and Zhang [3], proceeds
mostly within this same framework. In our paper, we refer to this algorithm as
Algorithm 1, and ours shall be called Algorithm 2. Section 3.3 outlines both
algorithms.

In what follows, we shall consider the iterations numbered 1, 2, . . . , and so
on. In each iteration i, we label the operations, dividing them into two sequences
(x1i , . . . , x

gi

i ) and (y
1
i , . . . , y

hi
i ), where gi and hi are the number of operations

performed at iteration i on (a full restriction of) T and (a full restriction of) U
respectively. Let G1 := T and H1 := U , and for i ≥ 2 let Gi be the full restriction
we get from Gi−1 after executing the gi−1 operations of iteration i − 1. Let
G1i := Gi, and for 2 ≤ j ≤ gi +1 let Gji be the full restriction we get by applying
operation xj−1

i on Gj−1
i . Similarly, we define Hi and Hji for each i ≥ 1 and

j ∈ {1, . . . , hi + 1}.
For the analysis of the performance of the algorithm, we consider throughout

the iterations two full restrictions, T ′ and U ′, of T and U respectively, which
in the beginning of the first iteration are isomorphic to a maximum agreement
forest F of T and U . For each operation done on T (respectively U), a “similar”
operation is performed on T ′ (respectively U ′), in order to preserve the invariants
of Algorithm 2 to be stated in the sequel. In the same way as we have done for
T and U , for each iteration i we also define for T ′ and U ′ the sequences of
operations (x′j

i : 1 ≤ j ≤ gi), (y′j
i : 1 ≤ j ≤ hi), and the corresponding full

restrictions G′
i, H′

i, G′j
i and H′j

i .
Roughly speaking, the initial full restrictions T ′ and U ′ give a block config-

uration attained by an optimum agreement forest F of T and U (each block
being a component of F). This (fixed) “ideal” block configuration is used to
derive some information of the size of the agreement forest returned by the algo-
rithm. Whenever the algorithm performs a cut of an arc e, a “similar” operation
is performed on T ′ and U ′: if e is not a link then this cut splits a block of the
current configuration, if e is a link then no new block is derived. With this pro-
cedure, we can get hold of the number of the “additional” blocks our algorithm
produces.

3.1 Operations

In this section we define the operations that can be applied on the phylogenetic
trees T and U .

Let W be a phylogenetic tree. The operation of cutting an arc e of W is
the elimination of e defined in Section 2.3. The operation of shrinking a pair of
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sibling leaves u and v to leaf u corresponds to the elimination of the arc e such
that l(e) = v, followed by the removal of the isolated node v. This operation is
used whenever a pair of labels which yields a pair of sibling leaves both in Gji
and Hji is located.

As Algorithm 2 proceeds performing cuts and shrinkings in T and U , their
full restrictions T ′ and U ′ must have some of their arcs eliminated as well, if we
want to retain as invariants the following properties:

G′j
i is a full restriction of Gji and H′j

i is a full restriction of Hji .

For each arc e eliminated, if e is a link, then the invariants are satisfied just
by making G′j+1

i := G′j
i and H′j+1

i := H′j
i . Otherwise, it can be proved from

Lemmas 2 and 3 that for each arc e eliminated that is not a link, there exists an
arc in T ′ or in U ′ respectively whose elimination preserves the invariants.

A similar result is valid for U and U ′. Henceforth, we shall take these elimi-
nations in T ′ and U ′ for granted at each elimination in T and U .

When a shrinking is performed and a one-node component is removed in
Gi+1 and Hi+1, we must also remove the corresponding component in G′

i+1 and
H′

i+1. Observe that after shrinkings, Gi and Hi are no longer full restrictions of
G1 and H1 respectively.

3.2 Cases and Transactions

Suppose that at the beginning of iteration i there is at least an arc in Gi. Then
Gi admits at least a pair of sibling leaves. Let a and b be its labels. We consider
five cases, each of them defined by a different configuration yielded in Hi by the
leaves fHi

(a) and fHi
(b).

If fHi(a) and fHi(b) belong to the same component in Hi, then the (a,b)-axis
in Hi is the (unique) path in Hi connecting fHi

(a) and fHi
(b), and the stems of

the (a, b)-axis are the arcs e in Hi such that u(e) belongs to the axis but e does
not. The stems are labeled s1 through sk according to the order in which they
appear along the axis, with stem s1 being the nearest to fHi

(a). The cases are
shown in Figure 2. Case 1 differs from Case 2 in that there is a fixed limit on the
number k of stems: in Case 1 we have 1 ≤ k ≤ 2, and in Case 2 we have k ≥ 3.

The transactions for each case are listed below. We denote by Cut(G, v) the
operation “cut the arc in G whose lower endpoint is v”, and by Srk(G, u, v) the
operation “shrink pair u, v of sibling leaves to leaf u”.

Case 1: For each j ∈ {1, . . . , k} do Cut(Hji , l(sj)).
Case 2: Cut(G1i , f(a)); Cut(G2i , f(b)); Cut(H1

i , f(a)); Cut(H2
i , f(b)).

Case 3: Cut(G1i , f(a)); Cut(G2i , f(b)); Cut(H1
i , f(a)); Cut(H2

i , f(b)).
Case 4: Cut(G1i , f(b)).
Case 5: Srk(G1i , f(a), f(b)); Srk(H1

i , f(a), f(b)).

We give below an important lemma, whose proof is straightforward from
Lemmas 1 and 2.



Some Approximation Results for the Maximum Agreement Forest Problem 165
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Fig. 2. Cases for Algorithm 2. In each case Gi is to the left and Hi is to the right.

Lemma 4. Let G and H be two phylogenetic forests with SG = SH, and let G′

and H′ be two full restrictions of G and H respectively, such that H′ is isomorphic
to a full restriction of G′. Suppose that fG(a) and fG(b) form a pair of sibling
leaves in G.

1. If fG′(a) and fG′(b) are separated in G′, then at least one of the arcs incident
to fH(a) or fH(b) is a link.

2. If fH′(a) and fH′(b) are in the same component of H′, and the (a, b)-axis in
H admits at least one stem, then all of its stems in H are links.

3.3 Algorithms 1 and 2

We give below an outline of Algorithm 2. We remark that before the algorithm
outputs H as a solution, those nodes which are removed from H at shrinkings
must be reattached to it in reverse order.

(1) G1 := T ;
(2) H1 := U ;
(3) i := 1;
(4) While there is a pair of sibling leaves fGi(a) and fGi(b) in Gi
(5) Find out which case is satisfied by fHi(a) and fHi(b);
(6) Apply the corresponding transaction;
(7) i := i+ 1;
(8) Return Hi with all nodes that were removed at shrinkings reattached.
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Algorithm 1 differs from Algorithm 2 by defining otherwise the limit on the
number k of stems in Case 1. In Algorithm 1, if k = 1 we have Case 1 and if
k ≥ 2 we have Case 2. The transactions applied in each of these cases are the
same as before.

It is not difficult to conclude that Algorithm 2 can be implemented to run in
polynomial time in the size of the instance. In each iteration i, whenever a pair
(a, b) of sibling leaves is considered in Gi, all we need to find out the case satisfied
by (a, b) is to find (if existent) the (a, b)-axis in Hi and check the number k of
stems of this axis. According to the value of k we are in one among cases 1, 2
or 5. If no such path exists, then we are in Case 3 or 4. In all these cases, the
transactions can be performed in time linear in the size of the corresponding
tree. Thus, since the number of iterations is bounded by the number of leaves
of the original trees, the claim follows. This rough analysis allows to say that if
the original trees have m arcs, then Algorithm 2 can be implemented to run in
O(m2). The same holds for Algorithm 1.

4 Approximation Ratio

Our proof technique uses an accounting system, according to which an initial
amount of credits is alloted to one of the trees given as input, and this tree (or
rather a full restriction of it) is charged by means of debits recorded whenever
an operation needs payment. The initial amount of credits is related to the size
of a maximum agreement forest whereas the debits are related to the number of
cuts made by the algorithm, and the goal in this proof technique is to show that
the credits suffice to pay the debits recorded. This technique also follows the
sketch given in [3], but here we improve the control over the charged elements in
the trees. It turns out that some debits recorded can only be paid later; in such
situations these debits are attached to special sets of arcs which we call barriers.
These arc sets not only work as “bags” of postponed credits and as such are fit to
be charged for the postponed debits, but they also keep these debits apart from
each other, which avoids their clustering and the need for paying great amounts
of them at once.

4.1 Barriers

Let B be a node set of a phylogenetic forest G. We denote by UG(B) the set of
arcs whose upper endpoints are the lca’s in G of at least two nodes in B.

Take some Hji with (i, j) �= (1, 1). Consider the arcs e and e′ as shown in
Figure 1 for the elimination performed to produce Hji . A node set B in Hji with
at least two nodes is a barrier if:

1. B is a primary barrier. That is, j = 1; iteration i − 1 satisfies Case 2, with
fH′

i−1
(a) and fH′

i−1
(b) in a component ofH′

i−1 which has at least three leaves;
B = {l(e) : e is a stem of the (a, b)-axis in Hi−1}; or

2. B admits an antecessor barrier B′. That is, j ≥ 2 and there exists a barrier
B′ in Hj−1

i such that one of the following conditions holds:
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(a) e, e′ ∈ UHj−1
i
(B′); B = B′ ∩D(l(e)) or B = B′ \D(l(e)), the one with

the largest cardinality (if there is a tie, choose any of them); or
(b) e, e′ �∈ UHj−1

i
(B′); B = B′.

Below we list some properties of barriers.

Lemma 5. Let Hji be such that (i, j) �= (1, 1), and let B be a barrier of Hji .
Then all arcs in UHj

i
(B) are links.

Lemma 6. In some Hji with (i, j) �= (1, 1), consider two distinct barriers B
and C. Let tB := lcaHj

i
(B) and tC := lcaHj

i
(C). Then UHj

i
(B) and UHj

i
(C) are

arc-disjoint and if they have a node in common, then either tB ∈ C or tC ∈ B.

The notion of barrier is fundamental in our proof that Algorithm 2 yields
approximation ratio 3 for the maximum agreement forest problem. In the next
subsection, we introduce credits and debits and the rules that command them
along the iterations of the algorithm, as well as their relation with barriers.

4.2 Credits and Debits

At the beginning of the first iteration, we consider that a certain amount of
credits is placed on the unique component of U . As Algorithm 2 proceeds doing
cuts and shrinkings, those operations which must be paid record debits equiv-
alent to their due fees, and our proof aims to guarantee that at the end of the
algorithm, each debit recorded is paid with a credit out of those placed on U at
the beginning. However, as the algorithm proceeds, the credits are kept by the
components of U , and they must be released before they can be used to pay any
recorded debit. Also, as long as they are kept, the credits must be redistributed
among the components at each elimination performed on U .

The precise rules for debit recording and credit placing, releasing and re-
distributing are as follows. Let F be the maximum agreement forest taken as
reference in Section 3. At the beginning, we place 3(|F|− 1) credits on U . These
credits are released and redistributed when eliminations are performed. We have
already seen that each elimination splits a componentW of its argument Hji into
two new components,W|D(l(e)) andW|(SW \D(l(e))). Let m be the number of
components W ′ of H′j

i such that SW′ ⊆ SW , m∩ be the number of components
W ′ of H′j+1

i such that SW′ ⊆ D(l(e)), and m\ be the number of components
W ′ of H′j+1

i such that SW′ ⊆ SW \ D(l(e)). It can easily be verified that the
following rules preserve credits throughout the eliminations.

If we eliminate a link e of a componentW of some Hji , then from the 3(m−1)
credits placed on W, three credits are released, and each of the two resulting
components keeps now respectively 3(m∩−1) and 3(m\−1) credits. Otherwise,
if we eliminate an arc which is not a link, then no credit is released and each of
the resulting components keeps respectively 3(m∩ − 1) and 3(m\ − 1) credits.

Among the operations used in Algorithm 2, only cuts record debits. Each
cut operation records one debit, which either is paid with credits released in the
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Fig. 3. An example showing that Algorithm 1 attains approximation ratio close to 4.

same iteration at which the cut is performed, or (if the cut arc is not a link) is
attached to a suitable barrier. In fact, at each iteration either a credit is released
or a primary barrier is created. It turns out that each primary barrier has two
debits attached to itself. As these debits are placed on the whole primary barrier
rather than on any of its arcs, they are paid as soon as the algorithm begins to
eliminate arcs of the barrier.

4.3 An Upper Bound for the Approximation Ratio of Algorithm 2

Since all arcs in a barrier are links (Lemma 5), barriers are suited for receiving
postponed debits, that is those debits which could not be handled at the iteration
in which they were recorded because no credit was released in that iteration.
Also, since distinct barriers are arc-disjoint (Lemma 6), then postponed debits
are kept apart, and thus the maximum amount of postponed debits that must be
paid at each iteration is bounded. For Algorithm 2 this maximum is 1 since each
primary barrier has at least three nodes. For Algorithm 1 we can have primary
barriers with only two nodes, so we must guarantee that two postponed debits
can be paid.

Our proof consists in verifying that at the end of Algorithm 2, all recorded
debits are paid. Once this is done, we have that the number of cuts done by
Algorithm 2 in U is |Hi| − 1, where i denotes the last iteration, and that the
number of cuts is equal to the number of recorded debits, which is less than or
equal to the number of credits alloted to U in the beginning, that is 3(|F| − 1);
so |Hi| ≤ 3|F|.

A slight modification in this proof technique yields a proof that Algorithm
1 has approximation ratio at most 4. It suffices to place 4(|F| − 1) credits on
U at the beginning of the algorithm and release four credits whenever links are
eliminated.

4.4 A Lower Bound for the Approximation Ratio of Algorithm 1

In this section, we exhibit a family of instances which shows that the approxi-
mation ratio for Algorithm 1 gets close to 4.

Figure 3 shows an instance of this family. Tree U (bottom) has two parts, one
comprising m Cases 1 with k = 2 piled in a stack, and the other composed by
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m single leaves (in the instance shown above we have m = 9). Tree T (top) is
constructed so as to make Algorithm 1 handle all Cases 1 in the stack (cutting
leaves 1–2–7–8– . . . –14 in U in the example) and then alternate cuts between
the remaining leaves out of the stack (0– . . . –15) and the single leaves (28– . . .
–36).

It turns out that for any m ≥ 1, Algorithm 1 yields an agreement forest
with 4m components, while there is an agreement forest with at most m + 2
components (in Figure 3 consider the agreement forest which contains leaves
1–2–7– . . . –14 together with leaves 28–29–30– . . . –36 as a single component
and the other leaves as isolated nodes).

This family of instances can be modified to show that the approximation
ratio of Algorithm 2 is at least 3. It suffices to substitute the Cases 1 with k = 2
by Cases 2 with k = 3.

5 Final Remarks

The concept of barriers and the proof technique based on an accounting system
were useful to prove the approximation ratio of Algorithm 1 and Algorithm 2.
The barriers were introduced because of the transactions defined for Case 2. We
note, however, that if we can provide a set of transactions (one for each case)
with the property that each of them performs at most k cuts and eliminates at
least p links, then an approximation ratio k/p can be guaranteed. These ideas
will be further explored in a forthcoming paper. We hope that the concept of
barrier, in spite of being complicated, may lead to some further improvement.

Acknowledgments

We thank the referee for the suggestions that improved the presentation of this
paper, and Cristina G. Fernandes for the helpful discussions.

References

1. B. Allen and M. Steel. Subtree transfer operations and their induced metrics on
evolutionary trees. Submitted to the Annals of Combinatorics, 2001.

2. B. dasGupta, X. He, T. Jiang, M. Li, J. Tromp, and L. Zhang. On distances between
phylogenetic trees. In Proceedings of the 8th ACM-SIAM Symposium of Discrete
Algorithms, pages 427–436, 1997.

3. J. Hein, T. Jiang, L. Wang, and K. Zhang. On the complexity of comparing evolu-
tionary trees. Discrete Applied Mathematics, 71:153–169, 1996.

4. M. Li, J. Tromp, and L. Zhang. On the nearest neighbor interchange distance
between evolutionary trees. Journal on Theoretical Biology, 182(4):463–467, 1996.

5. D. L. Swofford, G. J. Olsen, P. J. Waddell, and D. H. Hillis. Phylogenetic inference.
In D. Hillis, C. Moritz, and B. Mable, editors,Molecular Systematics, pages 407–513.
Sinauer Associates, 1996.



Near-optimum Universal Graphs for Graphs
with Bounded Degrees

(Extended Abstract)

Noga Alon1,�, Michael Capalbo2,��, Yoshiharu Kohayakawa3,� � �,
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Abstract. Let H be a family of graphs. We say that G is H-universal if,
for each H ∈ H, the graph G contains a subgraph isomorphic to H. Let
H(k, n) denote the family of graphs on n vertices with maximum degree
at most k. For each fixed k and each n sufficiently large, we explicitly
construct an H(k, n)-universal graph Γ (k, n) with O(n2−2/k(log n)1+8/k)
edges. This is optimal up to a small polylogarithmic factor, as Ω(n2−2/k)
is a lower bound for the number of edges in any such graph.
En route, we use the probabilistic method in a rather unusual way. After
presenting a deterministic construction of the graph Γ (k, n), we prove,
using a probabilistic argument, that Γ (k, n) is H(k, n)-universal. So we
use the probabilistic method to prove that an explicit construction satis-
fies certain properties, rather than showing the existence of a construction
that satisfies these properties.

1 Introduction and Main Result

For a family H of graphs, a graph G is H-universal if, for each H ∈ H, the
graph G contains a subgraph isomorphic to H. Thus, for example, the complete
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graph Kn is Hn-universal, where Hn is the family of all graphs on at most n
vertices. The construction of sparse universal graphs for various families arises
in the study of VLSI circuit design, and has received a considerable amount of
attention.

For example, as discussed in [5], page 308, universal graphs are of interest to
chip manufacturers. It is very expensive to design computer chips, but relatively
inexpensive to make many copies of a computer chip with the same design. This
encourages manufacturers to make their chip designs configurable, in the sense
that the entire chip is prefabricated except for the last layer, and a final layer
of metal is then added corresponding to the circuitry of a customer’s particular
specification. Hence, most of the design costs can be spread out over many
customers. We may view the circuitry of a computer chip as a graph, and may
also model the problem of designing chips with fewer wires that are configurable
for a particular family of applications as designing smaller universal graphs for
a particular family of graphs.

Also, as discussed in [12], we may model data structures and circuits as
graphs. The problem of designing, say, an efficient single circuit that can be
specialized for a variety of other circuits can be viewed as constructing a small
universal graph. With these applications in mind, we note that, given a family H
of graphs, it is often desirable to find an H-universal graph with small number
of edges.

Motivated by such practical applications, universal graphs for several dif-
ferent families of graphs have been studied by numerous researchers since the
1960s. For example, extensive research exists on universal graphs for forests [4],
[7], [8], [9], [10], [13], and for planar and other sparse graphs [1], [3], [4], [6], [11],
[16].

Here we construct near-optimum universal graphs for families of bounded-
degree graphs. More specifically, for all positive integers k and n, let H(k, n)
denote the family of all graphs on n vertices with maximum degree at most k.
By the size of a graph we always mean the number of its edges. Several tech-
niques were introduced in [2] to obtain, for fixed k, both randomized and explicit
constructions of H(k, n)-universal graphs of size O(n2− 1

k log1/k n), thereby set-
ting a new upper bound for the minimum possible size of an H(k, n)-universal
graph. In addition, a (simple) lower-bound of Ω(n2− 2

k ) was also established.
However, closing the gap between the upper and lower bounds was left as an
open problem.

Here we almost completely close this gap by presenting an explicit construc-
tion of an H(k, n)-universal graph Γ (k, n) of size O(n2− 2

k log1+8/k n). We de-
scribe the construction of Γ (k, n) in the next paragraph.

Construction of Γ (k, n): Let us set q ≡ log(kn/8 log4 n), and s = q/k; so q =
log n − 4 log log n + O(1), and s is just slightly smaller than (logn)/k. For the
sake of simplicity let us omit all floor and ceiling signs, and assume that s and
q are integers; this will not affect our arguments. Unless otherwise stated, our
logarithms are to the base 2. Let Γ ′(k, n) = Γ ′ be the graph with the vectors
in {0, 1}q as its vertex-set; two vertices v and w are adjacent in Γ ′ if and only
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if there exist two distinct indices j′, j′′ ∈ {1, 2, ..., k} such that the (tk + j)-th
coordinate of v agrees with the (tk + j)-th coordinate of w, for all but at most
one of the pairs of integers (j, t), where j = j′, j′′ and t ∈ {0, ..., s− 1}. To form
Γ (k, n) from Γ ′(k, n), replace each vertex v in Γ ′ with a clique Vv of 64q4/k =
Θ
(
(log n)4/k

)
vertices, and interconnect each vertex of Vv with each vertex of

Vw if and only if the pair vw is an edge of Γ ′.
Note that, for each fixed k ≥ 3, the graph Γ (k, n) has size at most

kn

16 log4 n

(
k

2

)
(2s)2q−2s+2

(
64q4

k

)2

= O(n2− 2
k (log n)1+8/k),

and only about 8n vertices. Our main result is the following theorem.

Theorem 1. The graph Γ (k, n) is H(k, n)-universal for all k ≥ 3, and n suffi-
ciently large.

The rest of this extended abstract is organized as follows. In §2, we apply a
graph embedding technique to prove that Γ (k, n) is H(k, n)-universal, provided
each member of H satisfies a certain decomposition property (see Lemma 1,
below). This decomposition property is easily satisfied by all graphs in H(k, n)
for k even, and by all graphs in H(k, n) for k odd with chromatic index k,
including all bipartite members of H(k, n) (see Examples 2.3 and 2.4).

The remaining case, i.e. k odd and H of chromatic index k + 1 is, however,
quite troublesome. In §3 we sketch a proof of the existence of a suitable decom-
position of every graph H ∈ H(k, n). Finally, in §4 we show how to turn Γ (k, n)
into an H(k, n)-universal graph Λ(k, n) that has, say, only (1+ ε)n vertices, and
still only O(n2− 2

k (log n)1+8/k) edges.
The techniques in §2 combine combinatorial and probabilistic ideas, the

proofs in §3 are based on tools from matching theory, including Tutte’s Theorem
and the Gallai-Edmonds Structure Theorem, while the result in §4 is obtained
by applying some of the known constructions of expanders and concentrators.
In order to make this abstract more complete, we present some of the more
technical parts of §3 in an appendix.

2 A Graph Embedding Technique

A graph F is (m,M)-path-separable if there exists a collection P of edge disjoint
paths in F , each of length between 2m and 4m such that for every E ⊆ E(F )
which intersects each P ∈ P, every connected component of F \ E has fewer
than M vertices. Thus a graph is path-separable if we may pick in it a collection
of short edge-disjoint paths with the property that any transversal of the edge
sets of these paths breaks up the graph into components of bounded size.
Example 2.1. Every union F of vertex disjoint paths and cycles is (m, 8m)-
path-separable for all positive integers m. Indeed, partition the edge set of each
component of F containing at least 4m edges into paths of lengths between 2m
and 4m.
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Example 2.2. A graph in H(k, n) obtained from a union of vertex disjoint
paths and cycles (called later units) by designating one of its components as the
central unit and connecting some of the other components to the center, each
by exactly one edge (called a spoke), will be called a windmill. It is easy to see
that every windmill is (m, 64km2)-path-separable. Again, partition every unit
containing at least 4m edges into paths of lengths between 2m and 4m. After
cutting the paths with a set E, each vertex of the largest piece (of order at most
8m) in what is left of the central unit can be connected with up to k − 1 paths
from the other units, each of length less than 8m.

A graph H ∈ H(k, n) is (2, k,m,M)-decomposable if one can find subgraphs
F1, ..., Fk of H, not necessarily all distinct, such that each Fi is (m,M)-path-
separable, and each edge of H appears in exactly 2 subgraphs Fi. Let us call
F1, ..., Fk a (2, k,m,M)-decomposition of H.
Example 2.3. Every graph H ∈ H(k, n) of chromatic index k is (2, k,m, 8m)-
decomposable into graphs from H(2, n). Indeed, let M1, ...,Mk be matchings
that cover the edges of H. Let F1 = M1 ∪M2, F2 = M2 ∪M3, ..., Fi = Mi ∪
Mi+1, ..., Fk−1 = Mk−1 ∪Mk, Fk = Mk ∪M1.
Example 2.4. If k is an even integer, then every graph H ∈ H(k, n) is (2, k,m,
8m)-decomposable into graphs from H(2, n). This time, by the Petersen Theo-
rem (see, e.g., [15], p. 218), every such graph can be covered by k/2 subgraphs
F1, ..., Fk/2, where Fi ∈ H(2, n) for all i. Set Fk/2+j = Fj , j = 1, . . . , k/2.

As far as we know, for odd k, it is still open as to whether or not every graph
H ∈ H(k, n) has a (2, k,m,O(m))-decomposition. However, for all integers k and
m, we will prove in the next section that every such graph has a (2, k,m, 64km2)-
decomposition. This, and Lemma 1, will imply Theorem 1. Indeed, 64sq = 64ks2,
since we set s to be q/k.

In the remainder of this section we prove Lemma 1.

Lemma 1. If H ∈ H(k, n) is (2, k, s, 64sq)-decomposable, then Γ (k, n) ⊃ H.

Proof of Lemma 1. Let F1, ..., Fk be a (2, k, s, 64sq)-decomposition of H. Define
Fi for all i = k + 1, ..., q, by setting Ftk+j = Fj for each j ∈ {1, ..., k}, and each
t ∈ {1, ..., s−1}. Trivially, for each edge e ∈ E(H), there are two distinct indices
j′, j′′ ∈ {1, ..., k} such that e ∈ Ftk+j for each j = j′, j′′ and t ∈ {0, 1, ..., s− 1}.

Let Pi be a family of paths which exhibits the (s, 64sq)-path-separability of
Fi, i = 1, . . . , q. The following fact is crucial.

Claim 2 There exist subsets Ei ⊆ Fi, i = 1, . . . , q, such that
(i) for all 1 ≤ i < j ≤ q, we have Ei ∩ Ej = ∅, and
(ii) for all i = 1, . . . , q, we have Ei ∩ P �= ∅, for each P ∈ Pi.

Proof of Claim 2. Consider an auxiliary bipartite graph B with the paths from
(the multiset)

⋃q
i Pi on one side (red vertices) and the edges of H on the other

(blue vertices), where the edges of B connect the edges of H with the paths
they belong to. In this graph, the degree of every red vertex is at least 2s (the
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length of the path), while the degree of every blue vertex is at most 2s (since
every edge of H belongs to exactly 2s graphs Fi and, for given i, to at most one
path from Pi). Hence, by Hall’s matching theorem, one can assign to each path
a different edge. The edges assigned to the paths of Pi form the desired set Ei,
i = 1, . . . , q. ��

Continuing with the proof of Lemma 1, let Ei ⊆ Fi, i = 1, ..., q, satisfy (i)
and (ii) of Claim 2, and let Li = Fi \ Ei for each i = 1, ..., q. Then, clearly,

(a) for each edge e ∈ E(H), there exist two distinct indices j′, j′′ ∈ {1, 2, ..., k}
such that e ∈ Lkt+j for all but at most one of the pairs of integers (j, t), where
j = j′, j′′ and t ∈ {0, ..., s− 1}, and

(b) each connected component of each Li has at most 64sq vertices.

Recall that Γ (k, n) = Γ is constructed by blowing up the vertices of another
graph Γ ′(k, n) = Γ ′. Now, we will show the existence of an embedding f :
V (H)→ V (Γ ′) = {0, 1}q such that

(I) if xy ∈ H, then f(x) = f(y), or f(x)f(y) ∈ Γ ′ , and
(II) |f−1(v)| ≤ 64q4/k for each v ∈ Γ ′.

This will prove that H is a subgraph of Γ .
For each i = 1, ..., q, let Ci denote the set of connected components of Li, and

let a function fi : Ci → {0, 1} be given. We now specify f : for each x ∈ V (H),
let f(x) be such that the i-th coordinate of f(x) is fi(Ci(x)), where Ci(x) is the
connected component of Li that contains x. Observe that if xy ∈ Li, then clearly,
x and y are in the same connected component of Li, and the i-th component of
f(x) equals the i-th component of f(y). Hence, by (a) and the construction of
Γ ′, if xy ∈ H then f(x)f(y) ∈ Γ ′, unless f(x) = f(y). Consequently, f satisfies
condition (I).

It remains to show that there exists such an f with |f−1(v)| ≤ 64q4/k for all
v ∈ V (Γ ′). We apply the probabilistic method. Let each fi be chosen randomly
according to the uniform distribution on {0, 1}Ci . Then f is also random, but
not necessarily uniform on V (Γ ′)V (H). To avoid this problem, we split V (H)
suitably, being guided by the following elementary observation.

Claim 3 Let each fi : Xi → V be drawn uniformly at random, i = 1, . . . , q. Let
Y be a set of vectors in X1× . . .×Xq, such that no two vectors in Y have a com-
mon coordinate. Then, letting yi (i = 1, . . . , q) denote the i-th coordinate of each
y ∈ X1×. . .×Xq, the function f : Y → V q, defined by f(y) = (f1(y1), . . . , fq(yq))
is also drawn according to the uniform distribution on (V q)Y . ��

Let H ′ be the graph obtained from H by connecting every two vertices x and
y which, for some i = 1, . . . , q, are in the same connected component of Li. If Y
is an independent set in H ′, then, by Claim 3, f |Y is distributed uniformly on
V (Γ ′)Y . As the degree of H ′ is smaller than q(64qs) = 64sq2, we can partition
the vertices of H into r = 64sq2 = 64q3/k sets Y1, Y2, . . . , Yr, each independent
in H ′, and so, for each j = 1, . . . , r, f |Yj is distributed uniformly on V (Γ ′)Yj .

In fact, by applying the Hajnal-Szemerédi Theorem [14] to H ′, we can ensure
that Y1, ..., Yr have all equal cardinality (to within 1). So each Yj has cardinality
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n/64sq2. Since V (Γ ′) = V has cardinality 2q = kn/8 log4 n, which is at least
kn/10q4 for large enough n, it follows that |Yj |/|V | ≤ 5sk/32 = 5q/32.

To confirm condition (II), it suffices to show that, for each fixed j ∈ {1, . . . , r},
with probability at least 1 − o(1/r), |f−1(v) ∩ Yj | ≤ q for all v ∈ V . Thus, the
following simple, probabilistic fact is just what we need.

Claim 4 Let Y and V be two sets with |Y | ≤ 5q|V |/32 and |V | = 2q. If a
function f : Y → V is chosen uniformly at random, then

Prob(∃v ∈ V : |f−1(v)| > q) = o(1/q3).

Proof of Claim 4. The probability in question can be bounded from above by

|V |
(|Y |

q

)
|V |−q < |V |

(
15
32

)q
=
(
15
16

)q
= o

(
1
q3

)
.

��
To finish the proof of Lemma 1 we apply Claim 4 r times, with Y = Yj ,

j = 1, . . . , r, and V = V (Γ ′). ��

3 Windmill Decomposition of Graphs

In this section we prove the following proposition which together with Lemma 1
completes the proof of Theorem 1.

Proposition 1. For each k ≥ 3, every graph H ∈ H(k, n) is (2, k, s, 64sq)-
decomposable

In view of Examples 2.2–2.4, Proposition 1 is a simple corollary of the next
result and the fact that 64sq = 64s2k. Recall the definition of a windmill given
in Example 2.2. We say that H ∈ H(k, n) is (2, k)-decomposable into windmills
if there exist subgraphs F1, ..., Fk of H, not necessaily all distinct, such that

(i) each edge of H appears in exactly two of the Fi’s, and
(ii) each Fi is a vertex-disjoint collection of windmills.

In this case, the collection F1, ..., Fk is called a (2, k)-decomposition of H into
windmills.

Proposition 2. For each odd k ≥ 3, every graph H of maximum degree at most
k is (2, k)-decomposable into windmills.

Proof. We first present a construction of subgraphs W,F2, ..., F(k−1)/2 of H. Next
we prove that each Fi is a vertex-disjoint collection of windmills (see Lemma 2,
below), and that W is (2, 3)-decomposable into windmills (see Lemma 2 and
Lemma 3).
The construction of W,F2, ..., F(k−1)/2. Let us assume, without loss of gener-
ality, that H is k-regular, as H is a subgraph of a k-regular graph (that may have
a larger vertex-set). We further assume that H is connected. Recall that a Tutte
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set in H is a set S of vertices such that if H − S has m connected components
with an odd number of vertices, then the size of the maximum matching in H is
1
2 (|V (H)|−m+|S|). Let S be a maximal Tutte set of H, and let C = {C1, ..., Cm}
denote the set of odd connected components of H \ S. For any C ∈ C, and any
subgraph F ⊆ H, let δF (C) denote the number of edges in F with exactly one
endpoint in C.

Using the Gallai-Edmonds Structure Theorem (see, e.g., [15], pp. 94-95) and
Hall’s Theorem, one can prove that there exists a collection M∗ of vertex-disjoint
stars of H that satisfies the following properties.
(i) Each s ∈ S is a center of a star χs ∈ M∗, where the χs’s, s ∈ S, are such
that

(†) each such χs has at least one edge,
(a) no χs contains any vertices of S \ {s},
(b) no χs contains any vertices in any even connected component of H \ S,
(c) for each C ∈ C, there is exactly one edge eC that is incident to a vertex

in C, and also belongs to some χs, and
(d) for each s ∈ S, there is at most one C ∈ C such that δH(C) ≥ k and

V (χs) ∩ V (C) is nonempty.
(ii) The subgraph of M∗ induced by the vertices of H not belonging to any χs
as in (i) is a perfect matching.

Note that

(*) M∗[V ′] has maximum degree at most 1 for any set V ′ of vertices disjoint
from S.

Each vertex in H has degree at least 1 in M∗; let F ′
1, ..., F

′
(k−1)/2 be subgraphs

with maximum degree at most 2 such that
⋃
j F

′
j = H \M∗. Such subgraphs

exist by the Petersen Theorem (cf. Example 2.4). For each j ≥ 2 in its turn,
we now construct Fj from F ′

j as follows. For each C ∈ C such that δF ′
j
(C) = 0,

add eC to F ′
j unless it already belongs to Fj′ for some 2 ≤ j′ < j, and call the

resulting graph Fj . Note that

(**) δFj (C) ≤ 1 if δF ′
j
(C) = 0, for each C ∈ C.

Let W = H \ F2 ∪ ... ∪ F(k−1)/2. (Note that W \M∗ = F ′
1.)

The next two lemmas describe the structure of the subgraphs W , F2,...,
F(k−1)/2. Their proofs are given in the appendix.

Lemma 2. The graphs W,F2, ..., F(k−1)/2 satisfy the following two conditions.
(i) We can partition V (W ) = V (H) into sets V0, ..., Vt such that

(A) for each j ∈ {1, ..., t}, there is at most one edge ej in W with exactly
one endpoint in Vj (the edges ej will be called the parting edges of W ), and

(B) each W [Vi] has maximum degree 3, and a matching Mi that saturates all
vertices of degree 3 in W [Vi].
(ii) Each Fi is a vertex-disjoint collection of windmills.
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Lemma 3. Let H ′ be a graph in H(3, n) that contains a matching M that sat-
urates each vertex of degree 3 in H ′. Then there exist three subgraphs F1, F2, F3,
such that

(i) each edge of H ′ appears in exactly two of the Fi’s;
(ii) F1, F2 have maximum degree 2, and F3 is a collection of vertex disjoint

windmills.

We now use Lemmas 2 and 3 to finish the proof of Proposition 2. Take
two copies of each of the graphs F2, ..., F(k−1)/2 to obtain F2, ..., Fk−2, which
are each vertex-disjoint collections of windmills, by Lemma 2. Therefore, to
prove Proposition 2, all we need to show is that W is (2, 3)-decomposable into
windmills, say, F1, Fk−1, and Fk, and thus obtain a (2, k)-decomposition of H
into vertex-disjoint windmills.

To this end we use Lemma 3. Let V0, V1, ... be as in Lemma 2 (i). For each
W [Vj ], let Yj,1, Yj2 , Yj3 be a (2, 3)-decomposition of W [Vj ] into windmills, such
that each Yj,1 and Yj,2 have maximum degree 2; such graphs exist by Lemma 3.
Let E′ denote the set of parting edges in W . Note that F1 = E′ ∪ (

⋃
j Yj,1) and

Fk−1 = E′∪(⋃j Yj,2) is a vertex-disjoint collection of windmills, and Fk =
⋃

Yj,3
is also a vertex-disjoint collection of windmills, and that each edge of W appears
in at least 2 of the graphs F1, Fk−1, Fk. This completes the proof of Proposition 2.

��

4 Universal Graphs with Fewer Vertices

In this section, we sketch a construction of an H(k, n)-universal graph Λ(k, n) =
Λ, which still has O(n2− 2

k (log n)1+8/k) edges, but only has (1 + ε)n vertices, for
any fixed ε > 0.

Let us write V (Γ (k, n)) = V , and let Ω = (V,Q,E) be a bipartite graph
of bounded degree such that |Q| = (1 + ε)n, and |N(X)| ≥ |X| for each subset
X ⊂ V such that |X| ≤ n. It is well-known that such an Ω, usually called a
concentrator, exists, and can be constructed explicitly using the known construc-
tions of bounded-degree expanders. We now construct Λ(k, n), which has Q as
its vertex-set. Let ν and ν′ be vertices in Q. The edge νν′ ∈ Λ if and only if
there exist vertices v, v′ ∈ V such that vv′ ∈ Γ (k, n), and vν, v′ν′ ∈ Ω. We have
|E(Λ)| ≤ |E(Γ )|∆(Ω)2 = O(|E(Γ )|).

The following theorem can be easily deduced from Theorem 1.1.

Theorem 5. Λ(k, n) is H(k, n)-universal for all k ≥ 3, and n sufficiently large.

Proof. Let H ∈ H(k, n). Then, by Theorem 1.1, H ⊂ Γ (k, n). By the expanding
property of Ω and by Hall’s Theorem, Ω has a matching f between V (H) and
a subset of Q. Thus, if xy ∈ H then f(x)f(y) ∈ Λ. ��

A More Details for Section 3

Proof of Lemma 2: We first prove (ii), namely, show that each Fi is indeed a
vertex-disjoint collection of windmills. As F ′

i is a collection of vertex-disjoint
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cycles and paths, each connected component of Fi not containing an edge of
Fi \F ′

i is either a path or a cycle. Thus, it remains to show that L is a windmill,
for each L that is a connected component of Fi containing an edge e = xy in
Fi \ F ′

i . The edge e is of the form eC , for some C ∈ C; let us assume without
loss of generality that y �∈ C, but x ∈ C. Note that (a’) both x and y cannot
be in the same connected component of F ′

i , since otherwise δF ′
i
(C) > 0, and

e �∈ Fi. Similarly, (b’) the connected component L′
x of F ′

i containing x must
be contained in C. But (a’), (b’) and (**), together with the fact that each
connected component of F ′

i is either a path or cycle, imply that L must be a
windmill. Thus Lemma 2 (ii) follows.

We now show that W satisfies (i) of Lemma 2.
Claim 3.1: For each C ∈ C, the quantity δH(C) is an odd integer. So if δH(C) < k,
then δH(C) ≤ k − 2.
Claim 3.1 follows from the fact that H is k-regular, with k an odd integer, and
that C has an odd number of vertices.
Claim 3.2: For each C ∈ C, and each i, the quantity δF ′

i
(C) is an even integer.

So if δF ′
i
(C) > 0, then δF ′

i
(C) ≥ 2.

Claim 3.2 follows from the fact that each vertex in C has degree exactly 1 in
M∗, so each vertex in C has degree exactly k− 1 in H \M∗, and so exactly 2 in
each F ′

i .
Claim 3.3: All but one of s’s neighbors in M∗ ∩W are in some C ∈ C such that
δW (C) ≤ 1.
Proof of Claim 3.3: From the definition of M∗ and Claim 3.1, all but one of
s’s neighbors in M∗ are in some C ∈ C such that δH(C) ≤ k − 2. But by
definition of the Fi’s, and Claim 3.2, for each such C, either δH\(F2∪...∪Fi)(C) ≤
δH\(F2∪...∪Fi−1)(C) − 2 for each i, or eC ∈ Fi, and therefore, eC �∈ W , and so
Claim 3.3 follows.
Claim 3.4: Let V0 be the set of vertices v such that either v ∈ S, or v ∈ C ∈ C such
that δW (C) > 1, or v is in any even-sized connected component of H \ S. Then
(1) each vertex in W [V0] has degree at most 3, and (2) W [V0] has a matching
covering all vertices of degree 3 in W [V0].
Proof of Claim 3.4: By Claim 3.3, M∗[V0] is a matching. Since W [V0]\M∗ ⊆ F ′

1,
which has maximum degree 2, both (1) and (2) follow.
Claim 3.5: For each Cij ∈ C′ = {Ci1 , ..., Cil} ⊆ C such that δW (Cij ) ≤ 1 for
each j ∈ {1, .., l}, let Vj denote the set of vertices of Cij . The graph W [Vj ] has
a matching that saturates all vertices of degree 3 in W [Vj ].
Proof of Claim 3.5: M∗[Vj ] is a matching by (*), and W [V0] \M∗ ⊆ F ′

1, which
has maximum degree 2.

Lemma 2 follows from Claim 3.6.
Claim 3.6: W satisfies (i) of Lemma 2.
Proof of Claim 3.6: Use Claims 3.4 and 3.5. ��
Proof of Lemma 3: The idea is to find a subset M1 of M , and a matching M2 that
is a subset of H ′\M , such that F2 = (M \M1) ∪ ((H ′\M)\M2) has maximum
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degree 2, and F3 = (H ′\M) ∪M1 is a vertex-disjoint collection of windmills.
Then let

F1 = M ∪M2; F2 = (M\M1) ∪ ((H ′\M)\M2); F3 = (H ′\M) ∪M1.

Each edge of H ′ appears in exactly two of the Fi’s, and hence this will imply
Lemma 3.

We now describe how to find M1 and M2. Let us add edges to H ′ \M to
obtain a graph F3, consisting of vertex-disjoint windmills, such that

(i) the units of the windmills in F3 are the connected components of H ′ \M ,
and

(ii) each odd cycle C of H ′ \M such that each v ∈ C has degree 3, is a unit
of a windmill in F3 with at least two units.

To find such an F3, contract each connected component C of H ′\M to a
single vertex vC ; call the resulting graph G, and take any subgraph of G with
the fewest possible edges such that each such vC has positive degree if vC has
positive degree in G; the resulting graph corresponds to such an F3. Let the set
of edges that are the spokes of the windmills in F3 be M1; note that M1 ⊆ M ,
and that F3 = (H ′ \M)∪M1. Note also that each odd cycle of H ′ \M contains
a vertex v such that v has degree exactly 2 in H ′ \M1, and degree exactly zero
in M \M1.

Let us now specify M2 ⊆ H ′\M . Let C be a connected component of H ′\M .
If C is a path or an even cycle, let M2 ∩ C be any matching such that C \M2
is also a matching. If C is an odd cycle, let v be a vertex in C that has degree
exactly 2 in H ′ \M1, and let M2 be a matching of C such that the only vertex
of C that has degree 2 in C \M2 is v.

One can check that the maximum degree of each vertex in F1 and in F2
is 2; Indeed, F1 is the union of two matchings. Each vertex on a path or even
cycle C of H ′ \M has degree at most 1 in M \M1, and degree at most 1 in
(H ′ \M) \M2, while each vertex on an odd cycle C of H ′ \M having degree 2
in (H ′ \M)\M2 has degree 0 in M\M1. Because each vertex of H ′ has degree
at most 2 in H ′ \M , each vertex of H ′ has degree at most 2 in F2. Finally, as
we have already established that F3 is a collection of vertex-disjoint windmills,
Lemma 3 follows. ��
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Abstract. We consider a natural generalization of the classical ruin
problem to more than two parties. Our “ruin” problem, which we will
call the (k, I)-game, starts with k players each having I units as its initial
capital. At each round of the game, all remaining k′ players pay 1/k′th
unit as game fee, play the game, and one of the players wins and receives
the combined game fees of 1 unit. A player who cannot pay the next
game fee goes bankrupt, and the game terminates when all players but
one are bankrupt. We analyze the length of the game, that is, the number
of rounds executed until the game terminates, and give upper and lower
bounds for the expected game length.

1 Introduction

We define a notion of “multiparty” ruin problem, generalizing the classical ruin
problem to more than two parties. In this initial study we analyze the expected
length of the associated play until all but one player (the final winner that takes
all) are ruined. Specifically, for a given k0 and I0, (k0, I0)-game starts with k0
players each having I0 units as its capital. The game is divided into discrete
rounds, and each round is executed as follows.
(1) One of the remaining players wins and receives 1 unit. Here the winning

probability of each remaining player is 1/k, where k is the number of re-
maining players.

(2) All players (including the winner) lose 1/k unit. In this way, the total amount
of capital is kept the same.

(3) A player whose capital becomes < 1/k is declared bankrupt. Players who
are not bankrupt are called alive. Once a player goes bankrupt, he leaves
the game and his remaining capital is evenly divided between the remaining
players. If there are more than one players whose capital is smaller than
1/k in the same round, then the bankruptcies are handled from the lowest
indexed player on.
The game terminates when only one player is alive. This last remaining player

is the winner. The length of the game is the number of rounds executed until
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the termination of the game. The sequence of rounds, starting with the round
following the round that created the sth bankruptcy up to and including the
round creating the (s+1)th bankruptcy, is called the sth epoch. The game starts
with the 0th epoch.

One might also consider a variation of this game where each player first pays
1 unit and the winning player receives all of them; in that case we do not need to
worry about rational numbers. The ruin problem, however, changes nontrivially
under this altered game rule. We will discuss the difference in the last section.

Our generalized “ruin” game is defined in [WY97] as Monopolist Game in
order to study a neural network updating rule due to von der Malsburg [vdM73]
that plays a key role in explaining the development of the orientation selectivity
in the brain. It is also considered as a model for randomized agents working
under a certain constraint (i.e., keeping the total amount of capital the same).
In fact, a variation of this model has been shown useful for some random se-
lection procedure [DGW98]. In [DWY98] a probabilistic analysis resulting in a
plausibility argument (but no proof) for the average game length was given.

Note that the game with two players is a classical “ruin” problem [Fel57],
and our general game can be viewed as a multi-dimensional random walk with
absorbing barriers. As far as the authors are aware, this multiparty ruin problem
has not been considered before. Special cases, for example [It73], and a related
ruin problems consisting of games with three players A,B,C where A plays
with C and B plays with C but A doesn’t play with B have been studied before
in probability theory [IM98]. The problem in this paper, while natural in the
computer science setting, does not seem to have been studied before in the
random walk and ruin literature, as perusal of the most recent literature failed
to turn up evidence, see for example [Fel57,Asm00].

We simulated this game, and it is somewhat interesting to see that the game
always terminates quite quickly. By a bit more careful experiments, one finds
evidence that the average game length may be proportional to (k0I0)2 (Figure 1).
In this paper, we derive lower and upper bounds for the average game length
that are close to (k0I0)2.

2 Notations

In the following, the symbols k and I indicate variables. Actual values of these
variables are indicated by subscripting them: for example, k0 and I0 denote
the initial number of players and the initial amount of capital of each player,
respectively, at the start of the 0th epoch. Thus, we consider (k0, I0)-games
throughout this paper.

All possible histories of the (k0, I0)-game are represented by a, possibly in-
finite, directed tree T0. Every directed edge of T0 represents the outcome of a
throw with a fair k-side coin, and hence the winner, at the corresponding round
of the game. Therefore, a path from the root to a vertex v of T0 represents a
sequence of winners of the game. Such a path is called a game path. We can label
v with the sequence of outcomes leading up to it.
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(a) k0 vs. game length (I0 = 10) (b) I0 vs. game length (k0 = 10)

These two figures show the results of our experiments on the relation between the
average game length and (a) the number of players (k0), and (b) each player’s initial
capital (I0). For each parameter setting, we run the game 1000 times and take the
average. Lines indicate (a) length = 160k2

0, and (b) length = 130I2
0 .

Fig. 1. The Average Game Length

With every vertex v of T0, we naturally associate a wealth vector (w1, ..., wk)
that represents the capital of each player at (the game configuration correspond-
ing to) v. A player becomes bankrupt at v when his capital decreases below 1/k
for the first time, where k is the number of alive players just before v. It may
be the case that a bankrupt player i still possesses some w units; but when
computing a wealth vector, bankrupt player’s capital wi is set to 0 while his
remaining wealth w is equally distributed among the remaining players. We use
w(v) to denote the wealth vector associated with v and k(v) to denote the num-
ber of players alive at v. Note that v has k(v) outgoing edges. (In some rare
situation where there are more than one players whose capital is just below 1/k,
the notion of bankrupt players may change depending on the order of determin-
ing bankruptcy because the capital of bankrupt players is distributed among
remaining players. According to our game rule, the bankruptcies are handled
from players with smaller indices first.)

With every vertex v of T0, we associate the probability of reaching v as the
probability that the sequence of winners specifies the game path τ from the root
to v. Let P (v) denote this probability. The probability that some event occurs in
the game is formally specified as the sum of P (v) for all v comprising the event.

In our analysis we sometimes consider a subtree of the game tree T0 rooted
at some vertex v of T0, which we denote by Tv. This subtree Tv represents a
partial game stating from (the game configuration corresponding to) v. For a
vertex u of Tv, we use Pv(u) to denote the probability of reaching to u in this
partial game, the probability that the partial game path from v to u occurs in
the game.

Finally, let us state a formula computing the capital of each player after t
rounds. Consider a t round execution of the (partial) game (starting from some
vertex v). We assume that no player went bankrupt during the execution, and let
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k denote the number of participating players. For an alive player i, let si denote
the number of times that the player i wins during the t round execution, and let
wi and w′

i be respectively the player i’s capital before and after the execution.
Then we have the following relation.

w′
i = wi + si − t/k. (1)

3 Upper Bound Analysis

We consider a (k0, I0)-game for sufficiently large I0. Let W0 = k0I0, i.e., the
total amount of capital, which is fixed throughout the game. From the evidence
supplied by our experiments, we can conjecture that the expected length of the
game is proportional to W 2

0 . This we cannot quite prove, but we show that
the expected length of the game is O(W 2

0 ln ln k0). We start by estimating the
number of rounds that is sufficient to have someone go bankrupt from a given
game configuration. More specifically, we prove the following lemma.

Lemma 1. Let v be a vertex of the game tree T0, and let k = k(v), the number
of players alive at v. For t ≥ 1, define Pone(v, t) be the probability that no player
gets bankrupt during a t round execution of the partial game starting from v.
Then for every positive integer r, we have

Pone

(
v,

rc0W0

(k − 1) ln k

)
< 2−r.

Where c0 is defined by c0 = 3c′
0 with some integer c′

0 such that (0.993)
c′
0 < 1/2.

For example, we may choose c0 = 200.

Proof. Let v and k be a vertex of the game tree T0 and k(v) respectively. For a
given t, consider the partial game tree Tv,t under v of depth t, which represents
the t round partial game starting from v. (The tree may have some path that
terminates earlier than the tth round.) Let X be the set of leaves x of Tv,t
with k(x) = k, that is, no player gets bankrupt from v to x. Then Pone(v, t) is
defined formally as Pv(X) (=

∑
x∈X Pv(x)). We will bound this Pone(v, t) for

t = rc0W0/((k − 1) ln k).
However, instead of considering the partial game tree Tv,t0 , we first analyze

a similar but much simpler tree obtained by considering a modified game. In
the modified game, which we call a pseudo game, no one gets bankrupt; that
is, even a player with a negative capital still participates in the game. Let T̃
denote the game tree of depth t for this pseudo game starting from (the game
configuration corresponding to) v. Notice that this tree is k-regular, i.e., every
vertex of the tree has k outgoing edges and that it has kt leaves. For a vertex x
in the tree, we define P̃v(x) to be the probability of reaching to x in the pseudo
game from v. (P̃v(x) is simply k−t′ , where t′ is the number of rounds from v to
x.) Let X̃ be the set of leaves x of T̃ whose wealth vector w(x) has a negative
element, that is, there exists some player with a negative capital at x. We define



On a Generalized Ruin Problem 185

Q̃one(v, t) = P̃v(X̃) (= ‖X̃‖/kt), that is, the probability that a leaf of T̃ has a
player with a negative capital. For this Q̃one(v, t), it is easy to prove the following
bound.

Claim.

Q̃one

(
v,

3W 2
0

(k − 1) ln k

)
> 0.007.

Proof. We consider the partial game tree T̃ of depth t0 = 3W 2
0 /((k − 1) ln k).

Let I be the set of players whose capital at v is at most twice the average, i.e.,
I = {i | wi ≤ 2W0/k} where wi denotes the capital of the player i at v. It is
easy to see that |I| ≥ k/2 since if not, there would be too many rich players.

We first show that, for a player i in I, the probability that the player i’s
capital becomes negative at a leaf of T̃ is Ω(1/k).

Since no one gets bankrupt in a pseudo game, we can use the formula (1) for
computing i’s capital at every vertex in T̃ . Thus, we have

si < t0/k − 2W0/k ⇔ 0 > 2W0/k + si − t0/k
⇒ 0 > wi + si − t0/k

⇒ the player i has a negative capital at a leaf of T̃ ,
where si is the number of times that the player i wins during a t0 round execution
of the game.

Since the probability that each player wins in the game is always 1/k, si
follows the binomial distribution with mean µ = t0/k and variance σ2 = t0(k −
1)/k2 (= 3W 2

0 /(k
2 ln k)). Thus, the probability that si < t0/k − 2W0/k is esti-

mated as follows.

Pr
{

si <
t0
k
− 2W0

k

}
≥ Pr

{
si <

t0
k
−
√

3W 2
0

k2 ln k
· (3/2) ln k

}

= Pr
{

si < µ− σ
√
(3/2) ln k

}

=
1√
2π

∫ −
√
(3/2) ln k

−∞
e−z2/2dz

≥ 1√
2π

e−(3/4) ln k · 1√
(3/2) ln k

(
1− 1

(3/2) ln k

)

≥ 0.015
k

.

Here we used the approximation by the normal distribution, which holds if t0 =
3W 2

0 /((k − 1) ln k) is sufficiently large.
Note that, the probability that a player has a positive capital at the leaf level

decreases under the condition that some other players have a positive capital.
Hence, for probability that given players have a positive capital at a leaf of T̃ ,
we have, for example, that Pr{both i1 and i2 are positive} ≤ Pr{i1 is positive}
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× Pr{i2 is positive}. By using this, the probability that a leaf of T̃ has a player
with a negative capital is bounded as follows.

Q̃one(v, t0) ≥ Pr
{
∃i ∈ I [the player i has a negative capital at a leaf of T̃ ]

}
= 1− Pr

{
∀i ∈ I [the player i has a positive capital at a leaf of T̃ ]

}
≥ 1−

∏
i∈I

Pr
{
the player i has a positive capital at a leaf of T̃

}

≥ 1−
(
1−

(
0.015
k

))k/2
> 0.007.

This completes the proof of the claim. ��
We continue the proof of Lemma 1. Let v and k be a vertex of the game

tree T0 and k(v) respectively. First for t0 = 3W 2
0 /((k − 1) ln k), we consider the

partial game tree Tv,t0 under v of depth t0, and let X ′ be the set of vertices x in
Tv,t0 such that someone gets bankrupt at x for the first time in the partial game
from v. We argue that Pv(X ′) > 0.007.

Consider again the pseudo game tree T̃ from v of depth t0. As before, let X̃
be the set of leaves x of T̃ that has some player with a negative capital. For every
x ∈ X̃, we can find a vertex x′ on a path from v to x such that some player’s
capital gets smaller than 1/k for the first time from v on the path. Let X̃ ′ be the
set of such vertices. Notice that X̃ ′ covers all paths from v to some leaf x ∈ X̃;
that is, for every path from v to some leaf x ∈ X̃, there exists some x′ in X̃ ′

on the path. Thus, P̃v(X̃ ′) ≥ P̃v(X̃). Note also that for every x ∈ X̃ ′, no one
gets bankrupt in the original game from v to the vertex before x. This means
that there is no difference between the original and pseudo game on the game
path from v to x. Hence, we have X ′ = X̃ ′, and furthermore, Pv(X ′) = P̃v(X̃ ′).
Therefore, we have Pv(X ′) = P̃v(X̃ ′) ≥ P̃v(X̃) = Q̃one(v, t0) > 0.007, by Claim 3.

Consider the partial game tree Tv,t0 again. Let X1 be the set of leaves x of
Tv,t0 such that no one gets bankrupt from v to x. Clearly, a leaf x of Tv,t0 is in X1
if and only if it has no ancestor vertex inX ′. Thus, Pv(X1) = 1−Pv(X ′) < 0.993.
Now for a vertex x in X1, we consider the partial game tree Tx,t0 of depth t0
starting from x. Then by the same argument, we have Px(X1,x) < 0.993, where
X1,x is the set of leaves y of Tx,t0 such that no one gets bankrupt from x to
y. Thus, we have Pv(X2) < (0.993)2, where X2 is defined as X2 = ∪x∈X1X1,x.
Note that X2 is the set of leaves x in the partial game tree Tv,2t0 such that no
one gets bankrupt from v to x. Similarly, for j ≥ 1, we have Pv(Xj) < (0.993)j ,
where Xj is the set of vertices x in the partial game tree Tv,jt0 such that no
one gets bankrupt from v to x. Here recall that rc′

0t0 = rc0W
2
0 /((k − 1) ln k);

thus, Pv(Xrc′
0
) is Pone(v, rc0W 2

0 /((k − 1) ln k)), the probability that we want to
bound. On the other hand, we have Pv(Xrc′

0
) < (0.993)rc

′
0 and (0.993)c

′
0 < 1/2

from our choice of c′
0, we have the bound of the lemma. ��

From this lemma, we can easily derive our upper bound for the expected
total number of rounds of a (k0, I0)-game. For every k, 2 ≤ k ≤ k0, let Tk be the
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random variable denoting the number of rounds executed in the (k0−k)th epoch
of the game, i.e., the period from the round when the number of players becomes
k to the round when the number of players becomes k − 1. Then the expected
total rounds of (k0, I0)-game is computed as Exp(Tk0 + Tk0−1 + · · ·+ T2). From
the above lemma, we have the following upper bound.

Theorem 2. For c0 as above and k, 2 ≤ k ≤ k0, we have Exp(Tk) ≤ 2c0W 2
0 /

((k − 1) ln k). Therefore, we have

The average length of (k0, I0)-game

= Exp(Tk0 + Tk0−1 + · · ·+ T2) ≤ 2c0W 2
0

(
k0∑
k=2

1
(k − 1) ln k

)

≤ 2c0W 2
0 ln ln k0.

Proof. Consider k, 2 ≤ k ≤ k0. In Lemma 1, we showed that
Pone(v, rc0W 2

0 /((k − 1) ln k)) < 2−r for every integer r ≥ 1, which means that
the probability that Tk > rc0W

2
0 /((k− 1) ln k) is less than 2−r for every integer

r ≥ 1. Thus,

Exp(Tk) ≤ c0W
2
0

(k − 1) ln k
· (1 · 2−1 + 2 · 2−2 + 3 · 2−3 + · · ·) =

2c0W 2
0

(k − 1) ln k
.

��
In order to see how the total rounds of (k0, I0)-game is distributed around

its average, let us consider a set of random variables T̂k, 2 ≤ k ≤ k0, that are
mutually independent and each T̂k takes the value rc0W

2
0 /((k−1) ln k) with the

probability 2−r for each integer r ≥ 1. Let T̂ =
∑k0
k=2 T̂k. Intuitively, we may

consider that T̂ bounds the total rounds of the game. In fact, the average of T̂ is
bounded in the same way as Theorem 2; that is, Exp(T̂ ) ≤ 2c0W 2

0 ln ln k0. For
this T̂ , we can easily compute its variance in the following way.

Var(T̂ ) = Var

(
k0∑
k=2

T̂k

)
=

k0∑
k=2

(
Exp(T̂ 2k )− Exp(T̂k)2

)

=
k0∑
k=2

(
6 ·
(

c0W
2
0

(k − 1) ln k

)2
− 4 ·

(
c0W

2
0

(k − 1) ln k

)2)

≤ 2(c0W 2
0 )
2 ·

∞∑
k=1

1
k2
≤ d0(c0W 2

0 )
2.

Thus, the probability that T̂ is much larger than its estimated upper bound,
say, larger than 3c0W 2

0 ln ln k0 (for sufficiently large W0), is very small. We be-
lieve the situation is the same for the actual total rounds of (k0, I0)-game. Un-
fortunately, though, what we have been able to prove formally is the following
probability bound.
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Theorem 3. For every integer r ≥ 1, the probability that the total rounds of
(k0, I0)-game exceeds rc0W

2
0 ln k0 ln ln k0 is less than 2−r.

Proof. If the total rounds of the game exceeds rc0W
2
0 ln k0 ln ln k0, then there

exists some k, 2 ≤ k ≤ k0, for which we have Tk > (r ln k0)c0W 2
0 /((k − 1) ln k).

On the other hand, by Lemma 1, the probability that Tk > (r ln k0)c0W 2
0 /((k−

1) ln k) holds is less than 2−r/k0. Thus, the probability that such an event occurs
for some k, 2 ≤ k ≤ k0, is less than 2−r. ��

4 Lower Bound Analysis

Here again we consider (k0, I0)-game for sufficiently large I0, and let W0 = k0I0,
i.e., the total amount of capital. We will show that the expected game length is
Ω(W 2

0 / logW0). More specifically, we will show that, for every integer r ≥ 1, the
probability that the game terminates within c1W

2
0 /(2r log k0+2 logW0) rounds

is smaller than 2−r.
We first consider the game with two players.

Lemma 4. Consider (2, I)-game, the game with two players each having I units
as its initial capital. Then for every r ≥ 1, we have

Pr
{
the length of the game ≤ 2I2

3 ln 2
· 1
r + 2 log I + 2

}
≤ 2−r.

Proof. For t ≥ 1, suppose that the game terminates at the tth round. This
implies that |s1 − t/2| ≥ I; i.e., we have either s1 − t/2 ≤ −I or s1 − t/2 ≥ I,
where s1 is the number of rounds where the player 1 wins. On the other hand,
note that t/2 is the expectation of s1. Hence, the Chernoff bound gives us the
following bound.

Pr { |s1 − t/2| ≥ I } ≤ 2e− 2I2
3t .

Now we analyze the probability of the event E1 that the game terminates
within t1 = 2I2/{(3 ln 2)(r+2 log I+2)} steps. Note that the event implies that
|s1 − t/2| ≥ I holds for some t, 1 ≤ t ≤ t1. Thus, Pr{E1} is bounded as follows,
which proves the lemma.

Pr{E1} ≤
t1∑
t=1

Pr { |s1 − t/2| ≥ I } ≤
t1∑
t=1

2e− 2I2
3t

≤ t1 · 2e− 2I2
3t1 = t1 · 2

−r

2I2
≤ 2−r.

��
By using this lemma, we can show the following probabilistic lower bound

for the length of (k0, I0)-game.

Theorem 5. For r ≥ 1, the probability that a (k0, I0)-game terminates within
c1W

2
0 /(2r log k0 + 2 logW0) rounds is less than 2−r, where c1 = 1/(6 ln 2).
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Proof. For r ≥ 1, let t′1 = c1W
2
0 /(2r log k0+2 logW0). Consider the game tree T0

and the set V of its leaves v at depth ≤ t′1; that is, each of such leaves correspond
to some execution of the game that terminates within t′1 rounds. We would like
to show that P (V ) ≤ 2−r. For this, we fix some i0 and i1, and focus on the set
U of leaves v ∈ V such that the players i0 and i1 are the last two players. Since
there are

(
k0
2

)
< k20 choices of pairs, we have P (V ) < k20P (U). Thus, to get the

desired bound, it is enough to show that P (U) ≤ 1/(k202
r).

Consider some leaf v in U , and let τ be a winner sequence, the sequence of
winners in the game path from the root to v. By removing winners other than
i0 and i1 from τ , we obtain a winner sequence τ ′, which is a winner sequence for
the game with two players. In fact, it is easy to show that τ ′ defines a game path
for (2, (k0I0)/2)-game that terminates at v. Note that the same τ ′ is obtained
from some other v′ ∈ U . Let U ′ ⊆ U be the set of such leaves. It is also easy to
see that the probability of the winner sequence τ ′ occurs in the two player game
(which is 2−|τ ′|) is the same as the probability of U ′ in T0. Hence we have

Pr(U) ≤ Pr{ (2, (k0I0)/2)-game terminates within t′1 rounds }.
Here note that

t′1 =
c1W

2
0

2r log k0 + 2 logW0
=

(k0I0)2

(6 ln 2)(2r log k0 + 2 log(k0I0/2) + 2)

=
2(k0I0/2)2

3 ln 2
· 1
2r log k0 + 2 log(k0I0/2) + 2

.

Thus, by using Lemma 4, the probability that a (2, (k0I0)/2)-game terminates
within t′1 rounds is at most 2

−2r log k0 = 2−r/k20, which gives us the desired bound
for P (U). ��

5 Concluding Remarks

The “ruin” game studied here is defined based on the neural network training
rule proposed in [vdM73]. But one can consider similar constrained games. For
example, we may consider the following variation of the game: at each round,
(1) every player (of the remaining k players) must pay 1 unit as a game fee at
the beginning of the round, and (2) the winner of the round takes all these k
units. This rule seems more natural (as a game) since we do not need to worry
about noninteger units.

It seems like the game does not change so much by this change. In fact,
we have similar experimental results on the length of the game under this new
rule (Figure 2). When analyzing the game length more carefully, however, we
would soon notice the difference. In the original game, each player’s capital
changes relatively smoothly when the number of players is large, whereas under
the new game rule, it changes drastically when the number of players is large.
This difference leads several differences in the behavior of two types of game.
For example, as shown in Figure 3, the length of the 0th epoch differs between
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The relation between the average game length and (a) the number of players (k0), and
(b) each player’s initial capital (I0). For each parameter setting, we run the game 1000
times and take the average. Lines indicate (a) length = 25k2

0, and (b) length = 26I2
0 .

Fig. 2. The Average Game Length of the New Monopolist Game
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The relation between the average length of the 0th epoch and the number of players
k0 in (a) the original game, and (b) in the new game. For each parameter setting, we
run the game 1000 times and take the average. Lines indicate (a) length = 58k0+900,
and (b) length = 13600/(k0 ln k0).

Fig. 3. The Average Length of the 0th Stage

two games. What is more important for our analysis is the fact that the length
of the last epoch dominates the total game length under the new game rule.
Thus, the analysis for the two player case, which is for the simple ruin problem,
is sufficient for the new game rule. On the other hand, what makes our analysis
a bit more difficult is that we had to consider all epochs in the analysis of the
original game.

Acknowledgments

K. Amano and O. Watanabe were partially supported by a Grant-in-Aid for
Scientific Research on Priority Areas “Discovery Science” from the Ministry of



On a Generalized Ruin Problem 191

Education, Science, Sports and Culture of Japan. The work of J. Tromp and
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On the b-Partite Random Asymmetric Traveling
Salesman Problem and Its Assignment

Relaxation
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Abstract. We study the relationship between the value of optimal so-
lutions to the random asymmetric b-partite traveling salesman problem
and its assignment relaxation. In particular we prove that given a bn×bn
weight matrix W = (wij) such that each finite entry has probability pn

of being zero, the optimal values bATSP (W ) and AP (W ) are equal (al-
most surely), whenever npn tends to infinity with n. On the other hand,
if npn tends to some constant c then P[bATSP (W ) �= AP (W )] > ε > 0,
and for npn → 0, P[bATSP (W ) �= AP (W )] → 1 (a.s.). This general-
izes results of Frieze, Karp and Reed (1995) for the ordinary asymmetric
TSP.

Keywords: Asymmetric b-partite TSP, Assignment Problem

1 Introduction

The b-partite TSP is a variant of the traveling salesman problem with natural
applications in robotics [2],[6]. For a given integer b ≥ 2 we consider a graph
G = (V,E) whose vertices are partitioned into b distinct sets V1, . . . , Vb of equal
size. Each edge e ∈ E is assigned a non-negative weight we which is finite if
and only if e connects a vertex v ∈ Vi to a vertex v′ ∈ Vi+1, i ∈ {1, . . . , b}
(Vb+1 := V1). The aim is to find a Hamiltonian cycle C such that

∑
e∈E(C) we

is minimum. A straight-forward reduction proves that the b-partite TSP is no
easier than the TSP. In particular, the asymmetric b-partite TSP, where G is
interchanged with a b-partite digraph, does not allow for any constant factor
approximation in polynomial time, unless P = NP . However, this hardness
result applies in the worst case only. There is a very simple polynomially solvable
relaxation called the assignment problem which can be exploited to obtain near
optimal tours on average. Balas and Toth [5] carried out 400 computational
experiments where they solved both the TSP and its assignment relaxation for
problems with 50 ≤ n ≤ 250 vertices and edge weights drawn independently from
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a uniform distribution of the integers over the intervals [1, 100] and [1, 1000]. As
the outcome of these experiments the average weight of the assignment was
found to be 99.2% of the average optimal TSP tour length. Miller and Pekny
[7] managed to obtain optimal solutions to random TSP instances on up to
500,000 vertices by scanning the optimal solutions of the assignment problem for
a cyclic permutation. Frieze, Karp and Reed [3] confirmed these observations in a
probabilistic analysis. In this paper we turn to the analysis of b-partite random
instances. Denote by AP(W ) and bATSP(W ) the optimal values of solutions
to the assignment problem and the b-partite TSP, respectively, specified by a
bn × bn weight matrix W and let I :=

⋃n
i=1 Vi × Vi+1 ∪

⋃n
i=1 Vi+1 × Vi be the

set of indices for which the entries of W are finite. We will prove the following
results.

Theorem 1. Let (Zn) be a sequence of random variables over the nonnegative
reals and let α ≥ 0. Let W = (wij) be a bn × bn matrix such that wij = ∞
for (i, j) /∈ I and wij is drawn independently from the same distribution as Zn

for (i, j) ∈ I. If pn := P[Zn ≤ αAP(W )
bn ] satisfies n · pn → ∞ as n → ∞ then

bATSP(W ) ≤ (1 + α)AP(W ) almost surely.

Corollary 1. Let (Zn) be a sequence of random variables over the nonnegative
reals and let pn := P[Zn = 0]. Let W = (wij) be a bn × bn matrix such that
wij =∞ for (i, j) /∈ I and wij is drawn independently from the same distribution
as Zn for (i, j) ∈ I. If n · pn →∞ as n→∞ then bATSP(W ) =AP(W ) (a.s.).

Theorem 2. Let W = (wij) be a bn × bn-matrix where, for (i, j) ∈ I, wij

is independently and uniformly drawn from {0, 1, . . . , �cn�} and wij = ∞ for
(i, j) /∈ I.

(a) P[AP(W ) = bATSP(W )] −→ 0 as n→∞, if c ∈ R>0.
(b) P[AP(W ) = bATSP(W )] −→ 1 as n→∞, if c n→∞−−−−→ ∞.

Theorem 1 shows the approximation behavior of the assignment relaxation.
Corollary 1 and Theorem 2 are generalizations of two theorems of Frieze, Karp
and Reed [3] for the ordinary asymmetric TSP. Our proof is based on two ob-
servations:

– the number of light edges is large, since npn →∞.
– the weights are independently and identically distributed, hence an optimal

assignment may be viewed as consisting of b random bijections (in the case
of the ordinary TSP one random permutation suffices) which induce only
O(log n) cycles (a.s.).

We will show how to construct a (near) optimal assignment with a small number
of cycles and how to combine these into a tour via light edges. While Frieze,
Karp and Reed may rely on known facts about random permutations, we have
to establish similar results for unions of b random bijections.



194 Andreas Baltz, Tomasz Schoen, and Anand Srivastav

2 Preliminaries

As a tool from probability theory the following two large deviation inequalities
of Angluin and Valiant [1] will be useful. Note that, for small expectations,
Theorem 3 is stronger than the standard Chernoff-bound.

Theorem 3 (Angluin-Valiant). Let X1, . . . , Xn be independent random vari-
ables with 0 ≤ Xi ≤ 1 for all i and set X :=

∑n
i=1Xi. Then for every 0 < β ≤ 1:

(i) P[X > (1 + β)E[X]] ≤ e− β2
E[X]
3 , (ii) P[X < (1− β)E[X]] ≤ e− β2

E[X]
2 .

Moreover we will need the following theorem of Walkup [8].

Theorem 4 (Walkup). Let P (n, d) be the probability of a matching in a graph
selected uniformly from the class G(n, d) of directed bipartite graphs with n nodes
in each class and outward degree d at each node. Then P (n, 1) ≤ 3n1/2(2/e)n,
1− P (n, 2) ≤ 1/5n, 1− P (n, d) ≤ 1

122 (d/n)
(d+1)(d−2). In particular P (n, 1)→ 0

but P (n, 2)→ 1 as n→∞.

For a directed graph G = (V,E), V = {1, . . . , t}, E ⊆ V × V , with weight
function w : E → R≥0 we define an associated bipartite graph G′ = (V ′, E′)
as V ′ = {x1, . . . , xt, y1, . . . , yt}, {xi, yj} ∈ E′ ⇔ (i, j) ∈ E with edge weights
w′({xi, yj}) := w(i, j). Since any Hamiltonian cycle in G corresponds to a perfect
matching in G′, whereas each perfect matching in G′ corresponds to a cycle
cover of G, we see that the assignment problem (AP) of finding a minimum
weight perfect matching in G′ is a relaxation of the (b-partite) asymmetric TSP.
An instance on n vertices of the above problems for the ordinary case can be
specified by an n× n matrix W = (wij), where wij represents the weight of the
edges (i, j) ∈ E and {xi, yj} ∈ E′, respectively. In the b-partite case we view
the digraph G as joining sets Vi := {(i − 1) · n + 1, . . . , i · n}, i ∈ {1, . . . , b},
where Vi is connected to Vi−1 and Vi+1 (V0 := Vb, Vb+1 := V1). We forbid other
than these edges by defining the entries wij of our bn × bn weight matrix W
as being ∞ for (i, j) ∈ V 2 \ (Vi × Vi+1 ∪ Vi+1 × Vi). Recall that AP(W ) and
bATSP(W ) denote the optimal values of solutions to instances specified by W
and I :=

⋃n
i=1 Vi×Vi+1∪

⋃n
i=1 Vi+1×Vi is the set of indices for which the entries

of W are finite.

3 Proofs

We will give a detailed proof of Theorem 1 and a brief proof sketch of Theorem
2. Complete proofs will appear in the full version of this paper.
Proof of Theorem 1. Let G denote the complete digraph on V with edge-weights
given by W . We will use the abbreviation β := αAP(W )

bn and distinguish between
“light” and “heavy” edges depending on whether or not their weights exceed β.
Consider for each (i, j) ∈ I an indicator variable

zij :=

{
1, wij ≤ β

0 otherwise.
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The zij are independent, and each zij is equal to 1 with probability p := pn. The
light edges indicated by the zij are crucial for our construction. Note that once
we observed the weight of an edge it may no longer be considered random. To
make our construction work we thus have to be careful not to observe too many
light edges too early. Therefore we decompose the graph induced by the zij into
separate random subgraphs we can consider independently of each other. For
the sake of this, let h ∈ R>0 be such that (1−h)5 = 1−p. For all k ∈ {1, . . . , 5},
(i, j) ∈ I let zkij be independent indicator random variables satisfying P[zkij =
1] = h and define ẑij := max

{
zkij | k ∈ {1, . . . , 5}

}
. Then the ẑij are independent

and P[ẑij = 1] = 1 − P[ẑij = 0] = 1 − ∏5
k=1 P[zkij = 0] = 1 − (1 − h)5 = p.

So we can identify zij with ẑij and view the zij as being generated by the
above construction. For k ∈ {1, . . . , 5} let Gk be a digraph on {1, . . . , bn} with
(i, j) ∈ E(Gk) ⇔ (i, j) ∈ I and zkij = 1. We call the edges of G3, G4, and G5
out-, in-, and patch-edges respectively. Let D := (X ∪ Y, F ), X = {x1, . . . , xbn},
Y = {y1, . . . , ybn} be a bipartite digraph where

F := {(xi, yj) | {xi, yj} ∈ E(G′
1)} ∪ {(yi, xj) | {yi, xj} ∈ E(G′

2)}.
The random graphs D, G3, G4, G5 are completely independent. For v ∈ X ∪ Y
we denote by N+(v) := {w ∈ X ∪ Y | (v, w) ∈ F} the set of “out-neighbors” of
v, and we call deg+(v) := |N+(v)| the “out-degree” of v. Then δ := nh is the
expected out-degree of each vertex in Gi, i ∈ {1, . . . , 5}.

Our first aim is to cover those vertices by a minimum weight perfect matching
that are likely to be incident with an edge of nonzero weight in an optimal
assignment for G′. Clearly, the vertices of small out-degree in D are candidates
for this “troublesome” set T ′ ⊆ X ∪ Y . Therefore we put T ′

−1 := {v ∈ X ∪
Y | deg+(v) ≤ δ/2}, determine a minimum-weight matching M0 in G′ that
covers T ′

−1, and set T ′
0 :=

⋃
M0. We also consider vertices as troublesome if many

of their neighboring edges have been observed. Hence we proceed to construct
T ′ inductively as follows: for i ≥ 1 we choose v ∈ X ∪ Y \ T ′

i−1 such that
|N+(v) ∩ T ′

i−1| ≥ δ/4 and we let Mi be a minimum-weight matching (in G′)
covering T ′

i−1 ∪ {v}. Since T ′
i−1 is the vertex set of a matching there is a vertex

w ∈ X ∪ Y \ (T ′
i−1 ∪ {v}) covered by Mi, and we can define T ′

i := T ′
i−1 ∪ {v, w}.

Our construction terminates after r steps with a set T ′ := T ′
r and a perfect

matching M := Mr in G|T ′ , the subgraph of G induced by T ′.

Lemma 1. |T ′| ≤ 3ne−δ/8 (a.s.).

Proof. Let us assume that we have already shown the following two claims:

– Claim 1: |T ′
−1| ≤ ne−δ/8

– Claim 2: For S ⊆ X ∪ Y with |S| ≤ 3ne−δ/8 we have

| (E(G′
1) ∪ E(G′

2)) ∩ P2(S)| < 2|S| (a.s.).
Then |T ′

0| ≤ 2|T ′
−1| ≤ 2ne−δ/8 by Claim 1. By construction of T ′

i we have for
each i ∈ N≤r: |T ′

i | = |T ′
0|+ 2i and | (E(G′

1) ∪ E(G′
2)) ∩ P2(T ′

i )| ≥ iδ/4. Assume



196 Andreas Baltz, Tomasz Schoen, and Anand Srivastav

for a contradiction that |T ′| > 3ne−δ/8. It follows that |T ′ \ T ′
0| > ne−δ/8, so

r ≥ r0 :=
⌊
ne−δ/8/2

⌋
. But now, |T ′

r0 | ≤ 2ne−δ/8 + ne−δ/8 = 3ne−δ/8 and
| (E(G′

1) ∪ E(G′
2))∩P(T ′

r0)| ≥ r0δ/4 = Ω(δne−δ/8) > 6ne−δ/8 for n large (since
δ = nh grows with n) ≥ 2|T ′

r0 |, which contradicts Claim 2.
For a proof of Claim 1 let v ∈ X ∪ Y . We have

P[deg+(v) ≤ δ/2] = P[δ − deg+(v) ≥ δ/2] = P[eδ−deg+(v) ≥ eδ/2].

By Markov’s inequality, P[eδ−deg+(v) ≥ eδ/2] ≤ eδ/2 ·E[e− ∑2
i=n+1 nz1

1i ] (assuming
w.l.o.g. that v corresponds to vertex 1 in G1). Hence

P[deg+(v) ≤ δ/2] ≤ eδ/2
2∏

i=n+1

nE[e−z1
1i ] = eδ/2

(
(1− h) + h · e−1)n

= eδ/2
(
1 +

δ(e−1 − 1)
n

)n

≤ eδ/2eδ(e
−1−1) = eδ(1/e−1/2),

since δ = hn and
(
1 + a

n

)n ≤ ea for all a ∈ R. Hence E[|T−1|] ≤ 2bneδ(1/e−1/2)

and P [|T−1| > ne−δ/8] ≤ E[|T−1|]
ne−δ/8 ≤ 2beδ(1/e−1/2+1/8) = O(e− δ

141 ) n→∞−−−−→ 0.
Turning to Claim 2, let S ⊆ X ∪ Y with |S| ≤ 3ne−δ/8 and let Z abbreviate

| (E(G′
1) ∪ E(G′

2)) ∩ P2(S)|. Then E[Z] <
(|S|

2

)
· 2h < |S|2h and

P [Z ≥ 2|S|] < |S|
2h

2|S| = |S|h/2 ≤ 3
2
nhe−δ/8 =

3
2
δe−δ/8 =

3
2
eln δ−δ/8 n→∞−−−−→ 0.

��
Let T ′

X := T ′ ∩ X, T ′
Y := T ′ ∩ Y be the subsets of troublesome vertices in

the partition classes X and Y , and consider the subgraph of D induced by
(X \ T ′

X) ∪ (Y \ T ′
Y ). We claim that this subgraph contains a perfect matching

M̂ (a.s.). Since all edges in D are light, we obtain an assignment of weight ≤
AP(W ) + |M̂ | · β ≤ (1 + α)·AP(W ) by combining M and M̂ .

Lemma 2. D|(X\T ′
X

)∪(Y \T ′
Y

)
contains a perfect matching M̂ (a.s.).

Proof. By construction of T ′, for every i ∈ {1, . . . , b} each x ∈ {xj | j ∈ Vi}\T ′
X

has at least δ/4 out-neighbors in {yj | j ∈ Vi+1}\T ′
Y . Moreover, these neighbors

can be considered as being chosen independently at random. Clearly, similar
statements hold for the y ∈ Y \ T ′

Y . By Theorem 4, D|{xj | j∈Ci}∪{yj | j∈Ci+1}

contains a perfect matching M̂i. Hence M̂ :=
⋃b

i=1 M̂i is a perfect matching in
D|(X\T ′

X
)∪(Y \T ′

Y
)
. ��

Our next aim is to show that the subgraph of G corresponding to M ∪ M̂
contains only few cycles and is thus not too far away from a salesman tour. In
G the matching M ∪ M̂ corresponds to a set σ of pairs ∈ V 2 which we can
view as a mapping on V . We claim that σ can be considered as the union of b
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random bijections σi : Vi → Vi+1. To see this, we define the equivalence class
[W ] of a matrix W to consist of all matrices obtained by (repeatedly) permuting
the n columns of W indicated by any Vi. Since the probability that W has
two identical columns is negligibly small we can assume that [W ] is a set of
(n!)b distinct and equally likely matrices Wπ = (wπ

ij), where π =
⋃b

i=1 πi for
permutations πi : Vi → Vi, i ∈ {1, . . . , b}, and wπ

ij := wiπ(j). If σ is an assignment
for W obtained by the above algorithm then π−1◦σ is an assignment of the same
weight for Wπ. Clearly, σi := π−1

i+1◦σ|Vi
ranges over all bijections Vi → Vi+1 if πi

ranges over all permutations. Hence it only remains to show that we can assume
that π ◦ σ is constructed by the above algorithm for Wπ.For this we slightly
alter the procedure in the following way: for each i ∈ {1, . . . , b} we permute the
columns of W indicated by Vi into lexicographic order, perform the described
steps on the ordered matrix to construct T ′

X , T ′
Y and σ, and permute back. Now

we are ready to prove the following.
Claim 3:

(a) σ has at most 2 lnn cycles (a.s.),
(b) for all k ∈ {1, . . . , n} there are less than (np)k cycles of length bk (a.s.),
(c) there are at most n

3√np vertices on cycles of length at most b
√

n/p (a.s.).

Proof. (a) σ can be seen as the union of b random bijections σi : Vi → Vi+1
generated by a succession of bn decisions: first we choose σ1(1); next we select
σ2(σ1(1)) up to σb(σb−1(. . . (σ1(1)) . . . )); if σb(. . . (σ1(1)) . . . ) = 1 we proceed
by choosing σ1(σb(. . . (σ1(1)) . . . )), otherwise we select σ1(2) and continue with
σ2(σ1(2)), and so forth. In each bth step we have the chance of completing a
cycle. Let

Ji :=

{
1, if a cycle is completed in step bi,

0 otherwise.

The Ji, i ∈ {1, . . . , n}, are independent random variables with P[Ji = 1] =
1/(n − i + 1), P[Ji = 0] = 1 − 1/(n − i + 1), and

∑n
i=1 Ji counts the overall

number of cycles in σ. Hence we have

E[# cycles in σ] = E

[
n∑

i=1

Ji

]
=

n∑
i=1

P[Ji = 1] =
n∑

i=1

1
n− i+ 1

=
n∑

i=1

1
i
= (1 + o(1)) lnn.

Using the first Angluin-Valiant inequality we conclude

P[# cycles in σ > 2 lnn] = O(e− lnn/3) n→∞−−−−→ 0.

(b) Let k ∈ {1, . . . , n}. For each cycle γ of length bk let

Jγ :=

{
1, if γ ⊆ σ,

0 otherwise.
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We have

E[# cycles of length bk in σ] = E

[∑
γ

Jγ

]

= (# cycles of length bk in I) · P[Jγ = 1]

=
(
n
k

)b

(k − 1)!k!b−1 · ((n− k)!)b

(n!)b
=

1
k
.

Markov’s inequality yields P[#cycles of length bk > (pn)k] ≤ 1
k(np)k

n→∞−−−−→ 0.
(c) Similar to (b) we calculate

E[# vertices on cycles of length ≤ b
√

n/p] =

√
n/p∑

k=1

1
k
· bk = b

√
n/p,

so, by Markov’s inequality, P[(c) is false] ≤ b
6√np

n→∞−−−−→ 0. ��

Let T := {i ∈ V | xi ∈ T ′ or yi ∈ T ′}, Tj := T ∩ Vj be the sets of troublesome
vertices in G. So far we did not consider the weight of any edge with both its
endpoints in V \ T . Hence each such edge still has the probability h of being an
out-, in-, or patch-edge. We will use these edges to eliminate the cycles of σ. To
succeed in this we have to make sure that no cycle has too many vertices in T .

Lemma 3. No cycle of σ has more than 1
20 of its vertices in T (a.s.).

Proof. By Lemma 1, |T | ≤ 3ne−δ/8 (a.s.), so t := |Ti| ≤ 3
bne

−δ/8 (a.s.) for all
i ∈ {1, . . . , b}. Let Z denote the number of cycles in σ with at least 1

20b of their
vertices in Ti. Similar to the proof of Claim 3 (b) we estimate E[Z] = o(1). ��
Let us start with eliminating “small” cycles of σ, i.e. cycles on less than b

√
n/p

vertices. Let C be a small cycle of length l in σ. We describe an algorithm for
removing C via the out- and in-edges. Once the in- or out-edges incident with a
vertex have been observed, they may no longer be considered random. Therefore
we mark such a vertex as “dirty”. At the beginning all vertices apart from those
in T are clean. Let rC , sC be two clean vertices from C forming an edge. W.l.o.g.
we can assume that this edge is directed from rC to sC . By a “near-cycle-cover”
we mean a digraph θ consisting of a directed path Pθ between two clean vertices
and a cycle cover extending over those vertices that are not on Pθ. We grow
a rooted tree with near-cycle-covers as nodes. As the root we take the near-
cycle-cover obtained by deleting (rC , sC) from (V,M ∪ M̂). The tree is grown as
follows: let θ be any node of the tree with path sθ → rθ. We consider out-edges
of the form (rθ, s) such that s and its predecessor r in θ are clean. (rθ, s) is
“successful” if either s lies on a cycle of length ≥ b

√
n/p or if s is on Pθ and the

paths sθ → r and s → rθ both have length ≥ b
√

n/p. For each successful edge
we create a successor of θ by removing (r, s) and inserting (rθ, s). s is marked
dirty immediately afterwards. When all successful edges have been considered rθ
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is marked dirty, too. We stop growing the tree when we have produced
√
n lnn

leaves. This construction implies that throughout the algorithm the starting
vertex of our paths stays the same, namely sC .
Claim 4. Provided that we marked at most o(n) vertices as dirty, we succeed
to produce a tree with

√
n lnn leaves, thereby marking at most O(

√
n lnn) ad-

ditional vertices as dirty (a.s.).

Proof. We have proved as Claim 3 (c) that the number of vertices on small
cycles is at most n

3√np (= o(n)). Since for each node θ in our tree the path in
the associated cycle cover ends in some clean vertex, we can view the number of
successors of θ as a random variable with binomial distribution B(n− o(n), h).
The marking steps in our algorithm ensure that paths belonging to distinct
nodes θ1, θ2 end in distinct vertices. Thus the corresponding random variables
are independent. Let Zt denote the number of nodes in the tth level of the tree,
and let δ̂ abbreviate (n− o(n))h. An easy induction shows that

P

[
Zt /∈ [δ̂t−1/2, 2δ̂t−1]

]
< 2

t−1∑
j=1

e− δ̂j

8 for t ≥ 2.

Let k ∈ N be such that δ̂k

2 ≥
√
n lnn ≥ δ̂k−1

2 . The probability that we fail to
produce

√
n lnn leaves is bounded by

P

[
Zk+1 /∈ [δ̂k/2, 2δ̂]

]
< 2

k+1∑
j=1

e− δ̂j

8 < 2
∞∑
j=1

e− δ̂j

8 =
2e−δ̂/8

1− e−δ̂8
= o(1).

��
Let θ1, . . . , θm denote the

√
n lnn leaves of the tree thus constructed. Each θj

is a near-cycle-cover containing a path which starts at the clean vertex sC and
ends at some vertex rθj

. We take each leaf θj as the root of a new tree Tθj
.

These trees Tθj are grown simultaneously in the following fashion using in-edges:
initially sC is the single starting vertex of all paths corresponding to the roots
θj . Let Σ1 := {sC}. If (r, s) is an edge in G such that r and s both are clean and
(r, sC) is an in-edge, we construct a successor for every θj by inserting (r, sC)
and deleting (r, s). r is immediately marked as dirty; sC is marked dirty when all
in-edges ending at sC have been considered. Note that this construction ensures
that for each tree Tθj

the sets Σj
2 of starting vertices of the new paths in level 2

are identical. Now suppose we have grown the trees up to a level t− 1 and Σt−1
is the single set of starting vertices for the paths belonging to the current level
of each tree. Determining the direct successors for each node in level t− 1 in the
same way as above maintains the condition Σj

t = Σt = Σj′
t for all j, j′. We stop

growing the trees when we have reached a depth k with δ̂k

2 ≥
√
n lnn ≥ δ̂k−1

2
as above. By the same calculations as in the proof of Claim 4 we obtain that
every tree has

√
n lnn leaves almost surely. Moreover, since the edges we used

for growing the trees are identical for each tree, a total number of at most
O(
√
n lnn) additional vertices is marked dirty. So the overall number of dirty
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vertices is O(
√
n lnn) = o(n). Note that the above construction did not care

about the sizes of the cycles and paths. Therefore we now delete those nodes
from each Tθj

that contain a small path or a small cycle. We call Tθj
“good” if

it still has
√
n lnn leaves and “bad” otherwise. Since the number of vertices that

can cause the creation of small cycles or paths is o(n) we can repeat the proof

of Claim 4 to see that P
[
Tθj is bad

] ≤ 2e−δ̂/8

1−e−δ̂/8 . Thus the expected number of

bad trees is at most
√
n lnn · 2e−δ̂/8

1−e−δ̂/8 and by Markov’s inequality

P

[
there exist more than

√
n lnn

2
bad trees

]
≤ 4e−δ̂/8

1− e−δ̂/8
= o(1).

So with probability 1−o(1) more than
√
n lnn/2 trees are good. Each good tree

Tθj has
√
n lnn leaves each of which consists of cycles plus a long path from

distinct starting vertices b to rθj . Since for distinct θj , θ
′
j the ending vertices

rθj , rθ′
j
are distinct, too, we have created an overall number of (n lnn)/2 distinct

long paths. Note that neither the out-edges of the ending vertices nor the in-
edges of the starting vertices have been observed so far. Hence the probability
that we cannot close any path via an in- or out-edge is smaller than

(1− h)2
n ln n

2 =
(
1 +
−hn
n

)n lnn

≤ e−hn lnn.

But this means that with probability at least 1− e−hn lnn we can eliminate the
small cycle C. Since the number of cycles is less than 2 lnn, the probability that
we fail to remove all small cycles is at most 2 lnn · e−hn lnn = o(1). Being left
with cycles C1, C2, . . . , Cl each having at least b

√
n/p vertices, so that l ≤ 2

√
np,

we want to use the patch-edges to combine these cycles into a single tour. Cycles
C,C ′ can be patched together if we find edges (v, w) ∈ C, (v′, w′) ∈ C ′ such
that (v, w′) and (v′, w) are patch-edges. All edges, except those incident with T
have probability h to be patch edges. So the probability that C,C ′ cannot be
patched together is at most

(1− h2)(
|C|

b −|Ti|)·
( |C′|

b −|Ti|
)
≤ (1− h2)

|C||C′|
b −|Ti|(|C|+|C′|)

≤ (1− h2)
bn
p −3ne−δ/8·2b

√
n/p ≤ (1− h2)

bn
p −6bn2e−δ/8

= (1− δ2/n2)n
2( b

np −6be−δ/8) ≤ e− δ2b
np +6δ2be−δ/8

= e− nh2b
p +6be2 ln δ−δ/8

= e−npb(h
p )

2
+o(1).

Since h
p = h

1−(1−h)5 > 1
5 for all h we can upper bound the above expression by

e− npb
25 +o(1). Now the probability that all cycles can be patched together is at

least 1− le− npb
25 +o(1) ≥ 1− 2

√
npe− npb

25 +o(1) = 1− o(1). We used o(n) additional
light edges to eliminate all cycles. Hence the weight of the tour is
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AP(W )(1 + α) + o(n) · αAP(W )
bn

→ AP(W )(1 + α) for n→∞,

concluding the proof of Theorem 1. ��
Proof Sketch of Theorem 2. Call an edge e of G “forced” if it is contained in
every optimal assignment of G, and call e “positive” if it is contained in at
least one optimal assignment and w(e) ≥ 1. A “forced” resp. “positive” cycle
is a cycle consisting of forced resp. positive edges. Let Fe and Pe be the sets
of weight functions such that e is a forced or a positive edge, respectively. For
every w ∈ Pe we see that w′ := w|E\{e} ∪ {(e, w(e) − 1)} ∈ Fe, so |Fe| ≥ |Pe|.
Let σ be an optimal assignment. We have P[AP(W ) = bATSP(W )] = P[every
optimal Assignment contains a cycle of length < bn] ≥ P[σ contains a forced
cycle of length < bn] ≥ P[σ contains a positive cycle of length t < bn]. Since σ
can be seen as being induced by b random bijections, we can estimate the latter
probability to be at least t

t+2b (1 + o(1))e−t/c for every t ∈ {b, 2b, . . . , (n− 1)b},
giving the claim of (a) for t = b and of (b) for t = θ(

√
c). ��

4 Open Problems

Recently, Frieze and Sorkin [4] proved that for random weight matrices W ∈
[0, 1]n×n, ATSP(W )−AP(W ) ≤ c0

(lnn)2

n and E[ATSP(W )−AP(W )] ≥ c0
n , where

c0 and c1 are absolute constants. It would be interesting to have similar results
for the b-partite TSP.
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Exact Sampling in Machine Scheduling Problems
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Abstract. Analysis of machine scheduling problem can get very com-
plicated even for simple scheduling policies and simple arrival processes.
The problem becomes even harder if the scheduler and the arrival pro-
cess are complicated, or worse still, given to us as a black box. In such
cases it is useful to obtain a typical state of the system which can then be
used to deduce information about the performance of the system or to
tune the parameters for either the scheduling rule or the arrival process.
We consider two general scheduling problems and present an algorithm
for extracting an exact sample from the stationary distribution of the
system when the system forms an ergodic Markov chain. We assume no
knowledge of the internals of the arrival process or the scheduler. Our
algorithm assumes that the scheduler has a natural monotonic property,
and that the job service times are geometric/exponential. We use the
Coupling From The Past paradigm due to Propp and Wilson to obtain
our result. In order to apply their general framework to our problems,
we perform a careful coupling of the different states of the Markov chain.

1 Introduction

Consider a system consisting of multiple machines where jobs arrive according
to some probabilistic process, get scheduled on a machine using some schedul-
ing rule, and leave when they have been serviced. Analysis of such a system
can get very complicated even for simple scheduling policies and simple arrival
processes [4]. The problem becomes even harder if the scheduler and the arrival
process are complicated, or worse still, given to us as a black box. In such cases
it is useful to obtain a typical state of the system. More formally, if the entire
system forms an ergodic Markov chain [11], then we would like to have a sample
from the stationary distribution of the system. A set of such samples could then
be used to deduce information about the performance of the system or to tune
the parameters for either the scheduling rule or the arrival process.

In this paper we study scheduling problems where the system forms an er-
godic Markov chain. We will not assume any knowledge of the internal structure
of the scheduler or the arrival process; we will treat them as black-boxes that
we are allowed to query. However we do need to assume that the scheduling rule
is monotonic, where a monotonic scheduler must have the following property.
Suppose the scheduler assigns a job i to machine j when the system is in state
s. Consider another state s′ where machine j has the same load as in state s and
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all other machines have at least as much load as in state s. Then the scheduler
must assign job i to the same machine j even if the system is in state s′ instead
of s. Intuitively, we can not force the scheduler to change its decision to assign
a job to machine j by increasing the load on the other machines. We will fur-
ther assume that each job gets executed on a single machine, that the service
times for all jobs are i.i.d. geometric or exponential variables, and that each ma-
chine has a finite buffer size. Under these fairly general assumptions we exhibit
an efficient algorithm to find a sample from the stationary state of the system.
The algorithm simulates the Markov process for an expected time O(Tmix lnC)
where Tmix is the mixing time for the Markov chain and C is the total buffer
size of the machines. It is important to note that the algorithm does not need
to know the mixing time.

Our algorithm uses an elegant tool called Coupling From The Past (CFTP)
due to Propp and Wilson [12]. CFTP is essentially a variant of the Markov Chain
Monte Carlo method [5,9] and a natural extension of the work on approximate
and exact sampling for specific Markov chains [2,10,9]. In order to use CFTP
efficiently, we exhibit a coupling that allows different states of the Markov chain
to evolve in a monotonic fashion [12]. A complete survey of work in this area is
beyond the scope of this paper. While Markov Chain Monte Carlo methods have
been used widely for problems arising from combinatorics (e.g. [3,1]), physics
(e.g. [6,8]), and statistics (e.g. [2]), their use for traditional optimization problems
such as scheduling has been limited. We hope that our work will lead to more
applications of this flavour.

Section 2 presents a formal definition of the problem. Section 3 presents our
algorithm and does a running time analysis. Section 4 presents simulation results
for our algorithm, and illustrates its use for optimizing a simple scheduler.

2 Problem Definition

We are given m machines, M1, · · · ,Mm. Let ci denote the capacity of machine
Mi. We define C as the sum of the capacities of all machines, that is C =

∑m
i=1 ci.

There are t types of jobs. Different job types may have a different arrival process,
but we assume that the service times for the jobs are i.i.d. geometric random
variables with mean 1/µ.

We are also given a scheduler that assigns arriving jobs to machines. However
some machines cannot process certain types of jobs.1 If a job of type i cannot
be processed by Mj , then the scheduler cannot assign that job to Mj . This
assignability can be represented as a matrix V(t×m) as follows.

Vi,j = 1 if a job of type i can be assigned to machine Mj .
= 0 otherwise.

If there is no space available in any machine for the arriving job, scheduler must
discard the job. The scheduler may also do admission control. We will not assume
any knowledge of the arrival process or the scheduler and will merely use them
as black boxes.
1 This is analogous to the 1-∞ case in machine scheduling [7].
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The state st of the system at time t is defined as the number of jobs in every
machine; let li(st) denote the number of jobs in machine Mi. The state st is
an m-dimensional vector, i.e. {l1(st), l2(st), · · · , lm(st)}. The state evolves only
when a job arrives or leaves, and we define a random mapping φ(st) such that
st+1 = φ(st). In this paper, we will assume that the random mapping φ defines
an Ergodic Markov chain. It is important to note that φ depends on the arrival
process, the scheduler, and the mean service time 1/µ.

Our goal is to efficiently extract a sample from the stationary distribution of
this Ergodic Markov chain. We will consider the following two scenarios.

Scenario 1: Each machine has a FIFO buffer. That is, only the job in the front
of queue is processed.

Scenario 2: Jobs in each machine are processed simultaneously.

Our algorithm will work for a large class of schedulers that we call monotonic
schedulers.

Definition 2.1 We define ≤ over state space S such that for x and y in S,
x ≤ y iff li(x) ≤ li(y) for all machines Mi.

Definition 2.2 Let Γ1(i) and Γ2(i) represent the state of the system after ar-
rival of a job of type i in state s1 and s2 respectively. A scheduler is said to be
monotonic if s1 ≤ s2 ⇒ Γ1(i) ≤ Γ2(i) for all job types i.

We claim that this is a natural class of schedulers to study for the following
reason. Suppose that there are two states L̂ and Û such that L̂ ≤ Û . Consider the
situation that a job k is assigned to a machine Mj in the state L̂. If lj(L̂) < lj(Û),
the monotonicity property will be maintained because lj(Γ1) ≤ lj(Γ2). Suppose
that lj(L̂) = lj(Û). It seems natural to require that if the load on machine j

in L̂ is kept the same and all other loads are either kept the same or increased,
then the scheduler must still assign the job to machine j. This would result in
monotonicity of the scheduler.

3 Applying CFTP to Our Scheduling Problems

3.1 Coupling the Evolution of Different States

We would like to couple the evolution of all the states in the Markov Chain to
allow an efficient application of the CFTP technique. A state evolves only when
a job arrives or leaves. The other factors – number of machines, capacities of
machines, scheduling strategy, and so on – are identical for any state. Hence
we just have to distribute job arrivals and departures carefully. Let the random
mapping φ(st) be described as a function of the state st and a hidden random
seed Ut. The random seed affects both the arrival and departure of jobs. If we
use the same random seed for evolution from different states, we will obtain the
same job arrivals at time t for all sample paths. Therefore all we need to take
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care of are the job-departure events. Recall (from section 2) that the service
times for the jobs are geometrically distributed. We will couple the departure
events by associating departure events with machines rather than with jobs, as
outlined below.

Scenario 1: Suppose that a departure event happens from the machine Mi

at time t. Let δ(i)(t) be a geometric random variable with mean 1/µ. The
next departure event for machine i happens at time t+ δ(i)(t). At this time,
if the queue in Mi is not empty then the job in the front of the queue
leaves the machine, otherwise nothing happens. This ensures that the service
times of the jobs are geometrically distributed with mean 1/µ because of
the memoryless property of geometric random variables. The evolution of
different states is coupled by providing them with identical values of δ(i)(t).

Scenario 2: In scenario 1, we made m Poisson processes. In scenario 2, we
make C Poisson processes. Suppose that a departure event happens from
the j-th “slot” of machine Mi at time t. Let δ(i,j)(t) be a geometric random
variable with mean 1/µ. The next departure event from this slot happens
at time t + minj{δ(i,j)(t)}. Suppose that there are k jobs in machine Mi at
time t. If j ≤ k then one job in the buffer leaves the machine, otherwise
nothing happens. This process ensures that the service times of the jobs are
geometrically distributed with mean 1/µ. Like scenario 2, the evolution of
different states is coupled by providing them with identical values of δ(i,j)(t).

The above coupling has been carefully devised to allow us to prove mono-
tonicity of our Markov chain, as explained in the next section.

3.2 Monotonicity of the Coupled Markov Chain

CFTP is particularly efficient for monotonic Markov chains as defined by Propp
and Wilson [12].

Definition 3.1 Suppose that the state space S of our problem admits a natural
partial ordering ≤, with a minimum element 0̂ and a maximum element 1̂. A
Markov chain is defined over S in terms of the transition probability matrix P .
For elements x and y in S, let the function φ(i) be a random mapping of S to
S itself with Pr[φ(x) = y] = Px,y. We say that the Markov chain is monotonic
iff x ≤ y ⇒ φ(x) ≤ φ(y).

The following theorem is now immediate; we sketch the proof of the theorem
for completeness.

Theorem 1. Given a monotonic scheduler and the coupling described above,
our Markov chain is monotonic in both scenarios.

Proof. We will state the proof for the first scenario; the proof for the other
scenario is similar. Let L̂ and Û be two states such that L̂ ≤ Û . Let Γ1 and Γ2
be the next states starting from L̂ and Û , respectively, after one event. We need
to consider



206 Sung-woo Cho and Ashish Goel

1. Departure Events: Let the departure event correspond to the j-th machine.
We know that lj(L̂) ≤ lj(Û). If lj(L̂) = 0 then lj(Γ1) = 0 ≤ lj(Γ2). On the
other hand, if lj(L̂) > 0 then so is lj(Û) i.e. a job will depart from machine
j in both steps. Now lj(Γ2) = lj(Û)− 1 ≥ lj(L̂)− 1 = lj(Γ1). Thus, in both
cases, lj(Γ2) ≥ lj(Γ1). Since the loads on the other machines are unchanged,
this implies that Γ1 ≤ Γ2.

2. Arrival Events: Since the scheduler is monotonic, we are guaranteed that
Γ1 ≤ Γ2.
We can now use the CFTP paradigm for monotonic Markov chains as defined

by Propp and Wilson [12] to obtain a sample from the stationary distribution.
In this scheme, the evolutions of the states 0̂ and 1̂ in the Markov chain are
simulated from time −τ to 0. If the two processes are in the same state at time 0,
then this common state is output as the sample from the stationary distribution.
If not, then τ is doubled and the process is repeated. It is important to reuse
the same random numbers at time −t during all the iterations of the algorithm.2

The main intuition is that when the sample paths starting from the bottom state
0̂ and the top state 1̂ converge, they sandwich the entire state space in between.
The reader is referred to an excellent description of the process by Propp and
Wilson [12] for more detail.

We are going to use the state where all machines are empty as 0̂ and the state
where all machines are filled to capacity as 1̂. Since departures are associated
with machines rather than jobs, the random number reuse is easy to ensure. The
following theorem follows from a general theorem due to Propp and Wilson [12]
regarding the correctness of the CFTP paradigm.

Theorem 2. The algorithm outlined above samples exactly from the stationary
distribution of the ergodic Markov chain defined by the scheduler and the arrival
process.

3.3 Running Time Analysis

Theorem 3. Define

Φt2t1(x) = φt2−1(φt2−2(· · · (φt1(x, Ut1), Ut1+1), · · · , Ut2−2), Ut2−1).

Let T ∗ be the smallest t such that Φ0
−t(0̂) = Φ0

−t(1̂). Define d̄(k) = maxπ1,π2 ||πk1−
πk2 || for particular k, where πk is the distribution governing the Markov chain
at time k when started at time 0 in a random state governed by the distribution
π. The mixing time threshold Tmix is defined to be the smallest k for which
d̄(k) ≤ 1/e. Then,

E[T ∗] ≤ 2Tmix(1 + lnC).

Proof. Propp and Wilson proved that E[T ∗] ≤ 2Tmix(1 + ln l) where l is the
length of the longest chain in the partially ordered state space [12]. Suppose

2 More formally, we have to use the same instance F−t of the random mapping φ at
time −t during all the iterations of the algorithm.
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that there are l distinct states such that s0 ≤ s1 ≤ · · · ≤ sl. For l to be the
length of the longest chain, s0 should be 0̂ and sl should be 1̂. The number of
jobs of each machine in si+1 is greater than or equal to the number of jobs in
corresponding machine of si. Since the two states are distinct, si+1 must have
at least one more job than si. Recall that the difference between the number of
jobs in 0̂ and 1̂ is C. Thus there can be at most C distinct states between 0̂ and
1̂, and l cannot exceed C.

We will now explore the implications of the above theorem for the running
time of our scheme for scenario 1 (the implications for scenario 2 can be similarly
obtained). Let λ be the total arrival rate for all the job types. Since there are
m machines, there are an average of µm departure events and λ arrival events
during each step. We can store all the arrival/departure events in a priority
queue, which can be implemented using heaps. This allows us to find the next
event to be processed in time O(log n). Using the fact that T ∗ has an exponential
tail, we can claim that the expected running time is Õ(Tmix(1 + lnC)(λ+µm))
– we omit the details from this abstract.

Note that we do not need to define Markov chains to make a random sample
using our scheme. In fact it is very hard to define Markov chains sometimes
because
1) State space may be too large (Πm

i=1ci).
2) The scheduler may be too complicated, or given as a black box.

It is interesting (and a testament to the efficacy of the CFTP paradigm) that
we can get an exact sample from the stationary distribution of the Markov chain
without any knowledge of or assumptions about the structure of the Markov
chain beyond ergodicity and monotonicity of the scheduler, and that we can
prove good bounds on the expected running time of our algorithm.

3.4 Extensions

The above algorithm can be adapted in a straight forward fashion to

The continuous case: This is the case where the arrival process is continuous
and the service times are exponential rather than geometric.

Randomized Schedulers: The notion of monotonicity that we require is that
of vector stochastic dominance. More formally, for each state s and job type
i there must be a random variable X(i, s) such that
1. Pr[X(i, s) = t] is the same as the probability that the state changes from

s to t as a result of the scheduling of job i.
2. s1 ≤ s2 ⇒ X(i, s1) ≤ X(i, s2).

Such a scheduler will allow us to couple the evolution of states so that the
resulting Markov chain is monotonic.

4 Simulation Results

In this section we will present simulation results only for the first scenario. As
mentioned in the introduction, we can tune a black box scheduler using the
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extracted samples. We will also present an example to tune a black box random
scheduler.

We will not show the detail of our code in this paper. However let us explain
the simulation setting. We have used a simple(Min-load) scheduler for the first
scenario. When a job arrives, the scheduler looks at the loads of all machines
to which the job can be assigned, and assigns the job to the minimum loaded
machine among them. This is a simple monotonic scheduling strategy. We need
some input parameters as follows.

1. average arrival rate
2. average processing time
3. number of machines
4. capacities of machines
5. job types distribution
6. job type assignability matrix

We will not specify the job types in detail in this abstract. We simulated
the case where there are 10 machines and 10 job types. We set the total arrival
rate equal to 10 times the service rate. Figure 1 shows the running time of our
program in seconds as the capacities of machines are increased. The basic case is
that each machine has a capacity between 1 and 15. We multiplied the capacities
by n where n is between 1 and 500. The running time seems almost linear in the
multiplication constant n.
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Fig. 1. Running time of our program for scenario 1

Since we can extract a random sample efficiently using our scheme, we can
use it to tune a random scheduler. We illustrate this process for a simple random
scheduler that assigns a job according to assigning probability matrix Ṽ such
that Ṽi,j is the probability that a job type i is assigned to a machine j. Of course
Ṽi,j = 0 if job type i can not be scheduled on machine j. We illustrate a very
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Tune Rand Schd(Ṽ : assigning probability matrix, t: tolerance rate)

1. while True
2. Extract k samples.
3. f = total number of full machines in the k samples
4. if f/k > t
5. Improve Ṽ .
6. else
7. break

Fig. 2. A simple optimizer for random scheduler
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Fig. 3. Evolution of the random scheduler

simple optimizer in figure 2. Assuming that there are not too many arriving jobs
and each machine has enough capacity, this optimizer will tune the assigning
probability matrix for random scheduler. We simulated the case that we have 10
machines, 10 job types, [1-15] capacities and 10% tolerance rate. Figure 3 shows
the evolution of the random scheduler. As the tuning process progresses, the
number of machines with completely filled up buffers goes down, indicating an
improvement in the performance of the scheduler. Notice that the tuning process
does not involve any knowledge of the arrival rates.
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Abstract. We study the problem of computing ad-hoc selective fam-
ilies: Given a collection F of subsets of [n] = {1, 2, . . . , n}, a selective
family for F is a collection S of subsets of [n] such that for any F ∈ F
there exists S ∈ S such that |F ∩ S| = 1. We first provide a polynomial-
time algorithm that, for any instance F , returns a selective family of size
O((1 + log(∆max/∆min)) · log |F|) where ∆max and ∆min denote the
maximal and the minimal size of a subset in F , respectively. This result
is applied to the problem of broadcasting in radio networks with known
topology. We indeed develop a broadcasting protocol which completes
any broadcast operation within O(D log∆ log n

D
) time-slots, where n, D

and ∆ denote the number of nodes, the maximal eccentricity, and the
maximal in-degree of the network, respectively. Finally, we consider the
combinatorial optimization problem of computing broadcasting proto-
cols with minimal completion time and we prove some hardness results
regarding the approximability of this problem.

1 Introduction

Selective Families. The notion of selective family has been introduced in [6].
Given a positive integer n, a family S of subsets of [n] = {1, 2, . . . , n} is said to
be (n, h)-selective if and only if, for any subset F ⊆ [n] with |F | ≤ h, there is
a set S ∈ S such that |F ∩ S| = 1. This notion is an essential tool exploited in
[6,7,8,9] to develop distributed broadcasting algorithms in radio networks with
unknown topology. In particular, [6] provide a polynomial-time algorithm that,
for any integer �, computes a (2�, 2��/6�)-selective family of size O(25�/6): Notice
that the size of the selective family is a key parameter since, as we will see later,
it determines the completion-time of the corresponding broadcasting protocol.
Better constructions of selective families have been introduced in [7]. The best
known (non-constructive) upper bound has been proved in [9] where it is shown
that there exists an (n, h)-selective family of size O(h log n). This upper bound
is almost tight since, in the same paper, it is shown that, any (n, h)-selective
family has size Ω(h log n

h ).
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Radio Networks and Broadcasting. A radio network is a set of radio stations
that are able to communicate by transmitting and receiving radio signals. A
transmission range is assigned to each station s and any other station t within
this range can directly (i.e. by one hop) receive messages from s. Communication
between two stations that are not within their respective ranges can be achieved
bymulti-hop transmissions. In this paper, we will consider the case in which radio
communication is structured into synchronous time-slots, a paradigm commonly
adopted in the practical design of protocols [3,10,16]. A radio network can be
modeled as a directed graph G(V,E) where an edge (u, v) exists if and only if u
can send a message to v in one hop. The nodes of a radio network are processing
units, each of them able to perform local computations. It is also assumed that
every node is able to perform all its local computations required for deciding the
next send/receive operation during the current time-slot. In every time-slot, each
node can be active or non-active. When it is active, it can decide to be either
transmitter or receiver : in the former case the node transmits a message along
all of its outgoing edges while, in the latter case, it tries to recover messages
from all its incoming edges. In particular, the node can recover a message from
one of its incoming edges if and only if this edge is the only one bringing in a
message. When a node is non-active, it does not perform any kind of operation.

One of the fundamental tasks in network communication is the broadcast
operation. It consists in transmitting a message from one source node to all the
other nodes of the network. A broadcasting protocol is said to have completed
broadcasting when all nodes, reachable from the source, have received the source
message (notice that when this happens, the nodes not necessarily stop to run
the protocol since they might not know that the operation is completed). We
also say that a broadcasting protocol terminates in time t if, after the time-
slot t, all the nodes are in the non-active state (i.e. when all nodes stop to run
the protocol). According to the network model described above, a broadcasting
protocol operates in time-slots synchronized by a global clock: At every time-slot,
each active node decides to either transmit or receive, or turn into the non-active
state.

Selective Families and Broadcasting in Unknown Topology. Given a radio net-
work with n nodes, maximal in-degree ∆, and unknown topology (in the sense
that nodes know nothing about the network but their own label), the existence
of a (n,∆)-selective family of size m implies the existence of a distributed broad-
casting protocol in the network, whose completion time is O(nm). The protocol
operates in n phases of m time-slots each. During each phase, at time-slot j
the nodes (whose labels are) in the j-th set of the selective family which are
informed (that is, which have already received the source message) transmit the
message to their out-neighbors. Even though no node knows the topology of
the network, the definition of a selective family implies that, at the end of each
phase, at least one new node has received the source message (hence, n phases
are sufficient): This is due to the fact that for any subset F of [n], with |F | ≤ ∆,
there exists at least one subset of the selective family whose intersection with F
contains exactly one element. In particular, for any i with 1 ≤ i < n, let Ri be
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the set of nodes that have received the source message after the first i phases
and assume that there are still nodes to be informed. Then, there exists a non-
informed node xi which is an out-neighbor of at least one node in Ri: Let Fi be
the set of (labels of the) nodes r ∈ Ri such that xi is an out-neighbor of r and
let Sj be a subset in the selective family such that |Fi ∩ Sj | = 1 (notice that Sj
must exist independently of the topology of the network). Hence, xi will certainly
receive the source message at the latest during the j-th time-slot of the (i+1)-th
phase since during this time-slot exactly one of the informed in-neighbors of xi
transmits the source message to xi

1.

Ad-hoc Selective Families and Broadcasting in Known Topology. The connection
between selective families and broadcasting in radio networks with unknown
topology justifies the fact that each subset of the domain [n] has to be selected
by at least one subset in the family: Indeed, since the topology of the network
is not known, in order to be sure that Fi is selected by at least one subset in
the family, the family itself has to select every possible subset of the nodes.
In this paper, we assume that each node knows the network topology and the
source node which is a well-studied assumption concerning the communication
process in radio networks [4,5,11,1,15]. It is then easy to see that the family to
be computed has to select only those sets of nodes which are at distance l from
the source node and which are the in-neighbors of a node at distance l + 1, for
any distance l. This observation leads us to the following definition of ad-hoc
selective family: Given a collection F = {F1, F2, . . . , Fm} of subsets of [n], a
family S = {S1, S2, . . . , Sk} of subsets of [n] is said to be selective for F if, for
any Fi, there exists Sj such that |Fi ∩ Sj | = 1. In Fig.1 it is shown how a radio
network determines the sets Fi to be selected: For example, for l = 2, there are
three sets to be selected, that is, F2 which is the in-neighborhood of node 4, F3
which is the in-neighborhood of node 5, and F4 which is the in-neighborhood of
node 6.

Our (and Previous) Results. The main result of this paper is a polynomial-
time algorithm that, for any collection F , returns a selective family for F of size
O((1+log(∆max/∆min))·log |F|) where∆max and∆min denote the maximal and
the minimal size of a subset in F , respectively. The proof of our result is based on
the probabilistic method [2]: We first perform a probabilistic analysis of randomly
computing a selective family according to a specific probability distribution and
we, subsequently, apply the method of the conditional probabilities in order to
de-randomize the probabilistic construction.

The above efficient construction of ad-hoc selective families is then used to
derive a broadcasting protocol having completion time O(D log∆ log(n/D)),
where D denotes the maximal eccentricity of the network (that is, the longest
distance from a node to any other node). The protocol is efficiently constructible

1 Actually, this is not always true since the set of informed nodes might have been
changed before the j-th time-slot of the (i+1)-th phase: However, this would imply
that at least one other new node has been informed during the (i+ 1)-th phase.
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Fig. 1. The collection of sets to be selected corresponding to a radio netwo

(i.e. it can be constructed in deterministic polynomial time in the size of the net-
work) and easy-to-implement. Its completion time is better than the O(D log2 n)
bound obtained in [5] whenever ∆ = O(1) and D = Θ(n), or ∆ = o(nα), or
n/D = o(nα) (for every positive constant α > 0). Furthermore, our bound im-
plies that the Ω(log2 n) lower bound, shown in [1] in the case in which D is
a constant value greater than or equal to 2, only holds when ∆ = Ω(nα), for
some positive constant α > 0. In [11], an O(D + log5 n) upper bound is proved.
The efficient construction of the protocol with such a completion time relies on
a de-randomization of the well-known distributed randomized protocol in [3]:
However, it is not clear whether this de-randomization can be done efficiently.

The communication complexity of our protocol, that is, the maximum number
of messages exchanged during its execution, turns out to be O(n log∆ log(n/D)),
since each node sends at most O(log∆ log(n/D)) messages. Moreover, when the
source is unknown our protocol technique works in O(D log∆ log n) time.

The probabilistic argument used in order to efficiently construct small ad-
hoc selective families will then be applied in order to develop a polynomial-time
approximation algorithm for the Max Pos One-In-k-Sat problem: Given a
set of clauses with each clause containing exactly k literals, all positive, find
a truth-assignment to the Boolean variables that 1-in-k satisfies the maximal
number of clauses, where a clause is 1-in-k satisfied if exactly one literal in the
clause is assigned the value true. According to [17,13], this problem is NP-hard.
Furthermore, from the approximation algorithm for the more general maximum
constraint satisfaction problem (MAX CSP), it is known that the problem is
2k

k -approximable [14]. The performance ratio of our algorithm is bounded by
4(k−1)
k ≤ 4 (notice that the performance ratio is bounded by a constant, that is,

4 which does not depend on the value of k).
Finally, we investigate the combinatorial optimization problem of computing

a broadcasting protocol with minimal completion time, calledMin Broadcast.
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This problem is NP-hard [4]: However, the reduction, which starts from the
exact-3 cover problem, yields radio networks with D = 2. We instead introduce
a new reduction starting from the problem of computing ad-hoc selective families
of minimal size, calledMin Selective Family. This reduction allows us to show
that, for any fixed D ≥ 2, if Min D-Broadcast (i.e., the problem restricted to
radio networks of maximal eccentricity D) is r-approximable, then Min Selec-
tive Family is rD−1

D−1 -approximable. Since the latter is not r-approximable, for
any r < 2, we obtain that Min Broadcast cannot be approximated within a
factor less than 2− 1/D (unless P = NP).

2 Efficient Construction of Ad-hoc Selective Families

This section provides an efficient method to construct selective families of small
size. More precisely, we prove the following

Theorem 1 There exists an algorithm that, given a collection F of subsets of
[n], each of size in the range [∆min, ∆max], computes a selective family S for F
of size O((1 + log(∆max/∆min)) · log |F|). The time complexity of the algorithm
is O(n2|F| log |F| · (1 + log(∆max/∆min))).

Proof. The proof consists of two main steps. We first show the existence of
the selective family S by using a probabilistic construction. Then, an efficient
algorithm that de-randomizes this construction is presented.
Probabilistic Construction. Without loss of generality, we can assume that
∆min ≥ 2. For each i ∈ {log∆min�, . . . , log∆max�}, consider a family Si of l
sets (the value of l is specified later) in which each set is constructed by randomly
picking every element of [n] independently, with probability 1

2i .
Fix a set F ∈ F and consider a set S ∈ Si, where i is the integer such that
1
2 ≤ |F |

2i < 1; then it holds that

Pr[|F ∩ S| = 1] =
|F |
2i

(
1− 1

2i

)|F |−1
>
|F |
2i

(
1− 1

2i

)2i

≥ |F |
4 · 2i ≥

1
8

(1)

where the second inequality is due to the fact that
(
1− 1

t

)t ≥ 1
4 for t ≥ 2.

We then define the family S as the union of the families Si, for each i ∈
{log∆min�, . . . , log∆max�}. Clearly, S has size O((1 + log(∆max/∆min)) · l).
The probability that S does not select F is upper bounded by the probability
that Si does not select F . The sets in Si have been constructed independently,
so, from Eq. 1, this probability is at most

(
1− 1

8

)l ≤ e− l
8 . Finally, we have that

Pr[S is not selective for F ] ≤
∑
F∈F

Pr[S doesn’t select F ] ≤
∑
F∈F

e− l
8 = |F|e− l

8 .

The last value is less than 1 for l > 8 log |F|. Hence, such an S exists.
De-randomization. The de-randomization is obtained by applying the
“greedy” criterium yielded by the method of the conditional probabilities [12].
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Let us represent any subset S ⊆ [n] as a binary sequence 〈s1, . . . , sn〉 where, for
any i ∈ [n], si = 1 if and only if i ∈ S. Let i ∈ [n], let F ∈ F of size ∆, and
let 〈s1, . . . , si−1〉 be any sequence of i− 1 bits (i.e., any subset of the first i− 1
elements of [n]). Then, define the (conditional) probabilities

Yi(F ) = Pr [|F ∩ 〈s1, . . . , si−1, 1, xi+1, . . . , xn〉| = 1]
Ni(F ) = Pr [|F ∩ 〈s1, . . . , si−1, 0, xi+1, . . . , xn〉| = 1]

where, for any k = i+1, . . . , n, xk is a bit chosen independently at random with

Pr[xk = 1] = 1/∆.

The algorithm relies on the following

Lemma 2 It is possible to compute both Yi(F ) and Ni(F ) in O(n) time.

Proof. Let us define Si = 〈s1, . . . , si−1, 0, . . . , 0〉, and Ii = {i, i+1, . . . , n}. Define
also δi(F ) = |F ∩ Ii|. If δi(F ) = 0, then it is easy to verify that

Yi(F ) = Ni(F ) =
{
1 if |F ∩ Si| = 1,
0 otherwise.

If, instead, δi(F ) > 0 then two cases may arise

– Case i ∈ F . Then, it holds that

Yi(F ) =

{
0 if |F ∩ Si| ≥ 1,(
1− 1

∆

)δi(F )−1 otherwise,

Ni(F ) =




0 if |F ∩ Si| ≥ 2
or δi(F ) = 1 ∧ |F ∩ Si| = 0,(

1− 1
∆

)δi(F )−1 if |F ∩ Si| = 1,
δi(F )−1

∆

(
1− 1

∆

)δi(F )−2 otherwise.

– Case i �∈ F . Then, it holds that

Yi(F ) = Ni(F ) =




0 if |F ∩ Si| ≥ 2,(
1− 1

∆

)δi(F ) if |F ∩ Si| = 1,
δi(F )
∆

(
1− 1

∆

)δi(F )−1 otherwise.

The proof is completed by observing that all the computations required by the
above formulas can be easily done in O(n) time. ��

Figure 2 shows the algorithm greedyMSF(∆) that finds the desired selective
family when all subsets in F have the same size. As for the general case, the
algorithm must be combined with the technique in the probabilistic construction
that splits F into a logarithmic number of families, each containing subsets
having “almost” the same size. A formal description of this generalization will
be given in the full version of the paper. However, we observe here that the time
complexity of the general algorithm is O(1 + log(∆max/∆min)) times the time
complexity of greedyMSF(∆).
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Input F = {F1, . . . , Fm}
F ′ := F
j := 0
While F ′ 	= ∅ Do /* Construct the jth selector Sj */

For each i = 1, . . . , n Do
For each F ∈ F ′ Do compute Yi(F ) andNi(F ) (using Lemma 2)
Yi :=

∑
F∈F′ Yi(F )

Ni :=
∑

F∈F′ Ni(F )
If Yi ≥ Ni Then si := 1 Else si := 0.

End (For)
j := j + 1
Sj := 〈s1, . . . , sn〉
F ′ := F ′ − {F ∈ F ′ : |F ∩ Sj | = 1}

End (While)
Return S = {S1, . . . , Sj}.

Fig. 2. Algorithm greedyMSF(∆).

Lemma 3 Let F be a family of subsets of [n], each of size ∆. Then, Algorithm
greedyMSF(∆) (with input F) computes a selective family S for F of size O((1+
log(∆max/∆min)) log |F|) in time O(n2|F| log |F|).
Proof. We first prove that, at each iteration of the While loop, the computed
subset Sj selects at least 1/8 of the remaining subsets of F , i.e., F ′.
Let B be a subset of [n] randomly chosen according to the following probability
function: For each i ∈ [n], i ∈ B with probability 1/∆. Let E(B) denote the
expected number of subsets F in F ′ such that |F ∩B| = 1.
For any i ∈ [n] and for any bit sequence b1, . . . , bi, let E(B|b1, . . . , bi) be the
expected number of subsets F in F ′ such that |F∩B| = 1, where B = 〈b1, . . . , bn〉
is the random completion of the sequence b1, . . . , bi such that, for any i + 1 ≤
l ≤ n, bl = 1 with probability 1/∆.

Let s1, . . . , sn be the choices made by the For loop.

Claim 1 For any i = 1, . . . , n, E(B|s1, . . . , si) ≥ E(B).

Proof. The proof is by induction on i. For i = 1, by definition, we have that

E(B) =
1
∆
E(B|1) +

(
1− 1

∆

)
E(B|0)

So, E(B) ≤ max{E(B|1), E(B|0)} = max{Y1, N1}, and s1 is chosen so that
E(B|s1) = max{Y1, N1}. We now assume that the claim is true for i− 1. Then,
si is chosen so that

E(B|s1, . . . , si) = max{Yi, Ni}
= max{E(B|s1, . . . , si−1, 1), E(B|s1, . . . , si−1, 0)}.
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It also holds that

E(B|s1, . . . , si−1) = 1
∆
E(B|s1, . . . , si−1, 1) +

(
1− 1

∆

)
E(B|s1, . . . , si−1, 0)

≤ max{E(B|s1, . . . , si−1, 1), E(B|s1, . . . , si−1, 0)}.

By combining the above inequalities with the inductive hypothesis, we get

E(B|s1, . . . , si) ≥ E(B|s1, . . . , si−1) ≥ E(B).
��

Let us observe that, E(B|s1, . . . , sn) is equal to the number of subsets in F ′ that
are selected by S = 〈s1, . . . , sn〉. From Claim 1, this number is at least E(B).
Moreover, from Eq. 1, it holds that E(B) ≥ |F ′|/8. Finally, from Lemma 2, it
follows that the time complexity of greedyMSF(∆) is O(n2|F| log |F|). ��

3 Two Applications of Theorem 1

The Broadcast Protocol. For any possible source node s ∈ V , let Li(s) be the
set of nodes whose distance from s is i. For each node in Li+1(s) let us consider
the set of its in-neighbors belonging to Li(s); let Fi(s) be the family of all such
sets. Then, let Si be an arbitrarily ordered selective family for Fi(s).
Description of Protocol broad. The protocol consists of D phases. The goal
of phase i is to inform nodes at distance i from the source.
– In the first phase the source sends its message.
– The i-th phase, with i ≥ 2, consists of |Si−1| time-slots. At time-slot j of the
i-th phase a node v sends the source message if and only if the following two
conditions are satisfied:

– v belongs to the j-th set of Si−1;
– v has been informed for the first time during phase i− 1.

All the remaining nodes work as receivers.

Theorem 4 Protocol broad completes (and terminates) a broadcast operation
on an n-node graph of maximum eccentricity D and maximum in-degree ∆ within
O(D log∆ log n

D ) time-slots. Moreover, the cost of the protocol is O(n log∆ log
n
D ).

Proof. To show the correctness (and the performances) of the protocol we prove
the following

Claim 2 all the nodes at distance i from the source s are informed, for the first
time, during phase i.
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Sketch of the proof. The proof is by induction on the distance i. For i = 1 the
claim is obvious. We thus assume that all nodes at distance i have received the
source message, for the first time, during phase i − 1. Let consider a node v at
distance i + 1 and let Fv be the set of all its in-neighbors at distance i from
the source. Since Fv belongs to Fi(s) and Si is selective for Fi(s), there will be
a time-slot in phase i + 1 in which only one of the nodes in Fv transmits the
source message so that v will correctly receive it. Notice that, by the inductive
hypothesis, any in-neighbor of v that is not in Fv has not been informed in phase
i, so it does not transmit during phase i+ 1. ��

Since the graph has maximum in-degree ∆, the size of any subset in Fi(s) is
at most ∆. Hence, from Theorem 1, we have that |Si| ≤ c log∆ log |Fi(s)|, for
some constant c > 0. The total number of time-slots required by the protocol is
thus

1 +
D−1∑
i=1

c log∆ log |Fi(s)| = 1 + c log∆ log
D−1∏
i=1

|Fi(s)| ≤ 1 + c log∆ log
D−1∏
i=1

n

D

where the last inequality is due to the facts that
∑D−1
i=1 |Fi(s)| ≤ n and that∏D−1

i=1 |Fi(s)| is maximized when all the |Fi(s)| are equal. It thus follows that
broad has O(D log∆ log n

D ) completion time.
As for the cost of the protocol, it suffices to observe that once a node has acted
as transmitter during a phase, after that phase it can turn into the inactive state
forever. ��
Remark. If we require a protocol that works for any source, we need to select
a bigger set of families, i.e., the families Fi = ∪s∈V Fi(s), i = 1 . . . n − 1. By
applying the same arguments of the above proof, we can easily obtain a broadcast
protocol having O(D log∆ log n) completion time.

Approximation of the Max Pos One-In-k-Sat Problem. An (even) simplified
version of the algorithm greedyMSF(∆) can be successfully used to obtain a con-
stant factor approximation for Max Pos One-In-k-Sat.

Corollary 5 There exists a polynomial-time 4(k−1)
k -approximation for

Max Pos One-In-k-Sat.

Sketch of the proof. Given a set C of clauses with each clause containing ex-
actly k positive literals, for any clause C = {xi(1), xi(2), . . . , xi(k)} in C, we con-
sider the subset F (C) = {i(1), i(2), . . . , i(k)} ⊆ [n]. Then, we apply Algorithm
greedyMSF(∆) on the instance F(C) = {F (C) : C ∈ C} (notice that ∆ = k).
The same probabilistic argument adopted in the proof of Theorem 1 guarantees
that the first selector S1, computed by the algorithm, satisfies at least k

4(k−1)
clauses of C. The corollary, hence, follows. ��



220 Andrea E.F. Clementi et al.

4 Hardness Results

By adopting the definitions in the proof of Corollary 5, and from the fact that
Max Pos One-In-k-Sat is NP-hard (see [17,13]), it easily follows

Theorem 6 It is NP-hard to approximate Min Selective Family within a
factor smaller than 2.

The following result reverts the connection between selective families and
broadcast protocols. Indeed, it shows that any non-approximability result for the
Min Selective Family directly translates into an equivalent negative result
for Min Broadcast, when restricted to networks of constant eccentricity.
LetMin D-Broadcast denote the restriction ofMin Broadcast to networks
of eccentricity D.

Theorem 7 For any fixed positive integer D ≥ 2, if Min D-Broadcast is
r-approximable, then Min Selective Family is rD−1

D−1 -approximable.

Sketch of the proof. Let F be an instance of Min Selective Family, where
F = {F1, . . . , Fm} is a collection of subsets of [n]. We construct (in polynomial
time) an instance 〈GF

D, s〉 of Min D-Broadcast such that F has a selective
family of size k if and only if 〈GF

D, s〉 has a broadcast protocol with completion
time equal to 1+k(D−1). The network GF

D is a D+1 layered graph with layers
L0, . . . , LD, with L0 = {s} and the number of nodes in GF

D is at most n|F|D.
The graph GF

D is defined by induction on D:
Base Step (D = 2). The network GF

2 consists of three levels: L0 = {s}, L1 =
{x1, . . . , xn} and L2 = {y1, . . . , ym}, where s is connected to every xi ∈ L1, and
the edge (xi, yj) exists iff xi ∈ Fj .
Inductive Step. The graph GF

D+1 can be obtained from GF
D as follows: The

layer LD+1 of GF
D+1 is obtained by replacing every node in the layer LD of GF

D

by a copy of the graph GF
2 \ {s}. More formally,

1. Replace every zi ∈ LD by the set Xi
D+1 = {xi1(D+1), . . . , xin(D+1)}; each

of such new vertices has the same in-neighborhood of zi.
2. Add a set Y i

D+1 = {yi1(D + 1), . . . , yim(D + 1)} of m new nodes. Then, add
the edge (xik(D + 1), yil(D + 1)) if and only if (xk, yl) is an edge in GF

2 .

So, the layer LD of GF
D+1 is the union of all Xi

D+1’s determined by the last level
of GF

D and the layer LD+1 of GF
D+1 is the union of all Y i

D+1’s.

Claim 3 F has a selective family of size k if and only if 〈GF
D, s〉 has a broadcast

protocol with completion time equal to 1 + k(D − 1).

Sketch of the proof. The proof is by induction on D.
Base Step (D = 2). Consider the family FL2 of in-neighborhoods of the nodes
in L2. Then, GF

2 admits a broadcast protocol of completion time k + 1 iff FL2

has a selective family of size k. Since F = FL2 , then the theorem follows.
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Inductive Step. (⇒). It is easy to show that by a suitable iteration of the
broadcast protocol for GF

2 (yielded by the selective family S for F) on GF
D, we

obtain a completion time 1 + k · (D − 1), for any D.
(⇐). Consider any broadcast protocol P for 〈GF

D+1, s〉 with completion time
1 + kD. Also, let t be the number of time slots required by P to inform all the
nodes in the second-last layer LD of GF

D+1. It is easy to see that P completes
broadcasting on 〈GF

D, s〉 within time-slot t.
If t ≤ 1 + k(D − 1), then by inductive hypothesis, F has a selective family

of size k. Otherwise, we first observe that for any i, all the nodes in Xi
D+1 have

the same in-neighborhood, thus implying that they are informed at the same
time slot. Hence, there must exist a set X last

D+1 that is informed (according to
P ) at time slot t. Let t′ = t + ∆t be the number of time slots necessary to P
to inform Y last

D+1, that is, the set of out-neighbors of X last
D+1. From the fact that

t > 1 + k(D− 1) and t′ = t+∆t ≤ 1 + kD, we obtain ∆t < k. By construction,
the subgraph induced by X last

D+1 ∪ Y last
D+1 is isomorphic to GF

2 \ {s}. Hence, there
exists a protocol for 〈GF

2 , s〉 with broadcasting time 1+∆t < 1+k. By inductive
hypothesis, F has a selective family of size k. ��

The proof of Claim 3 easily implies the following

Claim 4 Given any broadcast protocol P with completion time on GF
D equal to

t, it is possible to construct (in time polynomial in |GF
D|) a protocol P ′ with

completion time on GF
D equal to t′ = 1 + k(D − 1) ≤ t, for some integer k ≥ 1.

Consider any r-approximation algorithm forMin D-Broadcast. From Claim 4,
we can assume that such an algorithm returns a broadcast protocol for 〈GF

D, s〉
of completion time APX(GF

D) = 1+ k · (D− 1), for some k ≥ 1. By hypothesis,
it holds that

APX(GF
D)

OPT (GF
D)

=
1 + k · (D − 1)

1 +OPT (F) · (D − 1)
≤ r, (2)

which implies that

k

OPT (F) ≤
r[1 +OPT (F) · (D − 1)]− 1

OPT (F) · (D − 1)
≤ rD − 1

D − 1
.

Finally, by applying Claim 3, we can construct (in polynomial time) a selective
family for F of size at most k ≤ OPT (F) rD−1

D−1 . Hence the theorem follows. ��
By making use of Theorem 6 and Theorem 7, we can easily obtain the fol-

lowing result (whose proof is here omitted).

Corollary 8 For any constant D ≥ 2, it is NP-hard to approximate Min D-
Broadcast within a factor less than 2−1/D. Moreover, for any positive integer
c ≥ 1, Min (logc/(c+1) n)-Broadcast cannot be approximated by a factor less
than 2 (unless NP ⊆ DTIME[nlogc n]).

Remark 9 The O(D + log5 n) broadcasting protocol of [11] implies that Min
D(n)-Broadcast is in APX for any D(n) ∈ Ω(log5 n).
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5 Open Problems

The main open problem which is related to this paper consists of determining
whether the de-randomization techniques can also be applied to the probabilistic
construction of selective families given in [9]. We suspect that this is not true and,
hence, that, in order to constructively achieve the upper bound of [9], alternative
techniques have to be used.
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Abstract. Given ε, for N sufficiently large, we give a metric on N points
which cannot be isometrically embedded in �b

∞ for b < N −N ε.

1 Introduction

Consider an undirected graph G on N vertices, and a collectionH = {h1, . . . , hb}
of complete bipartite graphs on subsets of these N vertices, such that the edge
set of G is the union of the edge sets of hi. Let f(G,N) be the least integer b
allowing such a representation, and let f(N) be the maximum of f(G,N) over
all undirected graphs G on N vertices.
We will show that for each ε > 0 there is an Nε such that for all N > Nε we

have f(N) ≥ N −N ε.
As a corollary, we will exhibit a metric T on N points, obeying the triangle

inequality, such that any isometric embedding of T into a space �b∞ requires
b ≥ f(N). That is, there is an N -point set with a metric, which cannot be
isometrically embedded into �b∞ unless b ≥ N −N ε.

The construction uses random graphs.

2 Notation

For positive integers r, s, let Kr,s be the complete bipartite graph on r and s
vertices. When there are r+s vertices x1, x2, . . . , xr, y1, y2, . . . , ys in G such that
xi and yj are joined by an edge in G for each i and j, we say that G contains
Kr,s. This definition disregards edges (xi, xj) or (yi, yj); Kr,s is not necessarily
an induced subgraph of G.

A cover H = {h1, h2, . . . , hb} of the undirected graph G is a collection of
complete bipartite graphs hi on subsets of the vertex set of G, the union of
whose edge sets gives the edge set of G.
For each bipartite graph hi = Kr,s in the cover, with r ≤ s, say that the r

nodes share a base of hi; further, if r = 1 that node is a singleton. If r = s, select
one side arbitrarily to be the base.

3 Outline of Construction

Select an integer L > 2/ε. Set K = N ε. We will generate a random graph G,
with edge probability sufficiently small that the only complete bipartite graphs

M. Goemans et al. (Eds.): APPROX-RANDOM 2001, LNCS 2129, pp. 223–228, 2001.
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Kr,s, (r ≤ s) contained in G are those with r < L. Consider G and a cover
H = {h1, . . . , hb} with b < N −K. We will assign a positive “weight” w(h, x) to
each pair (h, x) where h ∈ H and where the vertex x “shares in the base” of h. We
use these weights and a second random construction, to identify an “assignment”
J , namely two disjoint sets of vertices X,Y and a mapping g : Y → X such
that each x ∈ X shares in the bases of fewer than L graphs h, and for each
such graph some vertex y ∈ g−1(x) also shares in the basis. This setup J will
determine conditions on edges among the vertices in X and Y . We bound the
probability that a given G satisfies such conditions. Putting them together, we
find that, with high probability, a random G is compatible with no such J and
thus admits no such cover.

4 Construction

Theorem 1. Given ε > 0 there is an Nε such that for each N > Nε there is a
graph G on N vertices such that any cover H = {h1, h2, . . . , hb} of G must have
b ≥ N −N ε.

Proof. Select an integer L and real δ satisfying L > 2/δ > 2/ε. Select Nε large
enough that for N > Nε we have N ε−δ > 24L4 logN . Given N > Nε, construct
a random undirected graph G on N vertices, with independent edge probability
p = N−δ.
Set K = N ε, and suppose b < N −K.
The expected number of copies of the complete bipartite graph KL,L in G is

bounded by N2LpL
2
/(L!)2 = o(1). So with good probability, the only complete

bipartite graphs Kr,s (r ≤ s) that G will contain will have r < L. Hereafter we
assume that this is the case, and revisit this assumption later.
Consider a cover H = {h1, h2, . . . , hb} of G.
Without loss of generality, we will assume that a singleton vertex x will not

share in the bases for other dimensions, since each singleton x can be removed
from all other bipartite graphs hi without increasing the size b of the cover.
We assign positive weights w(h, x) to each pair (h, x) of a bipartite graph

h ∈ H and a vertex x which shares in the base of h. If x does not share in the
base of h we set w(h, x) = 0. If x shares in the bases of M ≥ L bipartite graphs,
we assign w(h, x) = 1/M to each such instance. (For any graph h all of whose
weights have been assigned, we will have

∑
x w(h, x) < 1.) For each graph h

with some weights unassigned, assign arbitrary positive weights w(h, x) to these
unassigned positions x, subject to

∑
x w(h, x) = 1. (For example, for each h the

unassigned weights could be made equal.) So for each h we get
∑
x w(h, x) ≤ 1.

Each vertex x has total weight W (x) =
∑
h w(h, x) between 0 and L− 1. A

singleton has total weight 1. If W (x) < 1 we know that x shares in fewer than
L bases.
A standard counting argument shows that

∑
x

(1−W (x)) ≥ N − b > K.
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Now we define a random set X ′. Set a parameter α = 1/(2L3). For each x
independently, include x in X ′ with probability max(0, α(1 −W (x))). By our
counting argument, E(|X ′|) > αK.
Each x ∈ X ′ shares in fewer than L bases. For each h ∈ H for which x shares

in the base, we randomly select another vertex y which shares in this base, with
the conditional probability of selecting y being given by

w(h, y)∑
z �=x w(h, z)

.

If x, y share in several bases and y gets selected several times in association with
x, we pretend it was only selected once. We let Z ′ be the set of triples (x, y, h)
selected in this process.
For given x, h, the probability that y is selected, given that x ∈ X ′, is bounded

by
w(h, y)∑
z �=x w(h, z)

=
w(h, y)

1− w(h, x) ≤
w(h, y)
1−W (x) ,

since h is one of the graphs for which
∑
z w(h, z) = 1. Factoring in the probability

α(1 −W (x)) that x ∈ X ′, we see that the probability of the triple (x, y, h) is
bounded by αw(h, y). Thus for a given y, the expected number of triples (x, y, h)
is at most

Lα
∑
h

w(h, y) ≤ αLW (y) ≤ αL2.

(The first factor L recognizes the fact that several x might share the same h.)
Add to this the probability that the node y was also selected to be in X ′, and
the expected number of occurrences of y is bounded by

αLW (y) + αmax(0, 1−W (y)),

which is αL2 (if W (y) > 1) or at most αL (if W (y) ≤ 1). By our choice of α,
either bound is less than 1/(2L).

By independence, if we condition on the event that the triple (x, y, h) ∈ Z ′,
the expected number of other occurrences of y in Z ′ (that is, in triples with
other x′ 	= x) is also less than 1/(2L).
Now we refine X ′ by throwing out duplicates. Let X be the set of x ∈ X ′ for

which neither x nor the associated y appear elsewhere in Z ′. By the arguments
above, each x will be deleted with probability at most L × (1/(2L)) = 1/2, so
that the expected size of X is at still least αK/2.
Repeat the random selection until we find an X at least that large, and delete

vertices to get |X| = q = �αK/2�. Let Y be the set of associated vertices y, so
that |Y | ≤ (L − 1)|X|, and let Z ⊆ Z ′ be the result of deleting triples there.
Define g : Y → X as the (unique) association g(y) = x if (x, y, h) ∈ Z. Together,
(X,Y, g) form our assignment J .
J = (X,Y, g) enjoys the following properties:

1. |X| = q.
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2. |Y | ≤ (L− 1)|X|; in fact |g−1(x)| ≤ L− 1.
3. X,Y are disjoint.
4. Each x ∈ X shares in fewer than L bases (possibly 0).
5. Each x ∈ X is not a singleton.
6. For each graph h with x sharing the base, there is y ∈ Y with g(y) = x also
sharing the base.

From these properties we deduce the following:

Lemma 1. Given x 	= x′ ∈ X, if the edge (x, x′) is in G then either there is
y ∈ g−1(x) with edge (y, x′) in G, or there is y′ ∈ g−1(x′) with edge (x, y′) in G.

Proof. The edge (x, x′) is either in one of the graphs h in which x shares a base,
or in one of the graphs h′ in which x′ shares a base; in that graph, the associated
y has an edge to x′ (or y′ to x), since it is a complete bipartite graph.

Lemma 2. Given an assignment J , the probability that a random graph G sat-
isfies the conditions of Lemma 1 is bounded by

P =
(
1− p(1− p)2(L−1)

)q(q−1)/2
< e−pq

2/3.

Proof. For each of q(q − 1)/2 unordered pairs of points (x, x′) in X, we outlaw
the event that (x, x′) is an edge in G while each of (x, y′) (for y′ ∈ g−1(x′)) and
(x′, y) (for y ∈ g−1(x)) is not an edge in G. This event has probability at least
p(1− p)2(L−1). Further, each possible edge is examined only once (since each y
is associated with a single x = g(y)), so the probabilities are independent. The
bound P < e−pq

2/3 is assured for N sufficiently large.

Lemma 3. The number of assignments J is bounded by NqL.

Proof. Counting.

So the expected number of assignments J compatible with a random G is
bounded by

NqLe−pq
2/3 = eq(L logN−pq/3).

Noticing that

pq

3
≥ N

−δαK
6

=
N−δN ε

12L3
> 2L logN,

we find that the −pq/3 term dominates the exponent, so that the expected
number of valid assignments J is o(1).

Now we can revisit the assumption that G contains no large bipartite graphs.
Let E denote the event that G contains a subgraphKL,L. Let D denote the event
that G has a cover H with b < N −K. Then

Prob(D) ≤ Prob(E) + Prob(D&¬E) ≤ o(1) + o(1) < 1.
So there exist graphs G on N vertices for which D fails. Any such graph validates
the theorem.
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5 Relation to Embeddings

Given a graph G on N vertices, which cannot be covered with b complete bipar-
tite graphs, one immediately constructs a finite metric space on N points that
cannot be isometrically embedded into �b∞.

Let T be the metric defined on N points, where d(x, y) = 2 if (x, y) is an
edge of G, and d(x, y) = 1 if (x, y) is not an edge of G. Consider an isometric
embedding of T into �b∞. For each dimension i, we perform the following nor-
malizations in turn. It is a simple matter to check that the embedding remains
valid at each step.

1. Round each coordinate down to the nearest integer.
2. If k is the largest coordinate, subtract k − 2 from each coordinate, so that
the largest coordinate is 2.

3. (Now all coordinates are 0, 1 or 2.) If more points have coordinate 0 than 2,
interchange coordinates 0 and 2; this is the linear map x→ 2− x.
Now define complete bipartite graphs hi, i = 1, . . . , b: If in dimension i the

points x1, . . . , xr have coordinate 0 and the points y1, . . . , ys have coordinate 2,
then hi = Kr,s is the complete bipartite graph on (x1, . . . , xr; y1, . . . , ys).
hi can be empty if no points have coordinate 0 in dimension i.
It is clear that the bipartite graphs hi form a cover of G, and that there are

at most b graphs in this cover. This shows:

Theorem 2. Given a graph G on N vertices with no cover {h1, . . . , hb} of a
given size b, there is a finite metric T on N points which cannot be isometrically
embedded into �b∞.

Corollary 1. Given ε > 0 there is an Nε such that for all N > Nε there is
a metric T on N points which cannot be isometrically embedded into �b∞ with
b < N −N ε.

Remark:
For the isometric embedding problem, a trivial lower bound is b ≥ N/2, as

seen by considering a metric with N(N − 1)/2 distances linearly independent
over Q, and noting that each dimension can satisfy at most N − 1 of these
distances.
The upper boundN−1 comes from the “Frobenius embedding”: in dimension

i, 1 ≤ i ≤ N − 1 let point xj have coordinate d(xi, xj).
A better lower bound of �2N/3� is given by Holsztysnki [2]. A better upper

bound of N − 2 is given by Wolfe [3]. Both can be found in the book of Deza
and Laurent [1].
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Abstract. We study Euclidean embeddings of Euclidean metrics and
present the following four results: (1) an O(log3 n

√
log log n) approxima-

tion for minimum bandwidth in conjunction with a semi-definite relax-
ation, (2) an O(log3 n) approximation in O(nlog n) time using a new con-
straint set, (3) a lower bound of Θ(

√
logn) on the least possible volume

distortion for Euclidean metrics, (4) a new embedding with O(
√
logn)

distortion of point-to-subset distances.

1 Introduction

The minimum bandwidth problem asks for a permutation of the vertices of an
undirected graph that minimizes the maximum difference between the endpoints
of its edges. This maximum difference is called the bandwidth. Minimizing the
bandwidth is NP-hard [5].
The question of finding good approximations to the minimum bandwidth has

led to two different Euclidean embeddings of graphs. One of them is obtained
as a solution to a semi-definite relaxation of the problem [1]. The other is an
embedding that preserves tree volumes of subsets of a given metric [3,4]. The tree
volume of a subset is the product of the edge lengths of a minimum spanning
tree of the subset. These two embeddings were used in separate approximation
algorithms.
In this paper we combine the two embeddings to obtain an improved approx-

imation. The quality of the approximation is O(ρ log2.5 n) where ρ is the best
possible volume distortion (defined in section 2) of a Euclidean metric. Using
Rao’s upper bound [6] of O(

√
log n log log n) on ρ we obtain an approximation

guarantee of O(log3 n
√
log log n) which improves on [4] by a factor of Θ(

√
log n).

Our approach immediately leads to the question of whether a better up-
per bound is possible. In section 5, we show a lower bound of Ω(

√
log n) on

the volume distortion even for the path graph. Thus further improvements to
bandwidth approximation will have to come from other avenues.
We then turn to the general question of embedding metrics in Euclidean

space. Finding an embedding of a metric that “preserves” properties of the orig-
inal metric is a classical problem. A natural property to consider in this regard
is the original distance function itself. J. Bourgain [2] gave an embedding that
� Supported in part by NSF Career Award CCR-9875024.
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achieves a distortion of O(log n) for any metric on n points, i.e. the distance
between points in the embedding is within a factor of O(log n) of their distance
in the metric. In other words, it “preserves” distances any point and any an-
other point. A natural generalization would be an embedding that preserves the
distance between any point and any subset of points. The distance of a point u
to a subset of points S, is simply the distance of u to the closest point in S. For
a Euclidean embedding, the distance of a point u to a subset S can be defined
as the Euclidean distance from u to the convex hull of S. Thus point-to-subset
distance is a direct generalization of point-to-point distance for metrics as well
as for points in Euclidean space. In section 6, we give an embedding whose point-
to-subset distortion is O(

√
log n) for any Euclidean metric where the shortest

distance is within a poly(n) factor of the longest distance.
Replacing “convex” in the definition above by “affine” leads to another in-

teresting property. In section 6 we observe that for any Euclidean embedding,
the distortion of affine point-to-subset distances is also an upper bound on its
volume distortion. In section 7, we formulate a new system of constraints that
are separable in O(nlogn) time, and which result in an O(log3 n) approximation
to the minimum bandwidth using the results of section 6. We conclude with
the conjecture that our embedding (section 6.1) achieves the optimal volume
distortion for Euclidean metrics.

2 Euclidean Embeddings of Metrics

Let G = (V,E) be a finite metric with distance function d(u, v). We restrict
our attention throughout the paper to Euclidean embeddings φ of G that are
contractions, i.e. the distances between embedded points are at most the origi-
nal distances. As mentioned in the introduction, the distortion of a contraction
embedding, φ(G), is

max
u,v∈V

d(u, v)
|φ(u)− φ(v)|

where | · | is the Euclidean distance (L2 norm). A Euclidean metric on n points is
a metric that is exactly realizable as the distances between n points in Euclidean
space.
The Tree Volume (Tvol) of a metric is the product of the edge lengths of the

minimum spanning tree. A subset S of a metric also induces a metric, and its
tree volume, Tvol(S) is the product of the edges of the minimum spanning tree
of the metric induced by S.
The Euclidean Volume (Evol) of a subset of points {x1, . . . , xk} in some

Euclidean space is the volume of the (k − 1)-dimensional simplex spanned by
the points.

Definition 1. The k-volume distortion of a contraction embedding φ is de-
fined as

max
S⊆V,|S|=k

(
Tvol(S)

(k − 1)!Evol(φ(S))

) 1
k−1
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Fig. 1. Not quite points on a line, but close.

Remark. The factor (k−1)! in the denominator is a normalization that connects
volume of a simplex to volume of a parallelepiped. The distortion as defined
above is within a factor of 2 of the distortion as defined in [3,4]. We find it
unnecessary to go through the notion of “best possible volume” (Vol) used there.
The following theorem, due to Rao [6], connects the tree volume with Eu-

clidean volume for the special case of Euclidean metrics.

Theorem 1. For any Euclidean metric G, there exists a Euclidean embedding
φ(G) whose k-volume distortion is O(

√
log n log log n) for all k up to log n.

3 A Semi-Definite Relaxation

To arrive at the semi-definite relaxation of [1], we can start by imagining that
the points of the graph are arranged along a great circle of the sphere at regular
intervals spanning an arc of 90 degrees as in Figure 1. This is our approximation
of laying out all the points on a line, and it is good to within a factor of 2. We relax
this to allow the points to wander around the sphere, but maintaining that no two
lie more than 90 degrees apart, and that they satisfy the “spreading” constraints.
The objective function for our relaxation is to minimize the maximum distance
between any pair of points connected by an edge in the original graph. We now
give the SDP explicitly, where G = (V,E) is our original graph. Note that G
does not neccesarily induce a Euclidean metric, but the solution to the SDP
below, where the vectors correspond to vertices of G, does induce a Euclidean
metric. It is shown in [1] that this is a relaxation and that it can be solved in
polytime.

min b

ui · uj ≥ 0 ∀i, j ∈ V

|ui| = n ∀i ∈ V

|ui − uj | ≤ b ∀(i, j) ∈ E∑
j∈S
(ui − uj)2 ≥ 1

12
|S|3 ∀S ⊆ V,∀i ∈ V
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4 A Rounding Algorithm

Let the Euclidean embedding obtained by solving the relaxation be U = {u1, . . . ,
un}. The algorithm below rounds this solution to an ordering of the vertices of
G.

1. Find a volume respecting embedding of U , φ(U) = {v1, . . . , vn}, using Rao’s
algorithm [6] with k = logn.

2. Pick a random line � passing through the origin.
3. Project the points of the embedding φ(U) to � and output the ordering
obtained.

Denote the dimension of the embedding φ(U) by d. Upon random projection,
edge lengths shrink by a factor of 1√

d
in expectation. To analyze the quality of

the approximation we obtain, we show that every edge shrinks by at least a

factor of
√
logn√
d
, and that not too many points fall in any interval of length 1√

d
.

To show that no more than m points fall in an interval, we show that no more
than

(
m
k

)
sets of k points fall in the interval.

We will use the following lemmas. Lemma 1 is from [4] and lemmas 2 and 3
are from [7].

Lemma 1. ∑
S⊂U,|S|=k

1
Tvol(S)

≤ n(log n)k−1

Lemma 2. Let v ∈ IRd. For a random unit vector �,

Pr
[
|v · �| ≤ c√

d
|v|
]
≥ 1− e−c2/4.

Lemma 3. Let S be a set of vectors v1, . . . , vk ∈ IRd. For a random unit vector
�

Pr [maxi{vi · �} −mini{vi · �} ≤W ] = O

(
W k−1d

k−1
2

(k − 1)!Evol(S)

)

Lemma 4. After random projection, the number of vertices that fall in any
interval of length 1√

d
is O(ρ log2 n), where ρ is the k-volume distortion of the

embedding.

Proof. Consider an interval of length W = 1√
d
. For a subset S of V , let XS

be a random variable that is 1 if all the vectors in S fall in the interval. Let us
estimate the total number of sets S of size k that fall in the interval.

E


∑

|S|=k
XS


 = ∑

|S|=k
E[XS ] (1)
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=
∑

|S|=k
Pr(XS = 1)

≤
∑

|S|=k

W kd
k
2

(k − 1)!Evol(S)
(2)

=
∑

|S|=k

1
(k − 1)!Evol(S)

≤
∑

|S|=k

(ρ)k−1

Tvol(S)
(3)

≤ (ρ)k
∑

|S|=k

1
Tvol(S)

≤ (ρ)kn(log n)k (4)
≤ (2ρ log n)k (5)

Step 2 is from lemma 3, step 3 is an application of theorem 1, step 4 is from
lemma 1, and step 5 follows from k = logn.
We need to consider only O(n

√
log n) intervals of length 1√

d
(the longest

distance is O(n) originally, and by lemma 2, it maps to a distance of at most
O(n
√
log n) with high probability). Now by Markov’s inequality, with high prob-

ability, the number of k subsets that fall in any interval of length 1√
d
is at most

n2(2ρ log n)k ≤ (8ρ log n)k. Thus if the number of points in such an interval is m
then

(
m
k

) ≤ (8ρ log n)k which implies that m = O(ρ log2 n) (using k = logn). �
Theorem 2. The algorithm finds an O(ρ log2.5 n) = O(log3 n

√
log log n) ap-

proximation with high probability.

Proof. Consider an edge (i, j) in the original graph that is mapped to vectors
vi and vj after the volume-preserving embedding. Then max(i,j)∈E |vi − vj | is a
lower bound on the bandwidth of the graph (the distance between the solution
vectors of the SDP is a lower bound and this distance is only contracted during
the volume-preserving embedding).
After the last step, with high probability the distance between the projections

of vi and vj is at most O(
√
logn√
d
|vi − vj |) for every pair (i, j) (lemma 2).

Thus the maximum number of intervals of length 1√
d
any edge (i, j) can span

along the random line is O(
√
log n · |vi − vj |). Along with lemma 4 this implies

that the bandwidth of the final ordering is O(ρ log2.5 n) times the optimum with
high probability. �

5 A Lower Bound on Volume Distortion

Our bandwidth algorithm and its analysis motivate the question of whether there
are embeddings with better volume distortion. In this section we show that even
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for a path on n vertices, the best possible volume distortion is Ω(
√
log n). Thus a

further improvement in bandwidth approximation will have to come from other
sources.

Theorem 3. Let G be a path on n vertices. Then for any Euclidean embedding
of G, the distortion for subsets of size up to k is Ω((log n)1/2−1/k). For k =
Ω(log log n), the distortion is Ω((log n)1/2).

We begin by proving that the distortion is Ω(( logn
log log n )

1/4) for subsets of size
3.

Proof of weaker bound. Let our embedding map {u1, ...un} to {φ(u1), ..., φ(un)}
and let P1 = φ(u1), P2 = φ(u2), P3 = φ(u3). We will show a tradeoff between
the area of {P1, P2, P3} and the length of P1P3. Applying this recursively will
yield the claimed bound.
Let |P1P2| = |P2P3| = 1 and let the perpendicular distance from P2 to P1P3

be d. Let |P1P3| = 2c. The area of the triangle is dc and the Pythagorean identity
yields 1 = d2+ c2. Assume that β is an upper bound on the 3-volume distortion
of any subset of three points in our embedding. Then

(
1
2dc

)1/2
=
(

Tvol(S)
(k − 1)!Evol(φ(S))

) 1
k−1

≤ β

and since c ≤ 1, we find d ≥ 1
2β2 .

Using the Pythagorean identity, this implies c =
√
1− d2 ≈ 1 − d2/2 ≤ 1 −

1
8β4 . Thus every distance between two points φ(ui), φ(ui+2) is at most 2·(1− 1

8β4 ).
Now we apply the same argument to subsets of three points at distance 2 apart,
{φ(ui), φ(ui+2), φ(ui+4)}. We obtain that the distance between φ(ui) and φ(ui+4)
is at most 4 · (1 − 1

8β4 )2. Continuing this analysis, we find that the distance
|φ(u1)− φ(un)| is at most n · (1− 1

8β4 )logn.
However, our assumption that we have distortion at most β implies |φ(u1)−

φ(un)| ≥ n/β. Thus we have

n · (1− 1
8β4

)log n ≥ n/β

implying β ≥
(

logn
log log n

)1/4
. �

Proof of Stronger Bound. Consider the volume of {P1, ...Pk}, and assume with-
out loss of generality that ∀i, |PiPi+1| = 1. Now let ci = 1

2 |PiPi+2|, and di =
orthogonal distance from Pi+1 to PiPi+2. We first claim that Evol(P1, ...Pk) ≤∏k−2

i=1
(2di)

(k−1)! . The proof is by induction. Our base case is Evol(P1, P2) ≤ 1, which
is clear. Assume that Evol(P1, ...Pj) ≤

∏j−2
i=1 (2di)/(j − 1)! and consider Pj+1.

We have that the midpoint of Pj−1Pj+1 is dj−1 away from Pj . This implies that
Pj+1 is no more than 2dj−1 away from the subspace spanned by {P1, ...Pj}. The
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claim follows. Our new bound on the {di} follows from
(

1∏k−2
i=1 di

) 1
k−1

≤
(

Tvol(S)
(k − 1)!Evol(φ(S))

) 1
k−1

≤ β

and the bound is
∑k−2

i=1
2d2i

k−2 ≥ (
∏k−2
i=1 2d

2
i )

1
k−2 ≥ 1

2β
−2( k−1

k−2 ) where the first in-
equality follows from the arithmetic mean-geometric mean inequality. As be-
fore, we have ci ≤ 1 − d2i /2. Since |P1Pk| ≤ 2(c1 + c3 + ...ck−3 + 1) and
|P1Pk| ≤ 2(1 + c2 + c4 + ...ck−2), we find that |P1Pk| ≤ 2 +

∑k−2
i=1 ci = (k −

1)( k
k−1 − k−2

k−1

∑k−2

i=1
d2i

2(k−2) ) ≈ (k−1)(1−
∑k−2

i=1
d2i

2(k−2) ). Our bound on the length of P1Pk

becomes |P1Pk| ≤ (k−1)( k
k−1 − k−2

k−1
1
8β

−2 k−1
k−2 ). Now we apply our recursive con-

struction again, this time on sets of size k at a time. Since we are no longer just
doubling each time, we can apply our analysis only logk n times. Plugging this
in yields the bound

(
k

k − 1 −
k − 2
k − 1

1

8β2(
k−1
k−2 )

) log n
log k

≥ 1
β

which simplifies to log n ≤ 16(log k)β2(1+ 1
k−2 ) log β, implying β≥(log n)(1/2−1/k).

�

6 Embeddings Preserving Point-to-Subset Distances

The distance of a point (or vertex) u of G to a subset of points S is simply
d(u, S) = minv∈S d(u, v). For points in Euclidean space, let us define the distance
of a point u to a set of points S as the minimum distance from u to the convex
hull of S, which we denote with the natural extension of | · |. We denote the
convex hull of a set of points S by conv(S), and the affine hull by aff(S).

Definition 2. The point-to-subset distortion of an embedding φ(G) is

max
u∈V,S⊂V

d(u, S)
|φ(u)− conv(φ(S))|

In this section we investigate the question of the best possible point-to-subset
distortion of a Euclidean metric. Besides its geometric appeal, the question has
the following motivation. Suppose we replaced “convex” in the definition above
by “affine” and called the related distortion the affine point-to-subset distortion.
Then we would have the following connection with volume distortion.

Lemma 5. Let φ(G) be a contraction embedding of a metric G. Then the affine
point-to-subset distortion is an upper bound on the k-volume distortion, for all
2 ≤ k ≤ n.
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Proof of lemma 5. Consider a set S of vertices in G, and a mimimum spanning
tree T of S. Consider any leaf u of T . If the point-to-subset distortion of our
embedding φ is β, then

d(u, S \ {u}) ≤ β|φ(u)− aff(φ(S \ {u}))|

Proceeding inductively, we find that

Tvol(S) ≤ βk−1(volume of parallelepiped defined by φ(S))

≤ βk−1(k − 1)!Evol(φ(S))

�
We now state our main theorem on point-to-subset distortion. In the next

two subsections, we define the embedding, and then prove that the embedding
satisfies the theorem.

Theorem 4. For any Euclidean metric G where the shortest distance is within
a poly(n) factor of the longest distance, there exists a Euclidean embedding φ(G)
whose point-to-subset distortion is O(

√
log n).

6.1 The Embedding

Let G = (V,E) be a Euclidean metric with distances (edge lengths) d(u, v) for
all pairs of vertices u, v ∈ V . We assume that all the distances lie between 8 and
8n. (Any polynomial upper bound on the ratio of the shortest to the longest
distance would suffice). Since G is Euclidean, we can assume without loss of
generality that the vertices are points in some d-dimensional Euclidean space.
Given only the distances, it is trivial to find points realizing the distances by
solving an SDP. The embedding we now describe was inspired by the work of
Rao [6].
Before defining the embedding in general, let us consider the following illus-

trative example. Suppose that d = 1, i.e., all the points lie on a line. In this
case, we could proceed by generating coordinates according to the following ran-
dom process: for each R in the set {1, 2, 22, . . . , 2�logn	}, we repeat the following
procedure N times: choose each point from the subset {1, . . . , 8n} with prob-
ability 1/R for inclusion in a set S, and come up with a coordinate φS(v) for
every v ∈ V . The coordinate φS(v) is defined to be minw∈S |v − w|, and then
φ(v) is the vector given by the set of coordinates for v. This will yield N log n
coordinates.
We now explain why this yields a

√
log n affine point-to-subset distortion.

This is a stronger property than
√
log n point-to-subset distortion, and it will

only be proved for d = 1. Consider a set U ⊂ V and a point u, with distance
on the line d(u, U). For every S, we have that |φS(u) − aff(φS(U))| ≤ d(u, U),
and it is a simple application of Cauchy-Shwarz to get that |φ(u)− aff(φ(U))| ≤
d(u, U)

√
N log n. To obtain a lower bound of Ω(d(u, U)

√
N), we consider the

largest R such that R ≤ d(u, U). Denote this value of R by r; we now show
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that with constant probability, a set S chosen by including points in S with
probability 1

r yields |φS(u) − aff(φS(U))| = Ω(d(u, U)). We get this from the
following view of the random process: fix some particular affine combination
aff0, pick points for inclusion in S at distances in (d(u, U)/2, d(u, U)) to the left
and to the right of u, pick the rest of the points not near u with probability 1r , and
we still have constant probabilty of picking another point within the two points
bracketing u; the variation in |φS(u) − aff0(φS(U))| due to the distinct choices
for this last point included in S is Ω(d(u, U)) with constant probability. Feige
proves [4] that the number of “distinct” affine combinations is not too great,
and thus taking N sufficiently large, but still polynomial, yields that this occurs
with high probability simultaneously for all “distinct” affine combinations, and
thus over the uncountable set of all affine combinations. Taking N a little bit
larger still (but still polynomial) then yields that this is simultaneously true for
all point-subset pairs.
For the general case (d ≥ 1), our algorithm chooses a random line, projects

all the points to this random line, and then computes the coordinates as above.
In detail, for each R in the set {1, 2, 22, . . . , 2�logn	}, we repeat the following
procedure N times:

1. Pick a random line � through the origin.
2. Project all the points to �, and scale up by a factor of

√
d. Let the projection

of u be u�.
3. Place points along � at unit intervals. Pick a random subset S of these points,
by choosing each point with probability 1

R , independently.
4. The coordinate for each vertex u along the axis corresponding to the S and

� pair is φS(u) = d(u�, S) = minw∈S |u� − w|.
Thus the total number of dimensions is O(N log n). For the same reasons as

cited above, N = poly(n) will suffice. Thus the dimension of the final embedding
is polynomial in n.

6.2 The Proof

We first upper bound the point-to-subset distances in our final embedding. Con-
sider any point u and subset U . It is enough to consider the point v ∈ U mini-
mizing d(u, v) by the following lemma.

Lemma 6. For every pair u, v ∈ V ,

|φ(u)− φ(v)| ≤ 2d(u, v)
√
N log n

Proof. After scaling up by a factor of
√
d, we have that for any pair u, v ∈ V ,

|φ(u)− φ(v)|2 =
∑
(S,�)

|φS(u)− φS(v)|2

=
∑
(S,�)

|d(u�, S)− d(v�, S)|2
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≤
∑
(S,�)

d(u�, v�)2

≤
∑
(S,�)

2d(u, v)2 (6)

= d(u, v)2N log n

where step 6 is true with constant probability for a single random line, and with
very high probability when summing over all the random lines. �
Since |φ(u)− conv(φ(U))| ≤ |φ(u)− φ(v)|, v ∈ U , we have our upper bound.
Now we lower bound the point-to-subset distances. Consider again a partic-

ular point u and subset U = {ui}, and some fixed convex combination {λi} such
that

∑
λi = 1 and ∀i, λi ≥ 0. Let r be the highest power of 2 less than d(u, U).

For any coordinate corresponding to a subset S generated using R = r, we show
that |φ(u)−∑i λiφ(ui)| = Ω(d(u, U)) with constant probability.

Towards this goal, we claim there is a constant probability that the following
two events both happen.

(i)
∑
i λiφS(ui) ≥ r/16

(ii) φS(u) ≤ r/32

First we condition on some point within r/32 of u� being chosen for inclusion in
S. This happens with constant probability (over choice of S). We have at least
a constant probability of the λi’s corresponding to ui’s at least r/4 away from
u adding up to at least 2/3 (over choice of �). Condition on this as well. Then
we lower bound the expected value of

∑
i λiφS(ui) by

E[
∑
i

λiφS(ui)] ≥
∑

i:|u�
i
−ui|≥r/4

λiE[φS(ui)]

Since E[φS(ui)] ≥ r/8, we have that the expectation is at least (2/3)(r/8) =
r/12. By Markov’s inequality, the value of

∑
i λiφS(ui) is at least r/16 with

constant probability.
Since this happens for all coordinates with R = r, i.e. N of the coordinates,

we obtain the lower bound. As before, a polynomially large N suffices to make
the statement true with high probability for every point, every subset, and every
convex combination simultaneously.

7 Convexity of kth Moments

In section 6.1, we proved that our embedding did preserve all affine point-to-
subset distances to within O(

√
log n) for the case d = 1. Since the optimal

solution to the bandwidth problem is an arrangement of points on a line, it
is the case that an embedding realizing this distortion of the optimal solution
exists. This implies that the constraint

∑
|S|=k

1
Evol(S)

≤
∑

|S|=k

(k − 1)!ρk
Tvol(S)

≤ (2ρk log n)k
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with ρ =
√
log n is satisfied by a Euclidean embedding of the optimal solution.

We call this constraint the kth moment constraint. We show in this section that
the above constraint is convex, and thus we can impose it explicitly in our
SDP (replacing the spreading constraint), separate over it, and then apply the
machinery of section 4 with ρ =

√
log n to obtain an O(log3 n) approximation

to the optimal bandwidth. The only caveat is that the constraint has
(
n
k

)
=

O(nlogn) terms, so this is not quite a polynomial time algorithm. We proceed
with

Lemma 7. Let c be fixed. The following is a convex constraint over the set of
Postive Semi-Definite (PSD) matrices X.

∑
|S|=k

1
Evol(XS)

≤ c

Proof. We analyse the constraint given in the lemma on a term by term basis.
Suppose X and Y are PSD matrices, and (X+Y )/2 is their convex combination.
Then it suffices to show that

1
Evol((X + Y )/2)

≤ 1
2

(
1

Evol(X)
+

1
Evol(Y )

)

because the constraint in the lemma statement is just a sum over many subma-
trices. We actually prove the stronger statement that

1
Evol((X + Y )/2)

≤
√

1
Evol(X)

1
Evol(Y )

which implies the former statement by the arithmetic mean-geometric mean in-
equality (GM≤ AM). This last statement is equivalent to (clearing denominators
and squaring twice)

Det(XY ) ≤ Det2((X + Y )/2)

which is equivalent to

1 ≤ Det2((X + Y )/2)
Det(XY )

= Det(
1
4
(X + Y ))Det(X−1)Det(X + Y )Det(Y −1)

= Det(
1
4
(X + Y )(X−1)(X + Y )(Y −1))

= Det(
1
4
(I + Y X−1)(XY −1 + I))

= Det(
1
4
(Y X−1 + 2I +XY −1))

= Det(
1
4
(A+ 2I +A−1))
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where we let A = Y X−1 at the very end. Also let B = A+2I+A−1

4 . We have re-
duced our original claim to showing that Det(B) ≥ 1. We will show the stronger
property that every eigenvalue of B is at least 1. Consider an arbitrary (eigen-
vector, eigenvalue)-pair of A , given by (e, λ). Then

Be =
1
4
(λ+ 2 +

1
λ
)e

Since 14 (λ+ 2+
1
λ ) ≥ 1, we have that e is an eigenvector of eigenvalue at least 1

for B (this used that λ ≥ 0, which is true since A is PSD). Since the eigenvectors
of A form an orthonormal basis of the whole space, all of B’s eigenvectors are
also eigenvectors of A. �

8 Conclusion

We conjecture that the embedding described in section 6.1 has O(
√
log n) affine

point-to-subset distortion as well. This would directly imply that our algorithm
achieves an O(log3 n) approximation for the minimum bandwidth in polynomial
time.
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Abstract. Constraint satisfaction programs where each constraint de-
pends on a constant number of variables have the following property: The
randomized algorithm that guesses an assignment uniformly at random
satisfies an expected constant fraction of the constraints. By combin-
ing constructions from interactive proof systems with harmonic analysis
over finite groups, H̊astad showed that for several constraint satisfac-
tion programs this naive algorithm is essentially the best possible unless
P = NP. While most of the predicates analyzed by H̊astad depend on
a small number of variables, Samorodnitsky and Trevisan recently ex-
tended H̊astad’s result to predicates depending on an arbitrarily large,
but still constant, number of Boolean variables.
We combine ideas from these two constructions and prove that there
exists a large class of predicates on finite non-Boolean domains such that
for predicates in the class, the naive randomized algorithm that guesses
a solution uniformly is essentially the best possible unless P = NP. As
a corollary, we show that the k-CSP problem over domains with size D

cannot be approximated within Dk−O(
√

k) − ε, for any constant ε > 0,
unless P = NP. This lower bound matches well with the best known
upper bound, Dk−1, of Serna, Trevisan and Xhafa.

1 Introduction

In a breakthrough paper, H̊astad [7] studied the problem of giving approximate
solutions to maximization versions of several constraint satisfaction problems. An
instance of a such a problem is given as a collection of constraints, i.e., functions
from some domain to {0, 1}, and the objective is to satisfy as many constraints
as possible. An approximate solution of a constraint satisfaction program is
simply an assignment that satisfies roughly as many constraints as possible. In
this setting, we are interested in proving either that there exists a polynomial
time algorithm producing approximate solutions some constant fraction from
the optimum or that no such algorithms exist.

Typically, each individual constraint depends on a fixed number k of the vari-
ables and the size of the instance is given as the total number of variables that
appear in the constraints. In this case, which is usually called the Max k-CSP
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problem, there exists a very naive algorithm that approximates the optimum
within a constant factor: The algorithm that just guesses a solution at random.
In his paper, H̊astad [7] proved the very surprising fact that this algorithm is
essentially the best possible efficient algorithm for several constraint satisfaction
problems, unless P = NP. The proofs unify constructions from interactive proof
systems with harmonic analysis over finite groups and give a general framework
for proving strong impossibility results regarding the approximation of constraint
satisfaction programs. H̊astad [7] suggests that predicates with the property that
the naive randomized algorithm is the best possible polynomial time approxima-
tion algorithm should be called non-approximable beyond the random assignment
threshold.

Definition 1. A Max k-CSP on k variables is non-approximable beyond the
random assignment threshold if, for any constant ε > 0, it is NP-hard to ap-
proximate the optimum of the CSP within a factor w − ε, where 1/w is the
expected fraction of constraints satisfied by a solution guessed uniformly at ran-
dom.

H̊astad’s paper [7] deals mainly with constraint satisfaction programs involving
a small number, typically three or four, variables. In most of the cases, the
variables are Boolean, but H̊astad also treats the case of linear equations over
Abelian groups. In the Boolean case, H̊astad’s techniques have been extended
by Trevisan [13], Sudan and Trevisan [11], and Samorodnitsky and Trevisan
[9] to some predicates involving a large, but still constant, number of Boolean
variables. In this paper, we prove that those extensions can be adapted also to
the non-Boolean case—a fact that is not immediately obvious from the proof
for the Boolean case. This establishes non-approximability beyond the random
assignment threshold for a large class of non-Boolean predicates. Our proofs use
Fourier analysis of functions from finite Abelian groups to the complex numbers
combined with what has now become standard constructions from the world of
interactive proof systems. As a technical tool, Sudan and Trevisan [11] developed
a certain composition lemma. In this paper, we extend this lemma to the non-
Boolean setting. By using the lemma as an integrated part of the construction
rather than a black box, we are also able to improve some of the constants
involved.

A consequence of our result is that it is impossible to approximate Max k-
CSP over domains of size D within Dk−O(√k) − ε, for any constant ε > 0, in
polynomial time unless P = NP. This lower bound matches well with the best
known upper bound, Dk−1, following from a linear relaxation combined with
randomized rounding [10,12].

The paper is outlined as follows: We give the general ideas behind our con-
struction in Sec. 2. Then we give the construction of our PCP in Sec. 3 and
the connection to Max k-CSP and the non-approximability beyond the ran-
dom assignment threshold of several non-Boolean predicates in Sec. 4. Finally,
we conclude with some directions for future research. The proof of the non-
approximability result is somewhat technical and we omit it from this extended
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abstract. A more complete version of our results is available as an ECCC tech-
nical report [3].

2 Outline of the Construction

The underlying idea in our construction is the same as in H̊astad’s [7]. We start
with an instance of µ-gap E3-Sat(5).

Definition 2. µ-gap E3-Sat(5) is the following decision problem: We are given
a Boolean formula φ in conjunctive normal form, where each clause contains
exactly three literals and each literal occurs exactly five times. We know that
either φ is satisfiable or at most a fraction µ < 1 of the clauses in φ are satisfiable
and are supposed to decide if the formula is satisfiable.

It is known [2,4] that µ-gap E3-Sat(5) is NP-hard.
There is a well-known two-prover one-round (2P1R) interactive proof system

that can be applied to µ-gap E3-Sat(5). It consists of two provers, P1 and P2,
and one verifier. Given an instance, i.e., an E3-Sat formula φ, the verifier picks a
clause C and variable x in C uniformly at random from the instance and sends x
to P1 and C to P2. It then receives an assignment to x from P1 and an assignment
to the variables in C from P2, and accepts if these assignments are consistent and
satisfy C. If the provers are honest, the verifier always accepts with probability 1
when φ is satisfiable, i.e., the proof system has completeness 1. It can be shown
that the provers can fool the verifier with probability at most (2 + µ)/3 when
φ is not satisfiable, i.e., that the above proof system has soundness (2 + µ)/3.

The soundness can be lowered to ((2 + µ)/3)u by repeating the protocol
u times independently, but it is also possible to construct a one-round proof
system with lower soundness by repeating u times in parallel as follows: The
verifier picks u clauses {C1, . . . , Cu} uniformly at random from the instance. For
each Ci, it also picks a variable xi from Ci uniformly at random. The verifier
then sends {x1, . . . , xu} to P1 and the clauses {C1, . . . , Cu} to P2. It receives
an assignment to {x1, . . . , xu} from P1 and an assignment to the variables in
{C1, . . . , Cu} from P2, and accepts if these assignments are consistent and satisfy
C1 ∧ · · · ∧ Cu. As above, the completeness of this proof system is 1, and it can
be shown [8] that the soundness is at most cuµ, where cµ < 1 is some constant
depending on µ but not on u or the size of the instance.

In the above setting, the proof is simply an assignment to all the variables.
In that case, the verifier can just compare the assignments it receives from the
provers and check if they are consistent and satisfying. The construction we
use to prove that several non-Boolean constraint satisfaction programs are non-
approximable beyond the random assignment threshold can be viewed as a sim-
ulation of the u-parallel repetition of the above 2P1R interactive proof system
for µ-gap E3-Sat(5). We use a probabilistically checkable proof system (PCP)
with a verifier closely related to the particular constraint we want to analyze.
To find predicates that depend on variables from some domain of size D and
are non-approximable beyond the random assignment threshold, we work with
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an Abelian group G of size D. The predicates we study are ANDs of linear
equations involving three variables in G. The proof is what H̊astad [7] calls a
Standard Written G-Proof with parameter u. It is supposed to be a very re-
dundant encoding of a string of length n, which when φ is a satisfiable formula
should be a satisfying assignment.

Definition 3. If U is some set of variables taking values in {−1, 1}, we denote
by {−1, 1}U the set of every possible assignment to those variables. The Long
G-Code of some string x of length |U | is the value of all functions from {−1, 1}U
to G evaluated on the string x; AU,x(f) = f(x).

Since there are |G|2|U|
functions from {−1, 1}U to G, the Long G-Code of a string

of length u has length |G|2u

. The proof introduced by H̊astad [7] contains the
Long G-Code of several subsets containing a constant number of variables. Each
such subset is supposed to represent either an assignment to the variables sent
to P1 or the clauses sent to P2 in the 2P1R interactive proof system for µ-gap
E3-Sat(5).

Definition 4. A Standard Written G-Proof with parameter u contains for each
set U ⊆ [n] of size at most u a string of length |G|2|U|

, which we interpret as the
table of a function AU :FGU → G. It also contains for each set W constructed as
the set of variables in u clauses a function AW :FGW → G.

Definition 5. A Standard Written G-Proof with parameter u is a correct proof
for a formula φ of n variables if there is an assignment x, satisfying φ, such that
AV is the Long G-Code of x|V for any V of size at most u or any V constructed
as the set of variables of u clauses.

To check that the proof is a correct proof, we—following the construction of
Samorodnitsky and Trevisan [9]—first query 2k positions from the proof and
then, as a checking procedure, construct k2 linear equations, each of them in-
volving two of the first 2k queried positions and one extra variable. To give a
more illustrative picture of the procedure, we let the first 2k queries correspond
to the vertices of a complete k× k bipartite graph. The k2 linear equations that
we check then correspond to the edges of this graph.

As for the non-approximability beyond the random assignment threshold, a
random assignment to the variables satisfy all k2 linear equations simultaneously
with probability |G|−k2

—the aim of our analysis is to prove that this is essentially
the best possible any polynomial time algorithm can accomplish. This follows
from the connection between our PCP and the 2P1R interactive proof system
for µ-gap E3-Sat(5): We assume that it is possible to satisfy a fraction |G|−k2

+ε
for some constant ε > 0 and prove that this implies that there is a correlation
between the tables queried by the verifier in our PCP. We can then use this
correlation to explicitly construct strategies for the provers in the 2P1R proof
system for µ-gap E3-Sat(5) such that the verifier in that proof system accepts
with probability larger than cuµ. The final link in the chain is the observation
that since our verifier uses only logarithmic randomness, we can form a CSP
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with polynomial size by enumerating the checked constraints for every possible
outcome of the random bits. If the resulting constraint satisfaction program is
approximable beyond the random assignment threshold, we can use it to decide
the NP-hard language µ-gap E3-Sat(5) in polynomial time.

We remark, that by checking the equations corresponding to some subset E
of the edges in the complete bipartite graph we also get a predicate which is
non-approximable beyond the random assignment threshold: It is satisfied with
probability |G|−|E| by a random assignment and our proof methodology works
also for this case.

3 The PCP

The proof is a Standard Written G-Proof with parameter u. It is supposed to
represent a string of length n. When φ is a satisfiable formula this string should
be a satisfying assignment.

The verifier is parameterized by the integers � and m, a set E ⊆ [�] × [m],
and a constant δ1 > 0; and it should accept with high probability if the proof is
a correct Standard Written G-Proof for a given formula φ.

1. Select uniformly at random u variables x1, . . . , xu. Let U be the set of those
variables.

2. For j = 1, . . . ,m, select uniformly at random u clauses Cj,1, . . . , Cj,u such
that clause Cj,i contains variable xi. Let Φj be the Boolean formula Cj,1 ∧
· · · ∧ Cj,u. Let Wj be the set of variables in the clauses Cj,1, . . . , Cj,u.

3. For i = 1, . . . , �, select uniformly at random fi ∈ FGU .
4. For j = 1, . . . ,m, select uniformly at random gj ∈ FGWj

.
5. For all (i, j) ∈ E, choose eij ∈ FGWj

such that, independently for all y ∈W ,
(a) With probability 1− δ1, eij(y) = 1G.
(b) With probability δ1, eij(y) is selected uniformly at random from G.

6. Define hij such that hij(y) =
(
fi(y|U )gj(y)eij(y)

)−1.
7. If for all (i, j) ∈ E, AU (fi)AWj

(gj ∧Φj)AWj
(hij ∧Φj) = 1, then accept, else

reject.

Lemma 1. The completeness of the above test is at least (1− δ1)|E|.

Proof. Given a correct proof, the verifier can only reject if one of the error
functions eij are not 1G for the particular string encoded in the proof. Since the
error functions are chosen pointwise uniformly at random, the probability that
they all evaluate to 1G for the string encoded in the proof is (1− δ1)|E|. Thus,
the verifier accepts a correct proof with probability at least (1− δ1)|E|.

Lemma 2. For every constant δ2 > 0, it is possible to select a constant u such
that the soundness of the above PCP is at most 1/|G||E| + δ2.
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Proof (sketch). The proof of this lemma uses the Fourier expansion of the in-
dicator for the event that the verifier in the PCP accepts to prove that if the
verifier accepts with probability 1/|G||E| + δ2 the tables U and W1, . . . ,Wk are
correlated. This correlation is then used to provide a strategy for the provers in
the 2P1R proof system for µ-gap E3-Sat(5). This strategy makes the verifier in
the 2P1R proof system accept with probability at least δ1δ22/(|G|−1)|E|. Finally,
by selecting the constant u such that δ1δ

2
2/(|G| − 1)|E| > cuµ, we conclude that

the soundness of the above PCP is at most 1/|G||E| + δ2.

For a more detailed proof of the above lemma, see the full version of this paper
[3].

4 The Reduction to Non-Boolean CSPs

We now show how the above PCP can be connected with CSPs to prove that
the corresponding CSPs are non-approximable beyond the random assignment
threshold. As for the completeness c and the soundness s of the PCP from the
previous section, we have shown that c ≥ (1 − δ1)|E| and s ≤ |G|−|E| + δ2, for
arbitrarily small constants δ1, δ2 > 0.

Theorem 1. Let G be any finite Abelian group, � and m be arbitrary positive
integers, and E ⊆ [�]× [m]. Then the predicate

∧
i,j:(i,j)∈E

(
xixjxi,j = ai,j

)
,

where ai,j ∈ G and xi, xj, and xi,j assume values in G, is non-approximable
beyond the random assignment threshold.

Before proving the theorem, we restate it in slightly different words.

Definition 6. Max k-CSP-G is the following maximization problem: Given a
number of functions from Gk, where G is a finite Abelian group, to Z2, find
the assignment maximizing the number of functions evaluating to 1. The total
number of variables in the instance is denoted by n.

Theorem 2. Let G be any finite Abelian group, � and m be arbitrary positive
integers, E ⊆ [�]× [m], and k = |E|+ �+m. Then it is NP-hard to approximate
Max k-CSP-G within |G||E| − ε for any constant ε > 0.

Proof. Select the constants δ1 > 0 and δ2 > 0 such that

(1− δ1)|E|

|G|−|E| + δ2
≥ |G||E| − ε.

Then select the constant u such that δ1δ
2
2/(|G| − 1)|E| > cuµ. Now consider

applying the PCP from Sec. 3 to an instance of the NP-hard problem µ-gap
E3-Sat(5).
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Construct an instance of Max k-CSP-G as follows: Introduce variables xU,f
and yΦj ,g for every A(f) and Bj(g), respectively. For all possible combinations of
a set U , clauses Φ1, . . . , Φm, and functions f1, . . . , f�, g1, . . . , gm, h1,1, . . . , h�,m,
introduce a constraint that is one if xU,fiyΦj ,gj = yΦj ,hij for all (i, j) ∈ E. Set
the weight of this constraint to the probability of the event that the set U , the
clauses Φ1, . . . , Φm, and the functions f1, . . . , f�, g1, . . . , gm, and h1,1, . . . , h�,m
are chosen by the verifier in the PCP. Each constraint is a function of at most
|E|+ � + m variables. The total number of constraints is at most

nu5mu|G|�2u+m23u+�m23u

,

which is polynomial in n if �, m, |G|, and u are constants. The weight of the sat-
isfied equations for a given assignment to the variables is equal to the probability
that the PCP from Sec. 3 accepts the proof corresponding to this assignment.
Thus, any algorithm approximating the optimum of the above instance within

(1− δ1)|E|

|G|−|E| + δ2
≥ |G||E| − ε

decides the NP-hard problem µ-gap E3-Sat(5).

Corollary 1. For any integer k ≥ 3 and any constant ε > 0, it is NP-hard to
approximate Max k-CSP-G within |G|k−2

√
k+1+1 − ε.

We omit the proof of Corollary 1 from this extended abstract—it is present in
the full version of this paper [3]. From the details of the proof, it is possible to
see that we can rephrase the result in the following slightly stronger form.

Corollary 2. For any integer s ≥ 2 and any constant ε > 0, it is NP-hard
to approximate Max s2-CSP-G within |G|(s−1)2 − ε. For any integer k ≥ 3 that
is not a square and any constant ε > 0, it is NP-hard to approximate Max
k-CSP-G within |G|k−2

√
k+1+2 − ε.

5 Conclusions

We have shown that it is possible to combine the harmonic analysis introduced
by H̊astad [7] with the recycling techniques used by Samorodnitsky and Trevisan
[9] to obtain a lower bound on the approximability of Max k-CSP-G. The proof
of results of this type typically study some predicate on a constant number of
variables such that a random assignment to the variables satisfies the predicate
with probability 1/w. Starting from the 2P1R interactive proof system for µ-
gap E3-Sat(5), instances such that it is NP-hard to approximate the number of
satisfied constraints within w − ε, for any constant ε > 0, are constructed. Our
proof is no exception to this rule.

The current state of the art regarding the (non-)approximability of predicates
is that there are a number of predicates—such as linear equations mod p with
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three unknowns in every equation, E3-satisfiability, and the predicates of this
paper—that are non-approximable beyond the random assignment threshold
[7,9]. There also exists some predicates—such as linear equations mod p with two
unknowns in every equation and E2-satisfiability—where there are polynomial
time algorithms beating the bound obtained from a random assignment [1,5,6].

A very interesting direction for future research is to try to determine cri-
teria identifying predicates that are non-approximable beyond the random as-
signment threshold. Some such attempts have been made for special cases. For
predicates of three Boolean variables, it is known that the predicates that are
non-approximable beyond the random assignment threshold are precisely those
that are implied by parity [7,14]. However, the general question remains com-
pletely open.

Acknowledgments

The author thanks Johan H̊astad for many clarifying discussions on the subject
of this paper.

References

1. G. Andersson, L. Engebretsen, and J. H̊astad. A new way of using semidefinite
programming with applications to linear equations mod p. J. Alg., 39(2):162–204,
May 2001.

2. S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. Proof verification and
the hardness of approximation problems. J. ACM, 45(3):501–555, May 1998.

3. L. Engebretsen. Lower bounds for non-Boolean constraint satisfaction. Technical
Report TR00-042, ECCC, June 2000.

4. U. Feige. A threshold of ln n for approximating set cover. J. ACM, 45(4):634–652,
July 1998.

5. U. Feige and M. X. Goemans. Approximating the value of two prover proof systems,
with applications to MAX 2SAT and MAX DICUT. In Proc. 3rd ISTCS, pages
182–189, 1995.

6. M. X. Goemans and D. P. Williamson. Improved approximation algorithms for
maximum cut and satisfiability problems using semidefinite programming. J. ACM,
42(6):1115–1145, Nov. 1995.

7. J. H̊astad. Some optimal inapproximability results. In Proc. 29th STOC, pages
1–10, 1997. Accepted for publication in J. ACM.

8. R. Raz. A parallel repetition theorem. SIAM J. Comput., 27(3):763–803, June
1998.

9. A. Samorodnitsky and L. Trevisan. A PCP characterization of NP with optimal
amortized query complexity. In Proc. 32nd STOC, pages 191–199, 2000.

10. M. Serna, L. Trevisan, and F. Xhafa. The (parallel) approximability of non-Boolean
satisfiability problems and restricted integer programming. In Proc. 15th STACS,
vol. 1373 of LNCS, pages 488–498, 1998. Springer-Verlag.

11. M. Sudan and L. Trevisan. Probabilistically checkable proofs with low amortized
query complexity. In Proc. 39th FOCS, pages 18–27, 1998. IEEE.



The Non-approximability of Non-Boolean Predicates 249

12. L. Trevisan. Parallel approximation algorithms by positive linear programming.
Algorithmica, 21(1):72–88, May 1998.

13. L. Trevisan. Recycling queries in PCPs and in linearity tests. In Proc. 30th STOC,
pages 299–308, 1998.

14. U. Zwick. Approximation algorithms for constraint satisfaction programs involving
at most three variables per constraint. In Proc. 9th SODA, pages 201–210, 1998.



On the Derandomization
of Constant Depth Circuits

Adam R. Klivans�

Laboratory for Computer Science
MIT

Cambridge, MA 02139
klivans@theory.lcs.mit.edu

Abstract. Nisan [18] and Nisan and Wigderson [19] have constructed
a pseudo-random generator which fools any family of polynomial-size
constant depth circuits. At the core of their construction is the result
due to H̊astad [10] that no circuit of depth d and size 2n1/d

can even
weakly approximate (to within an inverse exponential factor) the parity
function. We give a simpler proof of the inapproximability of parity by
constant depth circuits which does not use the H̊astad Switching Lemma.
Our proof uses a well-known hardness amplification technique from de-
randomization: the XOR lemma. This appears to be the first use of the
XOR lemma to prove an unconditional inapproximability result for an
explicit function (in this case parity). In addition, we prove that BPAC0

can be simulated by uniform quasipolynomial size constant depth cir-
cuits, improving on results due to Nisan [18] and Nisan and Wigderson
[19].

1 Introduction

1.1 Background

The explicit derandomization of randomized complexity classes remains a cen-
tral challenge in complexity theory. Considerable interest has of late been given
to the seminal work of Nisan [18] and Nisan and Wigderson [19] in which the au-
thors construct a pseudo-random generator powerful enough to derandomize well
known complexity classes like BPP under the assumption that a boolean func-
tion exists with high average-case circuit complexity. Further work has shown
how to amplify the worst-case circuit complexity of a boolean function to achieve
the necessary hardness required by the Nisan-Wigderson generator [5,11,13,25].
Depending on the assumption taken, the Nisan-Wigderson generator (or its
strengthened relative the Impagliazzo-Wigderson generator) can be used to de-
randomize a wide range of expressive complexity classes [14]. Still, it seems that
the most expressive randomized complexity class we can unconditionally or ex-
plicitly derandomize is uniform RAC0, randomized constant depth polynomial
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size uniform circuit families [19]. In fact, the case of RAC0 remains one of the
very few examples where the Nisan-Wigderson generator can be used to obtain
an unconditional derandomization (for another see [17]).

Roughly speaking, the reason we can derandomize RAC0 is that we can prove
strong lower bounds against constant depth circuits. The celebrated results of
[1,9,10,21,23] show that parity cannot be computed by polynomial size constant
depth circuits. This fact alone, however, is not sufficient to build a pseudo-
random generator useful for derandomizing RAC0. The Nisan-Wigderson gener-
ator requires the existence of a function highly inapproximable by constant depth
circuits, and only the lower bound techniques due to H̊astad [10] yield strong
enough results for this type of derandomization. Nisan and Wigderson use the
results of H̊astad to prove that RAC0 can be simulated in quasipolynomial time.

1.2 Our Results

In this paper, we give a new proof of the inapproximability of parity by con-
stant depth circuits via a well known hardness amplification technique: the XOR
lemma. The advantage of our proof is two-fold. First, it is a simpler proof than
the one found in [10] and does not use the H̊astad Switching Lemma, a sophis-
ticated combinatorial tool for describing the effect of random restrictions on
constant depth circuits. Second, it appears to be the first time the XOR lemma
has been used to prove an unconditional inapproximability result for an explicit
function (in this case parity). Although our results give a slightly weaker in-
approximability result than the optimal ones found in [10], our lower bounds
are strong enough to obtain the same qualitative derandomization, namely a
quasipolynomial time simulation of RAC0:

Theorem 1. Let C be a circuit of depth d− 1 and size 2n
1/6d

. Then C cannot
compute parity correctly on more than a 1/2 + 2−n1/6d

fraction of inputs.

Further, we will show that BPAC0 (and RAC0) has uniform quasipolynomial
size constant depth circuit families, improving on results due to Nisan [18] and
Nisan and Wigderson [19] who showed that BPAC0 is contained in quasipolyno-
mial time.

1.3 Our Approach

Our starting point is the voting polynomials paper of Aspnes et al. [4] which
proves that any circuit of depth d computing parity on any constant fraction of
inputs has size 2Ω(n

1
4d ). Their result uses only elementary linear algebra and the

fact that constant depth circuits can be approximated by low degree polynomials.
In addition, their result holds even if the circuit has a majority gate at the root.
We wish to amplify this hardness from a constant to 1/2 − 2−n1/O(d)

. What
we prove is that the XOR of several independent copies of parity increases in
hardness exponentially with respect to the number of copies taken. To prove
such a result, we appeal to the hard-core set construction of Impagliazzo [11]
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which gives a simple proof of an XOR lemma and works with respect to any
model of computation closed under majority.

At first glance, this may seem useless for our case, as it is known that AC0
circuits cannot compute the majority function [10]. Our main observation is that
a lower bound against AC0 with one majority gate (for example the one found in
[4]) gives us enough leeway to carry out the XOR lemma due to Impagliazzo [11].
For clarity of exposition we view Impagliazzo’s result from a boosting perspective
[15] (although details about particular boosting algorithms are not important
here).

Boosting is a technique from computational learning theory (see [15]) which
combines small circuits that weakly approximate a boolean function f (in our
case f is the parity function) to form a circuit that computes f on almost all
inputs. The simple boosting algorithm implicit in Impagliazzo’s construction
[11,15] combines weakly approximating circuits by taking their majority to form
a circuit computing f almost everywhere. From the voting polynomials result,
however, we know that circuits with one majority gate at the root cannot com-
pute the parity function. Hence no small circuit can even weakly approximate
parity. This observation leads to the existence of a hard-core set, a set of inputs
S such that no small circuit can even weakly approximate parity on a randomly
chosen input from S. An XOR lemma follows almost immediately, and, since
the XOR of several independent copies of parity is simply equal to the parity
function on a larger input length, we obtain our desired inapproximability result.

1.4 Comparison with Previous Results

In [10], H̊astad gives an optimal result for the inapproximability of parity:

Theorem 2. [10] Let φ be the parity function on inputs of length n. Let C be a
circuit of size 2s and depth d > 2 such that s � n1/d. Then Prx∈{0,1}n [C(x) =
φ(x)] � 1/2 + 2−Ω( n

sd−1 ). If s < n1/d then Prx∈{0,1}n [C(x) = φ(x)] � 1/2 +

2−Ω((n
s )

1
d−1 ).

Corollary 1. [10] Let C be a circuit of size 2n
1/d

and depth d. Then C cannot
compute parity correctly on more than a 1/2 + 2−n1/d+1

fraction of inputs.

1.5 Organization

We begin by reviewing the “voting polynomials” result of [4]. We then review the
Impagliazzo construction from [11] and describe how the “voting polynomials”
result implies it can be used in the constant depth circuit setting. In Section 5 we
show how to improve known containments of BPAC0. Section 5 is independent
from the other sections in this paper.
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2 Preliminaries

For basic definitions regarding circuits and standard complexity classes we refer
the reader to [20]. For a definition of a pseudorandom generator see [25].

Definition 1. A circuit family {Cn} is uniform if there exists a Turing Machine
M such that M on input 1n outputs Cn in polynomial time in n. A language
L is in RAC0 if there exists a uniform family of polynomial-size, constant depth
circuits {Cn} where each circuit Cn is a circuit taking two inputs x and r (|r| =
s = nk for some k) such that if x ∈ L, Prr∈{0,1}s [C(x, r) = 1] � 1/2 and if
x �∈ L, Prr∈{0,1}s [C(x, r) = 1] = 0. A language L is in BPAC0 if the probabilities
1/2 and 0 are replaced with 2/3 and 1/3.

Definition 2. Let f be a Boolean function on {0, 1}n and D a distribution on
{0, 1}n. Let 0 < ε < 1/2 and let n � g � 2n/n. We say that f is δ-hard for size
g and depth d under D if for any boolean circuit C of depth d with at most g
gates, we have PrD[f(x) = C(x)] � 1− δ. We say that f is ε-hard-core for size
g and depth d under D if for any boolean circuit C of depth d with at most g
gates, we have PrD[f(x) = C(x)] � 1/2 + ε. For a set of inputs S we say that f
is δ-hard on S for size g and depth d if f is δ-hard for size g and depth d with
respect to the uniform distribution over S (a similar definition applies to f being
ε-hard-core on S). If S is equal to the set of all inputs then we omit S, and if
there are no depth restrictions we omit d.

Throughout the paper we use U to denote the uniform distribution on {0, 1}n.
Definition 3. For a distribution D, the minimum entropy of D is equal to
log(L∞(D)−1).

3 Mild Hardness via Voting Polynomials

In this section we sketch the elegant “voting polynomials” result due to [4]
which shows that parity cannot be approximated to within any constant by a
constant depth circuit of size 2o(n

1
4d ) with one majority gate at the root. At the

heart of their result is a simple proof that parity cannot be sign represented
well by any low degree polynomial. This idea stems from the now well known
approximation method originally pioneered by Razborov [21] to give a novel
proof that parity is not in AC0. Smolensky [23] extended Razborov’s original
idea and showed that since polynomials cannot compute parity over finite fields,
the lower bound result holds for constant depth circuits with a mod p gate for
any prime p. Our interpretation of the voting polynomials result is that if we
work with polynomials over the rationals, instead of finite fields, then we obtain
a lower bound for parity against circuits with a majority gate, rather than mod
p gates, since one can easily embed majority within the rationals.1 The addition
1 Beigel [7] has shown how to improve this from one majority gate to no(1/d) majority

gates. His result is tight.
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of the majority gate will be essential, as it enables us to carry out the necessary
hardness amplification reductions. We begin with some definitions:

Definition 4. Let f a boolean function on n variables be represented by a func-
tion mapping {−1, 1}n to {−1, 1}. Notice that in this representation, the parity
function on n variables is simply equal to the monomial x1, . . . , xn. A rational
polynomial p(x1, . . . , xn) weakly represents f if p is nonzero and for every x such
that p(x) is nonzero, sgn(f(x)) = sgn(p(x)). The weak degree of a function f is
the degree of the lowest degree polynomial which weakly represents f . We some-
times refer to a polynomial which weakly represents f as a voting polynomial
for f .

Lemma 1. The weak degree of the parity function on n variables is n.

Proof. Let φ denote the parity function on n variables. Assume that there exists
a polynomial p of degree less than n which weakly represents parity. Consider
the vector space of rational polynomials in n variables of total degree at most
n equipped with the inner product (f, g) =

∑
x∈{−1,1}n f(x)g(x). The set of all

monomials of degree less than or equal to n forms a basis. Notice that for any
monomial m of degree strictly less than n, m does not contain some variable xi
and so (m,φ) must equal 0. In other words, φ is orthogonal to all monomials of
degree less than n. But, since p weakly represents parity, (p, φ) must be strictly
greater than 0. Hence parity has weak degree n.

Having established this, we can further prove that no low degree polynomial
can approximate parity well:

Theorem 3. [4] Let p be a nonzero polynomial of degree d. Let S be the set of
inputs for which sgn(x) �= φ(x). Then

|S| �
n−d−1

2∑
i=1

(
n

i

)

Proof. Assume |S| is smaller than the above bound. Let q be the degree n−d−1
2

polynomial such that for any x ∈ S, q(x) = 0. Notice that any polynomial

of degree n−d−1
2 has, potentially,

∑n−d−1
2

i=1

(
n
i

)
nonzero monomials (or degrees

of freedom). Thus q is a well defined, non-zero polynomial whose coefficients
can be computed by solving an appropriate system of linear equations. Now
the polynomial q2p weakly represents parity and is of degree at most n − 1,
contradicting Lemma 1.

Interestingly, the authors of [4] prove that this theorem is tight by giving a
simple construction of a polynomial approximating parity which makes exactly
the above number of errors.

Corollary 2. Any polynomial which weakly represents parity and makes less
than γ2n errors for any γ < 1/2 must have degree Ω(

√
n).
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The following theorem builds on work of Valiant and Vazirani [27] and states
that constant depth circuits can be accurately approximated by low degree poly-
nomials. The result we state here is succinctly proved in [4] and is a refinement
of a theorem from [8].

Theorem 4. [27] [8] [4] For any γ > 0 and any function f computed by a
boolean circuit of size s and depth d there exists a polynomial of degree
O((log(s/γ) log(s))d) which computes f for all but γ2n inputs.

Now we can obtain a similar theorem for a circuit of size s and depth d
with one majority gate at the root. For each input to the majority gate (let us
say without loss of generality there are s of them) there exists some low degree
polynomial approximating that input. Since we are working over the rationals,
taking the sum of all of these polynomials and subtracting s/2 results in a
polynomial weakly representing the output of the majority gate (and thus the
entire circuit) on almost every input. From this discussion and Theorem 4 we
obtain the following:

Theorem 5. [4] For any γ > 0 and any function f computed by a boolean circuit
of size s and depth d with one majority gate at the root there exists a polynomial
of degree O((log(s2/γ) log(s))d) which weakly represents f for all but γ2n of the
inputs.

Now we can combine the above theorem with Corollary 2:

Theorem 6. Parity is 1/8-hard for depth d circuits of size 2o(n
1/4d) with one

majority gate at the root.

4 Extreme Hardness via Hard-Core Sets

In this section we amplify the hardness from a constant to 1/2 + 2−n(1/O(d))
via

Impagliazzo’s hard-core set construction [11]. We will show that if there exists
a circuit approximating parity to within 1/2 + ε (think of ε here as 2−n(1/O(d))

)
then there exists a subexponential sized circuit with a majority gate at the root
computing parity on a constant fraction of the inputs, contradicting Theorem 6.

To achieve this we would like to combine circuits with correctness 1/2+ε with
respect to parity to form a slightly larger circuit computing parity on say a 7/8
fraction of the inputs, i.e. boost our ε advantage.2 The existence of these weakly
approximating circuits will not be enough, however, to directly carry out such a
reduction (this is because it is possible for every weakly approximating circuit
to be wrong on the same set of inputs, in which case we cannot hope to boost
our advantage). To obtain such a reduction, we will need to assume something
stronger, namely that for any distribution with high min-entropy, there exists a
small circuit approximating parity to within ε with respect to that distribution.
2 Here again we frame this informal discussion of Impagliazzo’s work in terms of

boosting for clarity of exposition. The methodology of boosting is not relevant here.
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As a consequence we will have that there exists a distribution D with large min-
entropy such that no small circuit can weakly approximate parity with respect
to D. From this it follows that there is a set of inputs S (of size proportional to
the min-entropy of D) such that no small circuit can weakly approximate parity
with respect to the uniform distribution on S. This set S is known as a hard-
core set for parity. With S in hand, it is not hard to prove that computing the
XOR of several independent copies of parity is a significantly harder function to
approximate– with high probability, one of the inputs to the independent copies
will fall within the hard-core set.

An important definition is that of a measure which we think of as an un-
normalized distribution:

Definition 5. A measure on {0, 1}n is a function M : {0, 1}n → [0, 1]. The
absolute size of a measure M is denoted by |M | and equals

∑
xM(x); the relative

size of M is denoted µ(M) and equals |M |/2n. The distribution DM induced by
a measure M is defined by DM (x) = M(x)/|M |.
The relationship between measure size and min-entropy is established in [15]:

Fact 7 For any measure M , the distribution induced by M has min-entropy at
least n− log(1/µ(M)).

4.1 Hard-Core Sets for Constant Depth Circuits

Here we prove that the hard-core set construction of Impagliazzo works with
respect to constant depth circuits. We will need to assume initial hardness with
respect to circuits with one majority gate at the root to obtain hard-core distri-
butions:

Theorem 8. [11] Let f be δ-hard for circuits of size g and depth d with one
majority gate at the root with respect to U and let 0 < ε < 1. Then there is a
measure M on {0, 1}n with µ(M) � δ such that f is ε-hard-core with respect
to M (i.e. with respect to the distribution induced by M) for any circuit of size
g′ = (1/4)δ2ε2g and depth d− 1 with one majority gate at the root.

Proof. Consider the algorithm given in Figure 4.1. We will need the following
lemma:

Lemma 2. Algorithm IHA terminates after at most i0 = 2/δ2ε2 iterations.

We defer the proof of Lemma 2 to the appendix.

Once the algorithm terminates it is easy to see that h ≡MAJ(C0, . . . , Ci−1)
agrees with f on all inputs except those which haveNi(x) � 0 and henceMi(x) =
1. Since µ(Mi) < δ, this implies that PrU [f(x) = h(x)] � 1 − µ(Mi) > 1 − δ.
But since h is a majority circuit over at most i0 circuits each of size at most
g′, and depth at most d− 1, it follows that h is a depth d circuits with at most
g′i0 + i0 � g gates, which contradicts the original assumption that f is δ-hard
for circuits of size g and depth d with one majority gate under U .



256 Adam R. Klivans

Input: δ > 0, ε > 0, boolean function f
Output: a circuit h such that PrU [h(x) = f(x)] � 1− δ

1. set i← 0
2. M0(x) ≡ 1
3. until µ(Mi) < δ do
4. let Ci be a circuit of size at most g′ and depth d with

PrDMi
[C(x) = f(x)] � 1/2 + ε

5. RCi(x) ≡ 1 if f(x) = Ci(x), RCi(x) ≡ −1 otherwise
6. Ni(x) ≡∑

0�j�i RCj (x)
7. Mi+1(x) ≡ 0 if Ni(x) � 1/δε, Mi+1(x) ≡ 1 if Ni(x) � 0,

Mi+1(x) ≡ 1− δεNi(x) otherwise
8. set i← i + 1
9. h ≡MAJ(C0, C1, . . . , Ci−1)
10. return h

Fig. 1. The IHA algorithm.

Hard-core measures of relative size δ correspond to distributions with min-
entropy at least n− log(1/δ). Since distributions with min-entropy k are convex
combinations of uniform distributions over sets of size 2k ([26]), one would expect
the existence of a hard-core measure of relative size δ to imply the existence of
a set of inputs S of size δ2n such that f is hard-core with respect to the uniform
distribution over S. The following fact confirms this intuition:

Fact 9 [11] Let f be ε/2-hard-core with respect to a measure M of relative size
δ for circuits of size g (where 2n < g < (1/8)(2n/n)(εδ)2) and depth d. Then
there exists a set of inputs S of size δ2n such that f is ε-hard-core on S for size
g and depth d.

We note that in [15] it is shown how to improve the circuit size parameter
from Theorem 8 from O(δ2ε2g) to O(ε2(log(1/δ))−1g). In [22] it is shown how
to generalize the above algorithm to work with real valued functions.

4.2 Amplifying Hardness with the XOR Lemma

Theorem 10. (XOR-Lemma) [11] Let f be ε-hard-core for some set of δ2n

inputs for circuits of size g and depth d, then the function f ′(x1, . . . , xk) =
f(x1)⊕ · · · ⊕ f(xk) is ε+ (1− δ)k-hard-core for circuits of size g and depth d.

Proof. Let C be a circuit of size h obtaining advantage more than ε+ (1− δ)k.
Let Al be C’s advantage given that l inputs lie in the hard-core set. Since the
probability that all k inputs lie in the hard-core set is (1 − δ)k, Al must be
greater than ε for some l > 0. Consider the circuit C ′ which randomly chooses
l−1 instances from the hard-core set, k−(l−1) from the complement of the hard-
core and, on input x, is equal to C(x) with all the inputs inserted in a random
order (and is complemented if the XOR of f of the randomly chosen inputs is 1).
Then this circuit C ′ has average advantage ε over the choice of random inputs,
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so we can fix the random choices non-uniformly to obtain a circuit computing
f with advantage ε when the input is chosen uniformly from the hard-core, a
contradiction.

Using the hard-core set construction and XOR lemma yields our main inap-
proximability result:

Theorem 11. The parity function is 2−n1/6d

-hard-core for circuits of depth d−1
and size 2n

1/6d

.

Proof. Corollary 2 tells us that parity is 1/8-hard for circuits of size 2o(n
1/4d)

and depth d − 1 with one majority gate at the root. Now apply Theorem 8
with δ = 1/8 and ε/2 = 2−n1/5d

to prove that parity is ε-hard-core on a set of
size (1/8)2n for circuits of depth d − 1 and size 2n

1/5d

. The above XOR lemma
amplifies our hardness to what is claimed and increases the input length to
O(n1+1/5d).

Nisan [18] and Nisan and Wigderson [19] show how to use this inapproxima-
bility result to build a pseudorandom generator which fools AC0 and has seed
size polylogarithmic in n (more precisely logO(d) n where d is the depth of the
circuit). Our inapproximability result can be used to obtain a similar pseudo-
random generator and the following corollary:

Corollary 3. Uniform BPAC0 is contained in quasipolynomial time.

5 Approximate Majority
and Uniform Circuit Constructions

From the results in the previous section, we would like to conclude that BPAC0
has uniform, quasipolynomial-size, constant depth circuits (rather than contain-
ment in quasipolynomial time). This is immediately true for RAC0, since it is a
one-sided error class, and we accept an input x if and only if all there exists an
output from a suitable pseudorandom generatorG, call it r, such that C(x, r) = 1
where C is the circuit deciding the language. This can be implemented with an
OR gate. For BPAC0, we need to take a majority vote over all possible seeds
given to G, and, as we have stated earlier, it is known that majority is not in
AC0. Fortunately, since we can construct strong pseudorandom generators, for
every input the fraction of seeds making C accept (or reject) will always be very
close to 2/3 (or 1/3). Thus, we only need to compute an approximate majority.
Ajtai and Ben-Or [3] building on work of Stockmeyer [24] proved the existence
of non-uniform constant depth circuit families capable of computing an approx-
imate majority as long as the fraction of ones is always bounded away from 1/2
by at least an inverse polylogarithmic factor. In 1993, Ajtai [2] gave a explicit
construction of such a circuit family:

Theorem 12. [2] For any constant 0 < δ < 1/2 there exists a uniformly
constructible polynomial-size, constant depth circuit family such that for any
s ∈ {0, 1}n:
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– |s| > (1/2 + δ)n implies C(s) = 1
– |s| < (1/2− δ)n implies C(s) = 0

(Ajtai proves that δ can be replaced with 1/(log n)i where the depth and size
of the circuit will depend on i. This construction is optimal due to the lower
bounds found in [10]).

With this construction we can obtain our desired inclusion for BPAC0:

Theorem 13. BPAC0 can be computed by uniform, constant depth,
quasipolynomial-size circuits.

Proof. Let L ∈ BPAC0. Then L is computed by a uniform circuit family {Cn}
of depth d and size nk for some constants d and k. Let G be a pseudoran-
dom generator which fools {Cn}, has seed size (log n)O(d), and approximates
the acceptance probability of {Cn} to an additive O(1/n) factor. The uniform
circuit family for L is obtained by enumerating over all seeds to G and obtaining
2(log n)

O(d)
circuits where each circuit equals Cn with one of the outputs from G

as its random bit sequence. From the approximate majority construction, there
exists a circuit M of depth d′ and size p(2(log n)

O(d)
) for some polynomial p com-

puting the approximate majority of any sequence of length 2(log n)
O(d)

where the
number of ones is bounded away from 1/2. For any input x, the output sequence
of all of the above circuits on input x has at least 2/3 − 1/n ones or at most
1/3+1/n ones. Combining the enumerated circuits as inputs to the approximate
majority circuit yields the desired constant depth, quasipolynomial size circuit.

6 Conclusion

In this paper we have given a new proof of the inapproximability of parity by
AC0 without using the H̊astad switching lemma. Since the H̊astad switching
lemma has many important applications in such diverse areas as computational
learning theory [16] and proof complexity (see [6]), we hope that the techniques
presented in this paper can be used to provide simpler and/or improved results
in these areas. In [11], Impagliazzo proves an XOR-lemma where the inputs are
chosen pairwise independently. Is it possible to prove such a derandomized XOR
lemma in the constant depth circuit setting? What is the most restricted circuit
class where this can be carried out? We leave these as interesting open problems.
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A Proof of Lemma 2

Algorithm IHA terminates after at most i0 = 2/δ2ε2 iterations.

Proof. Let γ = εδ. Consider the quantity Ai(x) =
∑

0�j�i−1RCj (x)Mj−1(x).
This is the cumulative advantage that the first i circuits have on input x. It is
not hard to see that

∑
xAi(x) � 2nγi. For a fixed x, imagine plotting Nj(x)

with respect to i (think of j as increasing steps through the iterative algorithm).
Match every timeNj(x) increases from k to k+1 with every timeNj(x) decreases
from k + 1 to k (if k is less than 0 match changes from k to k − 1 with changes
of k−1 to k). An easy calculation reveals that each of these pairs contributes at
most γ to Ai(x). For each decreasing unmatched time step we actually subtract
from Ai(x) and for each increasing unmatched time step (of which there can be
at most 1/γ) we add at most 1 to Ai(x). There are at most (1/2)i pairs. Thus
Ai(x) � 1/γ + (1/2)γi. Solving for i yields the claimed bound on the number of
iterations.
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Abstract. We continue the investigation of properties defined by formal
languages. This study was initiated by Alon et al. [1] who described an
algorithm for testing properties defined by regular languages. Alon et al.
also considered several context free languages, and in particular Dyck
languages, which contain strings of properly balanced parentheses. They
showed that the first Dyck language, which contains strings over a single
type of pairs of parentheses, is testable in time independent of n, where
n is the length of the input string. However, the second Dyck language,
defined over two types of parentheses, requires Ω(logn) queries.
Here we describe a sublinear-time algorithm for testing all Dyck lan-
guages. Specifically, the running time of our algorithm is Õ(n2/3/ε3),
where ε is the given distance parameter. Furthermore, we improve the
lower bound for testing Dyck languages to Ω̃(n1/11) for constant ε. We
also have a testing algorithm for the context free language Lrev = {w =
uurvvr : w ∈ Σn}, where Σ is a fixed alphabet. The running time of
our algorithm is Õ(

√
n/ε), which almost matches the lower bound given

by Alon et al. [1].

1 Introduction

Property testing [9,2] is a relaxation of the standard notion of a decision prob-
lem: property testing algorithms distinguish between inputs that have a certain
property and those that are far from having the property. More precisely, for
any fixed property P, a testing algorithm for P is given query access to the in-
put and a distance parameter ε. The algorithm should output accept with high
probability if the input has the property P, and output reject if the input is
ε-far from having P. By ε-far we mean that more than an ε–fraction of the input
should be modified so that the input obtains the desired property P.

Testing algorithms whose query complexity is sublinear and even indepen-
dent of the input size, have been designed for testing various algebraic and
combinatorial properties (see [8] for a survey).

Motivated by the desire to understand in what sense the complexity of test-
ing properties of strings is related to the complexity of formal languages, Alon et
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al. [1], have shown that all properties defined by regular languages are testable
in time that is independent of the input size. Specifically, given a regular lan-
guage L, they describe an algorithm that tests, using Õ(1/ε) queries, whether
a given string s belongs to L or is ε-far from any string in L. This result was
later extended by Newman [6] to properties defined by bounded-width branch-
ing programs. However, Alon et al. [1] showed that the situation changes quite
dramatically for context-free languages. In particular, they prove that there are
context-free languages that are not testable even in time square root in the in-
put size. The question remains whether context-free languages can be tested in
sublinear time. In this paper, we give evidence for an affirmative answer by pre-
senting sublinear time testers for certain important subclasses of the context-free
languages.
Dyck Languages. One important subclass of the context-free languages is the
Dyck language, which includes strings of properly balanced parentheses. Strings
such as “(( )( ))” belong to this class, whereas strings such as “(( )” or “) (”
do not. If we allow more than one type of parentheses then “([ ])” is a balanced
string but “([ )]” is not. Formally, the Dyck language Dm contains all balanced
strings that contain at most m types of parentheses. Thus for example “(( )( ))”
belongs to D1 and “([ ])” belongs to D2.

Dyck languages appear in many contexts. For example, these languages de-
scribe a property that should be held by commands in most commonly used
programming languages, as well as various subsets of the symbols/commands
used in latex. Furthermore, Dyck languages play an important role in the theory
of context-free languages. As stated by the Chomsky-Schötzenberger Theorem,
every context-free language can be mapped to a restricted subset of Dm [10]. A
comprehensive discussion of context free languages and Dyck languages can be
found in [3,5].

Thus testing membership in Dm is a basic and important problem. Alon et
al. [1], have shown that membership in D1 can be tested in time Õ(1/ε), whereas
membership in D2 cannot be tested in less than a logarithmic time in the length
n of the string.
Our Results.
• We present an algorithm that tests whether a string s belongs to Dm. The
query complexity and running time of the algorithm are Õ

(
n2/3/ε3

)
, where

n is the length of s. The complexity does not depend on m, the number of
different types of parentheses.

• We prove a lower bound of Ω(n1/11/ log n) on the query complexity of any
algorithm for testing Dm for m > 1.

• We consider the context free language Lrev = {w = uurvvr : w ∈ Σn}
where Σ is any fixed alphabet and ur denotes the string u in reverse order.
We show that Lrev can be tested in Õ( 1ε

√
n) time. Our algorithm almost

matches the Ω(
√
n) lower bound of Alon et al. [1] on the number of queries

required for testing Lrev.
The structure of our testing algorithm for Dm. Our testing algorithm for Dm
combines local checks with global checks. Specifically, the first part of the test
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randomly selects consecutive substrings of the given input string, and checks
that they do not constitute a witness to the string not belonging to Dm. The
second, more elaborate part of the test, verifies that non-consecutive pairs of
substrings that are supposed to contain matching parentheses, in fact do. In
particular, the string is partitioned into fixed blocks (consecutive substrings),
and the algorithm computes various statistics concerning the numbers of opening
and closing parentheses in the different blocks. Using these statistics it is possible
to determine which pairs of blocks should contain many matching parentheses in
case that the string in fact belongs to Dm. The testing algorithm then randomly
selects such pairs of blocks and verifies the existence of such a matching between
opening parentheses in one block and closing parentheses in the other block.

Organization. In Section 2 we describe the necessary preliminaries. Our testing
algorithm for Dyck Languages is presented in Section 3. Most proofs, as well as
the lower bound for Dyck languages and the algorithm for testing Lrev can be
found in the full version of this paper [7].

2 Preliminaries

Let s = s1 . . . sn be a string over an alphabet Σm = {0, . . . , 2m − 1} where
2i, 2i+1 correspond to the ith type of opening and closing parentheses. We will
use the following notation for strings and substrings.

Definition 1 (Substrings) For a string s = s1 . . . sn and i ≤ j, we let si,j
denote the substring si, si+1, ..., sj. If s′, s′′ are two strings, then s′s′′ denotes
the concatenation of the two strings.

Definition 2 (Dyck Language) The Dyck language Dm can be defined recur-
sively as follows:

1. The empty string belongs to Dm.
2. If s′ ∈ Dm, σ = 2i is an opening parenthesis and τ = 2i + 1 is a matching

closing parenthesis (for some 0 ≤ i ≤ m− 1), then σs′τ ∈ Dm.
3. If s′, s′′ ∈ Dm, then s′s′′ ∈ Dm.

It is clear from the recursive definition of Dm that the parentheses in a string
s have a nested structure and are balanced. The first step of our algorithm will
test if the string s is a legal string when we view it as a string in D1, using the
test given by [1]. Furthermore, the algorithm will test if consecutive substrings
of s can be extended to a legal string in Dm. The following definitions address
these aspects formally.

Definition 3 (Single-Parentheses Mapping) Given a string s over Σm, we
can map it to a string µ(s) over Σ1 = {0, 1} in the obvious manner: Every
opening parenthesis is mapped to 0, and every closing parentheses is mapped to
1. We denote this mapping by µ.
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Definition 4 (Parentheses Matching) For every string s such that µ(s) ∈
D1, there exists a unique perfect matching M(s) between opening and closing
parentheses in s, such that each opening parenthesis sj is matched to a closing
parenthesis sk, and no two matched pairs “cross”. That is, if sj1 is matched to
sk1 , and sj2 to sk2 where j1 < k1, and j1 < j2 < k2, then either k1 < j2 or
k1 > k2.

Definition 5 (Consistency of Substrings) We say that a substring s′ over
Σm is Dyck Consistent, if there exists a string s ∈ Dm such that s′ is a (consec-
utive) substring of s.

The second part of our algorithm finds disjoint pairs of substrings such that
there exist opening parentheses in the first substring that should be matched
to closing parentheses in the second substring. The algorithm verifies that these
pairs of parentheses match in type as required. The following concepts will be
needed for this part of the algorithm.

Definition 6 (Parentheses Numbers) For any substring s′ of s, define
n0(s′) to be the number of opening parentheses in s′, and define n1(s′) to be
the number of closing parentheses in s′.

Fact 1 A string s belongs to D1 if and only if: (1) For every prefix s′ of s,
n0(s′) ≥ n1(s′); (2) n0(s) = n1(s).

The above fact implies that any string s′ over Σ1 = {0, 1} is Dyck Consistent,
since for such a string there exist integers k and � such that 0ks′1 ∈ D1. In this
case we can view s′ as having an excess of k closing parentheses and � opening
parentheses (assuming k and � are the smallest integers such that 0ks′1 ∈ D1).
The following definition extends this notion of excess parentheses in a substring
to any alphabet Σm.

Definition 7 (Excess Numbers) Let s′ be a substring over Σm, and let k
and � be the smallest integers such that 0k µ(s′)1 ∈ D1. Then k is called the
excess number of closing parentheses in s′, and � is the excess number of opening
parentheses in s′. Denote k by e1(s′) and � by e0(s′).

For example if s′ = “] [ ( ) ] ) (”, then e1(s′) = 2 and e0(s′) = 1, where for
the sake of the presentation we denote the pairs of parentheses by ( ) and [ ].
It is possible to compute the excess numbers from the parentheses numbers as
follows.

Claim 2 The following two equalities hold for every substring s′,

e1(s′) = max
s′′prefix of s′

(n1(s′′)− n0(s′′))

e0(s′) = max
s′′suffix of s′

(n0(s′′)− n1(s′′)) (1)

In both cases the maximum is also over the empty prefix (suffix) s′′, for which
n1(s′′)− n0(s′′) = 0.
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3 The Algorithm for Testing Dm

In the following subsections we describe several building blocks of our algorithm.
Recall that the algorithm has two main parts. First we test that µ(s) ∈ D1, and
that consecutive substrings of s are Dyck consistent. Then, by estimating the
excess numbers for substrings of s, we find pairs of substrings that contain a
significant number of matched pairs of parentheses according toM(s), and check
that these pairs match in type. To do the latter, we break the string into n1/3

substrings each of length n2/3, which we refer to as blocks. Assume for simplicity
that µ(s) ∈ D1 (where we of course deal with the general case). Then there exists
a weighted graph, whose vertices correspond to these blocks, and in which there
is an edge between block i and block j > i if and only if the matching M(s) (as
in Definition 4) matches between excess opening parentheses in block i to excess
closing parentheses in block j. The weight of each edge is simply the number
of corresponding matched pairs of excess parentheses. As we show subsequently,
this weight can be determined by the values of the excess numbers for every
consecutive sequence of blocks. Hence, if we were provided with these exact
values, we could verify, for randomly selected pairs of blocks that are connected
by an edge in the graph, whether their excess parentheses match as required.
Since we do not have these exact values, but rather approximate values, we use
our estimates of the excess values to construct an approximation of the above
graph, and to perform the above verification of matching excess parentheses.

3.1 Checking Consistency

It is well known that it is possible to check in time O(n) using a stack whether
a string s of length n belongs to Dm. This is done as follows: The symbols of s
are read one by one. If the current symbol read is an opening parenthesis then
it is pushed onto the stack. If it is a closing parenthesis, then the top symbol on
the stack is popped and compared to the current symbol. The algorithm rejects
if the symbol popped (which must be an opening parenthesis) does not match
the current symbol. The algorithm also rejects if the stack is empty when trying
to pop a symbol. The algorithm accepts if after reading all symbols the stack is
empty.

The above algorithm can be easily modified to check whether a substring s′

is Dyck consistent. The only two differences are: (1) When reading a closing
parenthesis and finding that the stack is empty, the algorithm does not reject
but rather continues with the next symbol. (2) If the algorithm has completed
reading the string without finding a mismatched pair of parentheses, then it
accepts even if the stack is not empty. Thus the algorithm rejects only if it finds
a mismatch in the type of parentheses.

3.2 A Preprocessing Stage

An important component of our algorithm is acquiring good estimates of the
excess numbers of different substrings of the given input string s. We start by
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describing a preprocessing step based on which we can obtain such estimates for
a fixed set of basic substrings of s (having varying sizes). By sampling from such
a substring s′, we obtain estimates of n0(s′) and n1(s′). Using these estimates
we can derive estimates for the excess numbers of any given substring of s.

Let r = log(n1/3/δ), where 0 < δ < 1 is a parameter that is set subsequently.
For each j ∈ {0, 1, . . . , r}, we consider the partition of s into 2j consecutive
substrings each of length n/2j . We assume for simplicity that n is divisible by
2r = n1/3/δ. Thus the total number of substrings is O(n1/3/δ), where the longest
is the whole string s, and the shortest ones are of length δ · n2/3. We refer to
these substrings as the basic substrings of s.

For each basic substring s′ of length n/2j , we uniformly and independently
select a sample of mj symbols from s′, where mj = Θ

(
n2/3

22j · log
3(n/δ)
δ2

)
. Let m0

j

be the number of opening parentheses in the sample, and m1
j be the number

of closing parentheses in the sample. Our estimates of the number of opening

and closing parentheses in s′ are respectively: n̂0(s′) =
m0

j

mj
· |s′| = m0

j

mj
· n2j and

n̂1(s′) =
m1

j

mj
· n2j .

Lemma 3 With probability at least 1 − o(1), for each of the basic substrings
s′ ⊆ s, |n̂0(s′)−n0(s′)| ≤ δ

24 log(n/δ) ·n2/3 and |n̂1(s′)−n1(s′)| ≤ δ
24 log(n/δ) ·n2/3.

The total size of the sample is O
(
n2/3·log3(n/δ)

δ2

)
.

We assume from now on that the quality of our estimates n̂0(s′) and n̂1(s′)
are in fact as stated in the lemma for every basic substring s′. We refer to this
as the successful preprocessing assumption.

Assumption 4 (Successful Preprocessing Assumption) For each of the
basic substrings s′, |n̂0(s′) − n0(s′)| ≤ δ

24 log(n/δ) · n2/3, and the same bound
holds for n̂1(s′).

3.3 Obtaining Estimates of Excess numbers

We first consider obtaining estimates for n0(s′) and n1(s′) for substrings s′ of s
of the form defined in the next claim.

Claim 5 Let s′ = sk, be any substring of s such that k = t1 · (δ · n2/3) + 1 and
� = t2 · (δ · n2/3), for 0 ≤ t1 < t2 ≤ n1/3/δ. Then s′ is the concatenation of at
most 2 log |s′|+ 1 of the basic substrings.

Assume the substring s′ is the concatenation of the basic substrings s1, ..., st.
Then we can estimate n0(s′) by n̂0(s′) =

∑t
i=1 n̂0(s

i), where n̂0(si) is the esti-
mate we got above for the basic substring si. Similarly, we can estimate n1(s′).

Corollary 6 Under Assumption 4, for every substring s′ as in Claim 5, |n̂0(s′)−
n0(s′)| < δ

4 · n2/3 and |n̂1(s′)− n1(s′)| < δ
4 · n2/3.
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We next consider how to obtain estimates for the excess number of opening
parentheses of a given substring s′ = sk, (where k, �, t1, t2 are assumed to be as
in Claim 5), and similarly for the excess number of closing parentheses. To this
end we appeal to Claim 2, and use our estimates for the total number of opening
and closing parentheses in certain prefixes and suffixes of s′. As we show below,
for the purpose of getting an additive estimate of the excess within δ · n2/3 for
any substring, it is enough to use estimates of n0 and n1 for prefixes and suffixes
of the substring that are multiples of δ · n2/3. Specifically,
Claim 7 Let s′ = sk, be as in Claim 5, and define two sets

Prefix = {s′′|s′′ = sk,′ , �′ = t′2 · (δ · n2/3) + 1, t1 ≤ t′2 < t2}
Suffix = {s′′|s′′ = sk′,, k

′ = t′1 · (δ · n2/3) + 1, t1 < t′1 ≤ t2}.
Let

ê0(s′) = max
s′′∈Suffix

(n̂0(s′′)− n̂1(s′′)), ê1(s′) = max
s′′∈Prefix

(n̂1(s′′)− n̂0(s′′)).

Then, under Assumption 4, |ê0(s′) − e0(s′)| ≤ δ · n2/3 and |ê1(s′) − e1(s′)| ≤
δ · n2/3.

3.4 The Matching Graph

Before defining the matching graph, we extend the notion of the matchingM(s)
(see Definition 4) to strings s such that µ(s) /∈ D1. In this case we do not obtain
a perfect matching, but rather a matching of all the parentheses in the string
that are not excess parentheses with respect to the whole string. Specifically, by
definition of the excess numbers, the string s̃ = 0e1(s)µ(s)1e0(s) belongs to D1.
Thus we letM(s) be the restriction ofM(s̃) to pairs of parentheses that are both
in s. For example, if s = “( ] ] ( [ )”, then M(s) matches between s1 and s2 and
between s5 and s6.

In all that follows we assume that n2/3 is an even integer. It is not hard to
verify that this can be done without loss of generality. We partition the given
string s into n1/3 consecutive and disjoint substrings, each of length n2/3, which
we refer to as blocks.

Definition 8 (Neighbor Blocks) We say that two blocks i and j are neighbors
in a string s, if the matching M(s) matches between excess opening parentheses
in block i and excess closing parentheses in block j.

Definition 9 (The Matching Graph of a String) Given a string s, we de-
fine a weighted graph as follows. The vertices of the graph are the n1/3 blocks of
s. Two blocks i < j are connected by an edge (i, j) if and only if they are neighbor
blocks (as defined above). The weight w(i, j) of the edge (i, j) is the number of
excess opening parentheses in block i that are matched by M(s) to excess closing
parentheses in block j. The resulting graph is called the matching graph of s, and
is denoted by G(s). The set of edges of the graph is denoted by E(G(s)).
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Block 1            Block 2            Block 3            Block 4          Block 5

1 1 1

2

1

4

[ [ ( [ ( [    ] [ ( [ ( )    [ ] ] ( ) [    [ ] ] ) ] )    ] ) ] ] ( )

Fig. 1. An example of the matching graph of a string (in D2). The string consists of 5
blocks (outlined by rectangles), with 6 symbols in each block. The numbers below the
edges are the weights of the edges.

By definition of the matchingM(s) between closing and opening parentheses
we get:

Claim 8 For every string s, the matching graph G(s) is planar, and therefore
|E(G(s))| ≤ 3n1/3.

It is possible to determine which blocks are neighbors in G(s), and what is
the weight of the edge between them, using the excess numbers e1 and e0 as
follows. We first introduce one more definition.

Definition 10 (Intervals) For a given string s, let Ii,j denote the substring,
which we refer to as interval, that starts at block i and ends at block j (including
both of them).

Claim 9 Let s be a given string and let i < j be two blocks in G(s). Define:

x(i, j) def= min{e1(Ii+1,j), e0(Ii,i)} − e1(Ii+1,j−1) . (2)

If i and j are neighbors in G(s) then w(i, j) = x(i, j), and if x(i, j) > 0 then i
and j are neighbors in G(s).

Proof: We first observe that for both parts of the claim the premise implies
that e0(Ii,i) > 0. That is, the i’th block has excess opening parentheses. We
next observe that the sequence e1(Ii+1,j) is monotonically non-decreasing with
j. Let t > i be the maximum index such that e1(Ii+1,t−1) < e0(Ii,i), (so that in
particular e1(Ii+1,t) ≥ e0(Ii,i)), and for every j > t, e1(Ii+1,j) > e0(Ii,i). Then
all the neighbors j > i of block i are found in the interval Ii+1,t. The number of
excess closing parentheses of block j where i+ 1 ≤ j ≤ t− 1, that are matched
to block i, is e1(Ii+1,j)− e1(Ii+1,j−1). Therefore, if e1(Ii+1,j)− e1(Ii+1,j−1) > 0
then blocks i and j are neighbors. The number of parentheses matched between
block i and block t is e0(Ii,i)− e1(Ii+1,t−1). The claim follows. �

It is not hard to verify that based on the symmetry of the matching, if i and j
are neighbors in G(s) then also w(i, j) = min{e0(Ii,j−1), e1(Ij,j)}− e0(Ii+1,j−1).
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We next turn to the case in which we only have estimates of the excess
numbers. Here we define a graph based on the estimates we have for the excess
numbers. This graph contains only relatively “heavy” edges in order to overcome
approximation errors.

Definition 11 (The Approximate Matching Graph) Given a string s, we
partition it into blocks of size n2/3, and define a graph Ĝ(s) whose vertices are
the n1/3 blocks of s. A pair of blocks i < j will be connected by an edge (i, j) if
and only if min{ê1(Ii+1,j), e0(Ii,i)}− ê1(Ii+1,j−1) ≥ 4δn2/3, where ê0 and ê1 are
as defined in Claim 7.

The reason that in the definition we use the approximate values ê1(Ii+1,j) but
the exact value e0(Ii,i), is that in the algorithm the value of e0(Ii,i) is known
exactly. The following lemma is central to our algorithm and its analysis.

Lemma 10 Suppose Assumption 4 holds. Then for any given string s, the graph
Ĝ(s) is a subgraph of G(s), and every vertex in Ĝ(s) has degree at most 1/(2δ).
Furthermore, if µ(s) is δ-close to a string in D1, then Ĝ(s) “accounts for most
of the excess” in s. Namely,

∑
(k,)∈E(Ĝ(s)), k<

x(k, �) ≥ 1
2

n1/3∑
i=1

(e0(Ii,i) + e1(Ii,i)) − 19δn.

3.5 Matching between Neighbors

Definition 12 (Matching Substrings) Let s′ be a substring of opening paren-
theses and let s′′ be a substring of closing parentheses. We say that s′ and s′′

match if |s′| = |s′| and s′s′′ ∈ Dm.

Given a string s, it is possible to determine for any two neighbor blocks i < j
in G(s), which pairs of excess parentheses within these blocks should match. Let
E0(i) denote the (non-consecutive) substring of excess opening parentheses in
block i, and let E1(j) denote the substring of excess closing parentheses in block
j. By definition, |E0(i)| = e0(Ii,i) and |E1(j)| = e1(Ij,j).

We first find E0(i) and E1(j). This is done by slight modifications of the Dyck-
consistency procedure. Namely, when reading block i, the substring E0(i) consists
of those opening parentheses that are left on the stack when the procedure
terminates. On the other hand, the substring E1(j) consists of those closing
parentheses, that when read, the stack is found to be empty.

Recall that by Claim 9, for every two blocks i < j that are neighbors in G(s),
there are w(i, j) = x(i, j) excess opening parentheses in block i that are matched
to excess closing parentheses in block j (where x(i, j) is as defined in Claim 9,
Equation (2)). Note that there are e1(Ii+1,j−1) excess opening parentheses in
block i that are matched to excess closing parentheses in the interval Ii+1,j−1.
Similarly, there are e0(Ii+1,j−1) closing parentheses in block j that are matched
to opening parentheses in Ii+1,j−1. Observe that either all e0(Ii,i) excess open-
ing parentheses in block i get matched to excess closing parentheses in blocks
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i + 1, · · · , j, or all e1(Ij,j) excess closing parentheses in block j get matched
to opening parentheses in blocks i, · · · , j − 1. This leads to the following exact
matching procedure, with two cases: The first corresponds to the situation when
all of the excess closing parenthesis in block j are matched to parentheses in the
interval Ii,j−1. In particular this implies that those parentheses in block j that
are matched to parentheses in block i constitute a suffix of the excess E1(j). The
second case corresponds to the situation when all of the excess opening paren-
theses in block i are matched to the interval Ii+1,j and so a prefix of E0(i) is
matched to a substring of E1(j).

In what follows, for a (consecutive) substring s′ of E0(i), we denote by Fi(s′)
and Li(s′) the positions in E0(i) of the first and last symbols of s′, respectively.
Similarly, for a substring s′′ of E1(j), we denote by Fj(s′′) and Lj(s′′) the posi-
tions of the first and last symbols of s′′ in E1(j) respectively.
Exact Parentheses Matching Procedure(i, j)

1. If e1(Ii+1,j) < e0(Ii,i): Let s′′ be the suffix of E1(j) of length x(i, j), and let
s′ be the substring of E0(i) such that Li(s′) = e0(Ii,i)− e1(Ii+1,j−1), where
|s′| = |s′′|.

2. If e1(Ii+1,j) ≥ e0(Ii,i): Let s′ be the prefix of E0(i) of length x(i, j), and
let s′′ be the substring of E1(j) such that Fj(s′′) = e0(Ii+1,j−1) + 1, where
|s′′| = |s′|.

3. If s′ and s′′ match, then return success, otherwise return fail.

It may be verified that Li(s′) = e0(Ii,i)−e1(Ii+1,j−1) and Fj(s′′) = e0(Ii+1,j−1)+
1, no matter which step of the procedure is applied. Hence, the two cases can
actually be merged into one, but the above formulation will be helpful in under-
standing a variant of this procedure that is presented subsequently.

An Example. Consider for example the string from Figure 1, and the neighboring
blocks i = 1 and j = 4. Then E0(1) = “[ [ ( [ ( [”, that is, the block consists
only of excess parentheses, and E1(4) = “] ) ] )”. Thus, e0(I1,1) = 6. The other
relevant values are: x(1, 4) = 2, e1(I2,4) = 3, and e1(I2,3) = 1. Hence s′′ is the
suffix of length 2 of E1(4), that is, s′′ = “] )”. We also get that Li(s′) = 6−1 = 5,
and so s′ is the substring of E0(1) of length 2 that ends at position 5, that is
s′ = “( [”. The substrings s′ and s′′ match of course since s′s′′ ∈ D2.

Since we only have estimates ê1(Ii+1,j−1) and ê0(Ii+1,j−1) of the excess num-
bers in the interval Ii+1,j−1, then we apply the following partial matching pro-
cedure to any pair of neighbor blocks i < j in Ĝ(s). The procedure is basically
the same as the exact matching procedure, but it searches for a possibly smaller
match in a larger range (where the size of the match and the range are deter-
mined by the quality of the approximation we have). Thus we define

x̂(i, j) def= min{ê1(Ii+1,j), e0(Ii,i)} − ê1(Ii+1,j−1)− 2δn2/3,

and look for matching substrings of length x̂(i, j). Furthermore, we only allow
matches of locations that have an even number of symbols between them. If
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s ∈ Dm and blocks i and j are neighbors in G(s), then the existing matching
between excess opening parentheses in block i and excess closing parentheses in
block j, should in fact obey this constraint.

Partial Parentheses Matching Procedure(i, j)

1. If ê1(Ii+1,j) < e0(Ii,i)− δn2/3: Let ŝ′′ be the suffix of E1(j) of length x̂(i, j).
Search for a matching substring ŝ′ of E0(i) such that Li(ŝ′) is in the range

(
e0(Ii,i)− ê1(Ii+1,j−1)− 3δn2/3 , e0(Ii,i)− ê1(Ii+1,j−1) + δn2/3

)
(3)

and such that Li(ŝ′) has opposite parity from the parity of Fj(ŝ′′). (If
|x̂(i, j)| ≤ 0 then ŝ′′ is the empty string, and a matching exists trivially.)

2. If ê1(Ii+1,j) ≥ e0(Ii,i) + δn2/3: Let ŝ′ be the prefix of E0(i) of length x̂(i, j).
Search for a matching substring ŝ′′ of E1(j) such that Fj(ŝ′′) is in the range

(ê0(Ii+1,j−1) + 1− δn2/3 , ê0(Ii+1,j−1) + 1 + 3δn2/3) (4)

where again, Fj(ŝ′′) should have opposite parity from that of Li(ŝ′).
3. If |ê1(Ii+1,j)−e0(Ii,i)| ≤ δn2/3: Search for a matching as described in Step 1
above. If a matching is not found, search for a matching as described in
Step 2 above.

4. If a matching was found, then return success, otherwise return fail.

To implement either step in the above procedure, we run a linear time string
matching algorithm [4].

Lemma 11 Assume that Assumption 4 holds. Then we have the following.

1. If s ∈ Dm, then for every two neighbor blocks i < j in Ĝ(s), the partial
matching procedure described above succeeds in finding a matching.

2. Let s be any given string and consider any three blocks i < j1 < j2 such that
j1 and j2 are both neighbors of i in Ĝ(s). Suppose that the partial match-
ing procedure succeeds in finding a matching between substrings ŝ′ and t̂′ of
E0(i) and substrings ŝ′′ of E1(j1) and t̂′′ of E1(j2), respectively. Then, under
Assumption 4, ŝ′ and t̂′ overlap by at most 6δn2/3. An analogous statement
holds for triples i1 < i2 < j such that i1 and i2 are both neighbors of j in
Ĝ(s).

3.6 Putting It All Together

Algorithm 1 Test for Dm

1. Let δ = ε
200 . Test that µ(s) ∈ D1 with distance parameter δ and confidence

9/10. If the D1 test rejects, then reject.
2. Partition the string into n1/3 substrings of length n2/3 each, which we refer

to as “blocks”.
3. Select 100/ε blocks uniformly, and check that they are Dm consistent.
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4. Perform the preprocessing step on the basic substrings of s (defined based on
the above setting of δ).

5. Uniformly select 100/ε blocks and for each find its neighboring blocks in Ĝ(s).
For each selected block, and for each of its neighbors, check that their excess
parentheses match correctly by invoking the partial matching procedure.

Theorem 1 If s ∈ Dm then the above testing algorithm accepts with probability
at least 2/3, and if s is ε-far from Dm then the above test rejects with probability
at least 2/3.
The query complexity and running time of the algorithm are O

(
n2/3·log3(n/ε)

ε3

)
.

Proof Sketch (the complete proof appears in the full version of this
paper [7]): The main part of the proof is showing that if s is accepted with
probability greater than 1/3 then it is ε-close to Dm. If s is accepted with
probability greater than 1/3 then necessarily it must pass each part of the test
with probability greater than 1/3. This implies that: (1) µ(s) is δ-close to D1;
(2) All but at most an ε

4 -fraction of the blocks of s are Dm-consistent; (3)
The fraction of blocks i that have a neighbor j in Ĝ(s) for which the matching
procedure would fail if executed on i and j is at most ε

4 ; Using these assertions,
together with Assumption 4 (which holds with sufficiently high probability), we
are able to show how to modify s in at most εn positions so that it becomes a
string in Dm. �
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Abstract. We consider the problem of determining whether a given
function f : {0, 1}n → {0, 1} belongs to a certain class of Boolean func-
tions F or whether it is far from the class. More precisely, given query
access to the function f and given a distance parameter ε, we would
like to decide whether f ∈ F or whether it differs from every g ∈ F
on more than an ε-fraction of the domain elements. The classes of func-
tions we consider are singleton (“dictatorship”) functions, monomials,
and monotone DNF functions with a bounded number of terms. In all
cases we provide algorithms whose query complexity is independent of n
(the number of function variables), and polynomial in the other relevant
parameters.

1 Introduction

The newly founded country of Eff is interested in joining the international or-
ganization Pea. This organization has one rule: It does not admit dictatorships.
Eff claims it is not a dictatorship but is unwilling to reveal the procedure by
which it combines the votes of its government members into a final decision.
However, it agrees to allow Pea’s special envoy, Tee, to perform a small number
of experiments with its voting method. Namely, Tee may set the votes of the
government members (using Eff’s advanced electronic system) in any possible
way, and obtain the final decision given these votes. Tee’s mission is not to ac-
tually identify the dictator among the government members (if such exists), but
only to discover whether such a dictator exists. Most importantly, she must do
so by performing as few experiments as possible. Given this constraint, Tee may
decline Eff’s request to join Pea even if Eff is not exactly a dictatorship but only
behaves like one most of the time.

The above can be formalized as a Property Testing Problem: Let f : {0, 1}n →
{0, 1} be a fixed (but unknown) function, and let P be a fixed property of
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functions. We would like to determine, by querying f , whether f has the property
P, or whether it is ε-far from having the property for a given distance parameter
ε. By ε-far we mean that more than an ε–fraction of its values should be modified
so that it obtains the property P. For example, in the above setting we would like
to test whether a given function f is a “dictatorship function”. That is, whether
there exists an index 1 ≤ i ≤ n, such that f(x) = xi for every x ∈ {0, 1}n.

Previous work on testing properties of functions mainly focused on algebraic
properties (e.g., [5,17,16]), or on properties defined by relatively rich families
of functions such as the family of all monotone functions [9,8]. Here we are
interested in studying the most basic families of Boolean functions: singletons,
monomials, and DNF functions.

One possible approach to testing whether a function f has a certain prop-
erty P, is to try and actually find a good approximation for f from within the
family of functions FP having the tested property P. For this task we would use
a learning algorithm that performs queries and works under the uniform distri-
bution. Such an algorithm ensures that if f has the property (that is, f ∈ FP),
then with high probability the learning algorithm outputs a hypothesis h ∈ FP
such that Pr[f(x) �= h(x)] ≤ ε, where ε is a given distance (or error) parameter.
The testing algorithm would run the learning algorithm, obtain the hypothe-
sis h ∈ FP , and check that h and f in fact differ only on a small fraction of
the domain. This last step is performed by taking a sample of size Θ(1/ε) from
{0, 1}n and comparing f and h on the sample. Thus, if f has property P then
it will be accepted with high probability, and if f is ε-far from having P (so
that Pr[f(x) �= h(x)] > ε for every h ∈ FP , then it will be rejected with high
probability.

Hence, provided there exists a learning algorithm for the tested family FP , we
obtain a testing algorithm whose complexity is of the same order of the learning
algorithm. To be more precise, the learning algorithm should be a proper learning
algorithm. That is, the hypothesis h it outputs must belong to FP .1

A natural question that arises is whether we can do better by using a different
approach. Recall that we are not interested in actually finding a good approxi-
mation for f in FP but we only want to know whether such an approximation
exists. Therefore, perhaps we can design a different and more efficient testing
algorithm than the one based on learning. In particular, the complexity measure
we would like to improve is the query complexity of the algorithm.

As we show below, for all the properties we study, we describe algorithms
whose query complexity is polynomial in 1/ε, where ε is the given distance pa-
rameter, and independent of the input size n.2 As we discuss shortly, the cor-

1 This is as opposed to non-proper learning algorithms that given query access to f ∈
FP are allowed to output a hypothesis h that belongs to a more general hypothesis
class F ′ ⊃ FP . Non-proper learning algorithms are not directly applicable for our
purposes.

2 The running times of the algorithms are all linear in the number of queries performed
and in n. This dependence on n in the running time is clearly unavoidable, since
even writing down a query takes time n.
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responding proper learning algorithms have query complexities that depend on
n, though only polylogarithmically. Thus our improvement is not so much of
a quantitative nature (and we also note that our dependence on 1/ε in some
cases is worse). However, we believe that our results are of interest both because
they completely remove the dependence on n in the query complexity, and also
because in certain aspects they are inherently different from the corresponding
learning algorithms. Hence they may shed new light on the structure of the
properties studied.

1.1 Our Results
We present the following testing algorithms:
• An algorithm that tests whether f is a singleton function. That is, whether

there exists an index 1 ≤ i ≤ n, such that f(x) = xi for every x ∈ {0, 1}n,
or f(x) = x̄i for every x ∈ {0, 1}n. This algorithm has query complexity
O(1/ε).

• An algorithm that tests whether f is a monomial with query complexity
Õ(1/ε3).

• An algorithm that tests whether f is a monotone DNF having at most �
terms, with query complexity Õ(�4/ε3).

Due to space constraints, most proofs and some details are deferred to the full
version of this paper [14].

Techniques. Our algorithms for testing singletons and for testing monomials
have a similar structure. In particular, they combine two tests. One test is a
“natural” test that arises from an exact logical characterization of these families
of functions. In the case of singletons this test uniformly selects pairs x, y ∈
{0, 1}n and verifies that f(x∧ y) = f(x)∧ f(y), where x∧ y denotes the bitwise
‘and’ of the two strings. The corresponding test for monomials performs a slight
variant of this test. The other test in both cases is a seemingly less evident test
with an algebraic flavor. In the case of singletons it is a linearity test [5] and in
the case of monomials it is an affinity test. This test ensures that if f passes it
then it has (or is close to having) a certain structure. This structure aids us in
analyzing the logical test.

The testing algorithm for monotone DNF functions uses the test for mono-
mials as a sub-routine. Recall that a DNF function is a disjunction of monomials
(the terms of the function). If f is a DNF function with a bounded number of
terms, then the test will isolate the different terms of the function and test that
each is in fact a monomial. If f is far from being such a DNF function, then at
least one of these tests will fail with high probability.

It is worthwhile noting that, given the structure of the monotone DNF tester,
any improvement in the complexity of the monomial testing algorithm will imply
an improvement in the DNF tester.

1.2 Related Work
Property Testing. Property testing was first defined and applied in the context
of algebraic properties of functions [17], and has since been extended to various
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domains, perhaps most notably those of graph properties (e.g. [10,11,1]). (For
a survey see [15]). The relation between testing and learning is discussed at
length in [10]. In particular, that paper suggests that testing may be applied
as a preliminary stage to learning. Namely, efficient testing algorithms can be
used in order to help in determining what hypothesis class should be used by
the learning algorithm.

As noted above, we use linearity testing [5] in our test for singletons, and
affinity testing, which can be viewed as an extension of linearity testing, for
testing monomials. Other works in which improvements and variants of linearity
testing are analyzed include [4,3]. In particular, the paper by Bellare et. al. [4]
is the first to establish the connection between linearity testing and Fourier
analysis.

Learning Boolean Formulae. Singletons, and more generally monomials, can be
easily learned under the uniform distribution. The learning algorithm uniformly
selects a sample of size Θ(log n/ε) and queries the function f on all sample
strings. It then searches for a monomial that is consistent with f on the sample.
Finding a consistent monomial (if such exists) can be done in time linear in the
sample size and in n. A simple probabilistic argument (that is a slight variant
of Occam’s Razor [6]3) can be used to show that a sample of size Θ(log n/ε) is
sufficient to ensure that with high probability any monomial that is consistent
with the sample is an ε-good approximation of f .

There is a large variety of results on learning DNF functions (and in par-
ticular monotone DNF), in several different models. We restrict our attention
to the model most relevant to our work, namely when membership queries are
allowed and the underlying distribution is uniform. The best known algorithm
results from combining the works of [7] and [13], and builds on Jackson’s cel-
ebrated Harmonic Sieve algorithm [12]. This algorithm has query complexity
Õ
(
r ·
(
log2 n
ε + �2

ε2

))
, where r is the number of variables appearing in the DNF

formula, and � is the number of terms. However, this algorithm does not out-
put a DNF formula as its hypothesis. On the other hand, Angluin [2] describes
a proper learning algorithm for monotone DNF formula that uses membership
queries and works under arbitrary distributions. The query complexity of her
algorithm is Õ(� ·n+ �/ε). Using the same preprocessing technique as suggested
in [7], if the underlying distribution is uniform then the query complexity can
be reduced to Õ

(
r·log2 n

ε + � · (r + 1
ε

))
. Recall that the query complexity of our

testing algorithm is a faster growing function of � and 1/ε, but does not depend
on n. Hence we get better results when � and 1/ε are sub-logarithmic in n, and
in particular when they are constant.

Finally, we note that similarly to the Harmonic-Sieve based results for learn-
ing DNF, we appeal to the Fourier coefficients of the tested function f . However,
3 Applying the theorem known as Occam’s Razor would give a stronger result in the
sense that the underlying distribution may be arbitrary (that is, not necessarily
uniform). This however comes at a price of a linear, as opposed to logarithmic,
dependence of the sample/query complexity on n.
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somewhat differently, these do not appear explicitly in our algorithms but are
only used in part of our analysis.

2 Preliminaries

Definition 1 Let x, y ∈ {0, 1}n, and let [n] def= {1, . . . , n}. We let x ∧ y denote
the string z ∈ {0, 1}n such that for every i ∈ [n], zi = xi ∧ yi, and we let x⊕ y
denote the string z ∈ {0, 1}n such that for every i ∈ [n], zi = xi ⊕ yi.

Definition 2 (Singletons, Monomials, and DNF Functions) A function
f : {0, 1}n → {0, 1} is a singleton function, if there exists an i ∈ [n] such
that f(x) = xi for every x ∈ {0, 1}n, or f(x) = x̄i for every x ∈ {0, 1}n.

We say that f is a monotone k-monomial for 1 ≤ k ≤ n if there exist k indices
i1, . . . , ik ∈ [n], such that f(x) = xi1 ∧ · · ·∧xik for every x ∈ {0, 1}n. If we allow
to replace some of the xij ’s above with x̄ij , then f is a k-monomial. The function
f is a monomial if it is a k-monomial for some 1 ≤ k ≤ n.

A function f is an �-term DNF function if it is a disjunction of � monomials.
If all monomials are monotone, then it is a monotone DNF function.

Whenever the identity of the function f is clear from the context, we may use
the following notation.

Definition 3 Define F0
def= {x|f(x) = 0} and F1

def= {x|f(x) = 1}.

Definition 4 (Distance between Functions) The distance (according to the
uniform distribution), between two functions f, g : {0, 1}n → {0, 1} is denoted
by dist(f, g), and is defined as follows: dist(f, g) def= Prx∈{0,1}n [f(x) �= g(x)].

The distance between a function f and a family of functions F is dist(f,F) def=
ming∈F dist(f, g). If dist(f,F) > ε for some 0 < ε < 1, then we say that f is
ε-far from F . Otherwise, it is ε-close.

Definition 5 (Testing Algorithms) A testing algorithm for a family of
boolean functions F over {0, 1}n, is given a distance parameter ε, 0 < ε < 1,
and is provided with query access to an arbitrary function f : {0, 1}n → {0, 1}.

If f ∈ F then the algorithm must output accept with probability at least 2/3,
and if f is ε-far from F then it must output reject with probability at least 2/3.

3 Testing Singletons

We start by presenting an algorithm for testing singletons. The testing algorithm
for k-monomials will generalize this algorithm. More precisely, we present an
algorithm for testing whether a function f is a monotone singleton. In order to
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test whether f is a singleton we may check whether either f or f̄ passes the
monotone singleton test. For sake of succinctness, in what follows we refer to
monotone singletons simply as singletons.
The following characterization of monotone k-monomials motivates our tests.
We later show that the requirement of monotonicity can be removed.

Claim 1 Let f : {0, 1}n → {0, 1}. Then f is a monotone k-monomial if and
only if the following three conditions hold:
(1) Pr[f = 1] = 1

2k ; (2) ∀x, y, f(x ∧ y) = f(x) ∧ f(y); (3) f(x) = 0 for all
|x| < k, where |x| denotes the number of ones in x.

Definition 6 We say that x, y ∈ {0, 1}n are a violating pair with respect to a
function f : {0, 1}n → {0, 1}, if f(x) ∧ f(y) �= f(x ∧ y).

Given the above definition, Claim 1 states that a basic property of (mono-
tone) singletons (and more generally of monotone k-monomials), is that there
are no violating pairs with respect to f . A natural candidate for a testing algo-
rithm for singletons would take a sample of uniformly selected pairs x, y, and for
each pair verify that it is not violating with respect to f . In addition, the test
would check that Pr[f = 0] is roughly 1/2 (or else any monotone k-monomial
would pass the test).

We note that we were unable to give a complete proof for the correctness
of this test. Somewhat unintuitively, the difficulty with the analysis lies in the
case when the function f is very far from being a singleton. More precisely, the
analysis is quite simple when the distance δ between f and the closest singleton
is bounded away from 1/2. However, the argument does not directly apply to
δ arbitrarily close to 1/2. We believe it would be interesting to prove that this
simple test is in fact correct (or to come up with a counterexample of a function
f that is almost 1/2-far from any singleton, but passes the test).

In the algorithm described below we circumvent the above difficulty by “forc-
ing more structure” on f . Specifically, we first perform another test that only
accepts functions that have, or more precisely, that are close to having a certain
structure. In particular, every singleton will pass the test. We then perform a
slight variant of our original test. Provided that f passes the first test, it will
be easy to show that f passes the second test with high probability only if it is
close to a singleton function. Details follow.

The algorithm begins by testing whether the function f belongs to a larger
family of functions that contains singletons as a sub-family. This is the family
of parity functions.

Definition 7 A function f : {0, 1}n → {0, 1} is a parity function (a linear
function over GF(2)) if there exists a subset S ⊆ [n] such that f(x) = ⊕i∈Sxi
for every x ∈ {0, 1}n.

The test for parity functions is a special case of the linearity test over general
fields due to Blum, Luby and Rubinfeld [5]. If the tested function f is a parity
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function, then the test always accepts, and if f is ε-far from any parity function
then the test rejects with probability at least 9/10. The query complexity of
this test is O(1/ε). Assuming this test passes, we still need to verify that f is
actually close to a singleton function and not close to some other parity function.
Suppose that the parity test only accepted parity functions and not functions
that are only close to parity functions. Then, by the following claim, if f passes
the parity test but is not a singleton, then a constant size sample of pairs x, y
would, with high probability, contain a violating pair with respect to f .

Claim 2 Let g = ⊕i∈Sxi for S ⊆ [n]. If |S| is even then Pr[g(x ∧ y) = g(x) ∧
g(y)] = 1

2 + 1
2|S|+1 , and if |S| is odd then Pr[g(x ∧ y) = g(x) ∧ g(y)] = 1

2 + 1
2|S| .

Hence, if f is a parity function that is not a singleton (that is |S| ≥ 2), then
the probability that a uniformly selected pair x, y is violating with respect to
f is at least 1/8. In this case, a sample of at least 16 such pairs will contain a
violating pair with probability at least 1− (1− 1/8)16 ≥ 1− e−2 > 2/3.

However, what if f passes the parity test but is only close to being a parity
function? Let g denote the parity function that is closest to f and let δ be the
distance between them. (Where g is unique, given that f is sufficiently close to a
parity function). What we would like to do is check whether g is a singleton, by
selecting a sample of pairs x, y and checking whether it contains a violating pair
with respect to g. Observe, that since the distance between functions is measured
with respect to the uniform distribution, then for a uniformly selected pair x, y,
with probability at least (1− δ)2, both f(x) = g(x) and f(y) = g(y). However,
we cannot make a similar claim about f(x ∧ y) and g(x ∧ y), since x ∧ y is not
uniformly distributed. Thus it is not clear that we can replace the violation test
for g with a violation test for f .

However, we can use what is known as a self-corrector for linear (parity)
functions [5]. Given query access to a function f : {0, 1}n → {0, 1} and any
input x ∈ {0, 1}n, if f is strictly closer than 1/4 to some parity function g, then
the procedure Self-Correct(f, x) returns the value of g(x), with probability at
least 9/10. The query complexity of the procedure is constant.
The above discussion suggests the following testing algorithm.

Algorithm 1 Test for Singleton Functions

1. Apply the parity test to f with distance parameter min(1/5, ε).
2. Uniformly and independently select m = 32 pairs of points x, y.

– For each such pair, let bx = Self-Correct(f, x), by = Self-Correct(f, y)
and bx∧y = Self-Correct(f, x ∧ y).

– Check that bx∧y = bx ∧ by.
3. If one of the above fails - reject. Otherwise, accept.

Theorem 1 Algorithm 1 is a testing algorithm for monotone singletons. Fur-
thermore, it has one sided error. That is, if f is a monotone singleton then the
algorithm always accepts. The query complexity of the algorithm is O(1/ε).
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4 Testing Monomials

In what follows we describe an algorithm for testing monotone k-monomials,
where k is provided to the algorithm. As we show in the full version of this
paper [14], it is no hard to extend this to testing monomials when k is not
specified. As for the monotonicity requirement, the following observation and
corollary show that this requirement can be easily removed if desired.

Observation 3 Let f : {0, 1}n → {0, 1}, and let z ∈ {0, 1}n. Consider the
function fz : {0, 1}n → {0, 1} which is defined as follows: fz(x) = f(x ⊕ z).
Then the following are immediate:

1. The function f is a k-monomial if and only if fz is a k-monomial.
2. Let y ∈ F1. If f is a (not necessarily monotone) k-monomial, then fȳ is a

monotone k-monomial.

Corollary 4 If f is ε-far from every (not necessarily monotone) k-monomial,
then for every y ∈ F1, fȳ is ε-far from every monotone k-monomial.

We now present the algorithm for testing monotone k-monomials. The first
two steps of the algorithm are an attempt to generalize the use of parity testing
in Algorithm 1. In particular, we test whether F1 is an affine subspace.

Definition 8 (Affine Subspaces) A subset H ⊆ {0, 1}n is an affine subspace
of {0, 1}n if and only if there exist an x ∈ {0, 1}n and a linear subspace V of
{0, 1}n, such that H = V ⊕ x. That is, H = {y | y = v ⊕ x, for some v ∈ V }.
The following is an alternative characterization of affine subspaces, which is a
basis for our test.

Fact 5 H is an affine subspace if and only if for every y1, y2, y3 ∈ H we have
y1 ⊕ y2 ⊕ y3 ∈ H.

In the description of the algorithm, there is an explicit (exponential) de-
pendence on the size k of the monomial. However, as we observe momentarily,
we can assume, without loss of generality, that 2k = O(1/ε), and so the query
complexity of the algorithm is actually polynomial in 1/ε.

Algorithm 2 Test for monotone k-monomials
1. Size Test: Uniformly select a sample of m = Θ(2k + 1/ε2) strings in {0, 1}n.

For each x in the sample, obtain f(x). Let α be the fraction of sample strings
x such that f(x) = 1. If |α − 2−k| > min(2−k−5, ε/4) then reject, otherwise
continue.

2. Affinity Test: Repeat the following 3k2 ·max(2/ε2, 22(k+4)) times:
Uniformly select x, y ∈ F1 and z ∈ {0, 1}n, and check whether f(x⊕y⊕z) =
f(x)⊕ f(y)⊕ f(z). If some triple does not satisfy this constraint then reject.
(Since f(x) = f(y) = 1, we are actually checking whether f(x⊕ y ⊕ z) = f(z). As
we show in our analysis, this step will ensure that f is close to some function g

for which g(x)⊕ g(y)⊕ g(z) = g(x⊕ y ⊕ z) for all x, y, z ∈ G1 = {x|g(x) = 1}.)
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3. Closure-Under-Intersection Test: Repeat the following 2k+5 times:
(a) Uniformly select x ∈ F1 and y ∈ {0, 1}n. If x and y are a violating pair,

then reject. (Note that since x ∈ F1, this test actually checks that f(y) =
f(x ∧ y).)

4. If no step caused rejection, then accept.

In both the affinity test and the closure-under-intersection test, we need to
select strings in F1 uniformly. This is simply done by sampling from {0, 1}n and
using only x’s for which f(x) = 1. This comes at an additional multiplicative
cost of O(2k) in the query complexity. The query complexity of the algorithm is
hence O(2k · k2 ·max(1/ε2, 22k)). As the following observation implies, we may
assume, without loss of generality, that ε < 2−k+2, and so the complexity is
actually Õ(1/ε3).

Observation 6 Suppose that ε ≥ 2−k+2. Then:

1. If Pr[f = 1] ≤ ε
2 , then f is ε-close to every k-monomial (and in particular

to every monotone k-monomial).
2. If Pr[f = 1] > ε

4 , then f is not a k-monomial.

Theorem 2 Algorithm 2 is a testing algorithm for monotone k-monomials. The
query complexity of the algorithm is Õ(1/ε3).

The proof of the theorem is based on the following two lemmas.

Lemma 7 Let η
def= Prx,y∈F1,z∈{0,1}n [f(x⊕y⊕z) �= f(z)]. If η ≤ 2−2k−1 and∣∣∣ |F1|

2n − 2−k
∣∣∣ ≤ 2−(k+3), then there exists a function g such that G1

def= {x :
g(x) = 1} is an affine subspace of dimension n− k and which satisfies:

dist(f, g) ≤
∣∣∣∣ |F1|2n

− 2−k
∣∣∣∣+ kη

1
2 .

Lemma 8 Let f : {0, 1}n → {0, 1} be a function for which |Pr[f = 1]− 2−k| <
2−k−3. Suppose that there exists a function g : {0, 1}n → {0, 1} such that:

1. dist(f, g) ≤ 2−k−3.
2. G1

def= {x : g(x) = 1} is an affine subspace of dimension n− k.

If g is not a monotone k-monomial, then Prx∈F1,y[f(y) �= f(x ∧ y)] ≥ 2−k−3.

5 Testing Monotone DNF Formulae

In this section we describe an algorithm for testing whether a function f is a
monotone DNF formula with at most � terms, for a given integer �. Namely,
that f = T1 ∨ T2 ∨ · · · ∨ T�′ for �′ ≤ �, and each term Ti is of the form Ti =
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xj1 ∧xj2 ∧ · · ·∧xjk(i) , where the size of the terms may vary. We assume, without
loss of generality, that no term contains the set of variables of any other term
(or else we can ignore the more specific term), though the same variable can of
course appear in several terms. The basic idea underlying the algorithm is to
test whether the set F1

def= {x : f(x) = 1} can be “approximately covered” by at
most � terms (monomials). To this end, the algorithm finds strings xi ∈ {0, 1}n
and uses them to define functions f i that are tested for being monomials. If the
original function f is in fact an �-term DNF, then, with high probability, each
such function f i corresponds to one of the terms of f .

Let f be a monotone �-term DNF, and let its terms be T1, . . . , T�. Then, for
any x ∈ {0, 1}n, we let S(x) ⊆ {1, . . . , �} denote the subset of indices of the
terms satisfied by x. That is: S(x) def= {i : Ti(x) = 1}. In particular, if f(x) = 0
then S(x) = ∅. This notion extends to a set R ⊆ F1, were S(R) def=

⋃
x∈R S(x).

We observe that if f is a monotone �-term DNF, then for every x, y ∈ {0, 1}n
we have S(x ∧ y) = S(x) ∩ S(y) .

Definition 9 (Single-Term Representatives) Let f be a monotone �-term
DNF. We say that x ∈ F1 is a single-term representative for f if |S(x)| = 1. That
is, x satisfies only a single term in f .

Definition 10 (Neighbors) Let x ∈ F1. The set of neighbors of x, denoted
N(x), is defined as follows:

N(x) def= {y | f(y) = 1 and f(x ∧ y) = 1} .

The notion of neighbors extends to a set R ⊆ F1, where N(R) def=
⋃
x∈RN(x).

Consider the case in which x is a single-term representative of f , and S(x) =
{i}. Then, for every neighbor y ∈ N(x), we must have i ∈ S(y) (or else S(x∧ y)
would be empty, implying that f(x∧y) = 0). Notice that the converse statement
holds as well, that is, i ∈ S(y) implies that x and y are neighbors. Therefore, the
set of neighbors of x is exactly the set of all strings satisfying the term Ti. The
goal of the algorithm will be to find at most � such single-term representatives
x ∈ {0, 1}n, and for each such x to test that its set of neighbors N(x) satisfies
some common term. We shall show that if f is in fact a monotone �-term DNF,
then all these tests pass with high probability. On the other hand, if all the tests
pass with high probability, then f is close to some monotone �-term DNF.

Algorithm 3 Test for Monotone �-term DNF

1. R← ∅. R is designed to be a set of single-term representatives for f .
2. For i = 1 to � + 1 (Try to add � single-term representatives to R):

(a) Take a uniform sample U i of size m1 = Θ
(
� log �
ε

)
strings. Let W i =

(U i ∩ F1) \ N(R). That is, W i consists of strings x in the sample such
that f(x) = 1, and x is not a neighbor of any string already in R.
Observe that if the strings in R are in fact single-term representatives, then
every x ∈W i satisfies only terms not satisfied by the representatives in R.
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(b) If i = � + 1 and W i �= ∅, then reject.
If there are more than � single term representatives for f then necessarily f is
not an �-term DNF.

(c) Else, if |W i|
m1

< ε
4 then go to Step 3.

The current set of representatives already “covers” almost all of F1.

(d) Else ( |W i|
m1
≥ ε

4 and i ≤ �), use W i in order to find a string xi that is
designed to be a single-term representative of a term not yet represented
in R. This step will be described subsequently.

3. For each string xi ∈ R, let the function f i : {0, 1}n �→ {0, 1} be defined as
follows: f i(y) = 1 if and only if y ∈ N(xi).
As observed previously, if xi is in fact a single-term representative, then f i is a
monomial.

4. For each f i, test that it is monomial, using distance parameter ε′ = ε
2� and

confidence 1− 1
6� (instead of 2

3 — this can simply be done by O(log �) repeated
applications of each test).
Note that we do not specify the size of the monomial, and so we need to apply the
appropriate variant of our test that does not assume the knowledge of k.

5. If any of the tests fails then reject, otherwise accept.

The heart of the algorithm and its correctness lie in finding a new represen-
tative in each iteration of Step 2. We now sketch how this is done.

Suppose that f is a monotone �-term DNF, and consider any fixed iteration
i in Step 2 of the algorithm. Assume that R ⊂ {0, 1}n is subset of single-term
representatives for f , such that Pr[x ∈ F1 \N(R)] ≥ ε/8. The idea is that, given
a string x0 ∈ W i, we shall try and “remove” terms from S(x0), until we are
left with a single term. More precisely, we try and produce a sequence of strings
x0, . . . , xr, where x0 ∈ W i, such that ∅ �= S(xj+1) ⊆ S(xj), and in particular
|S(xr)| = 1. The aim is to decrease the size of S(xj) by a constant factor for
most j’s. This will ensure that for r = Θ(log �), the final string xr is a single-
term representative, as desired. How is such a sequence obtained? Given a string
yj ∈ N(xj), define xj+1 = xj ∧ yj . Then f(xj+1) = 1 (i.e., S(xj+1) �= ∅) and
S(xj+1) = S(xj) ∩ S(yj) ⊆ S(xj), as desired. The string yj is acquired simply
by uniformly selecting a sufficiently large sample from {0, 1}n, and picking the
first string in the sample that belongs to N(xj) (if such exists).

Theorem 3 Algorithm 3 is a testing algorithm for monotone �-term DNF. The
query complexity of the algorithm is Õ(�4/ε3).

Further Research

Our results raise several questions that we believe may be interesting to study.
• Our algorithms for testing singletons and, more generally, monomials, apply

two tests. The role of the first test is essentially to facilitate the analysis of
the second, natural test (the closure under intersection test). The question
is whether the first test is necessary.
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• Our algorithm for testing monomials has a cubic dependence on 1/ε, as
opposed to the linear dependence of the singleton testing algorithm. Can
this dependence be improved?

• The query complexity of our algorithm for testing �-term DNF grows like
�4. While some dependence on � seems necessary, we conjecture that a lower
dependence is achievable. In particular, suppose we slightly relax the re-
quirements of the testing algorithm and only ask that it reject functions
that are ε-far from any monotone DNF with at most c · � (or possibly �c)
terms, for some constant c. Is it possible, under this relaxation, to devise an
algorithm that has only polylogarithmic dependence on �?

• Finally, can our algorithm for testing monotone DNF functions be extended
to testing general DNF functions?
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Equitable Coloring Extends Chernoff-Hoeffding
Bounds

Sriram V. Pemmaraju�

Abstract. Chernoff-Hoeffding bounds are sharp tail probability bounds
for sums of bounded independent random variables. Often we cannot
avoid dependence among random variables involved in the sum. In some
cases the theory of martingales has been used to obtain sharp bounds
when there is a limited amount of dependence. This paper will present a
simple but powerful new technique that uses the existence of small sized
equitable graph colorings to prove sharp Chernoff-Hoeffding type con-
centration results for sums of random variables with dependence. This
technique also allows us to focus on the dependency structure of the ran-
dom variables and in cases where the dependency structure is a tree or
an outerplanar graph, it allows us to derive bounds almost as sharp as
those obtainable had the random variables been mutually independent.
This technique connects seemingly unrelated topics: extremal graph the-
ory and concentration inequalities. The technique also motivates several
open questions in equitable graph colorings, positive answers for which
will lead to surprisingly strong Chernoff-Hoeffding type bounds.

1 Introduction

In a seminal 1952 paper, Chernoff [3] introduced a technique that gave sharp
upper bounds on the tails of the distribution of the sum of binary independent
random variables. Hoeffding [5] in 1963 extended Chernoff’s technique to obtain
upper bounds on the tails of the distribution of the sum of bounded independent
random variables. Bounds obtained by using these techniques are collectively
called Chernoff-Hoeffding bounds (CH bounds, in short). In many situations,
tail probability bounds obtained using Markov’s or Chebyshev’s inequality are
too weak, while CH bounds are just right. CH bounds have proved extremely
useful in the design and analysis of randomized algorithms, in derandomization,
and in the probabilistic method proofs.

Let X = {X1, X2, . . . , Xn} denote a set of random variables with S =∑
i∈[n]Xi and µ = E[S]. We are interested in upper bounds on the upper tail

probability Prob[S ≥ (1+ε)µ] and in the lower tail probability Prob[S ≤ (1−ε)µ]
for 0 < ε ≤ 1. When the Xi’s are mutually independent binary random variables
(that is, Xi ∈ {0, 1} for all i ∈ [n]), Chernoff’s technique leads to the following

� Department of Computer Science, The University of Iowa, Iowa City, IA 52242,
sriram@cs.uiowa.edu
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bounds on the tail probabilities (see [7] for a proof):

Prob[S ≥ (1 + ε)µ] ≤
( eε

(1 + ε)(1+ε)

)µ

Prob[S ≤ (1− ε)µ] ≤ e−µε2/2

Following Motwani and Raghavan [7], we shall use F+(µ, ε) to denote the
above upper tail probability bound and F−(µ, ε) to denote the above lower tail
probability. When the Xi’s are mutually independent bounded random variables
(that is, Xi ∈ [ai, bi] for finite positive real ai and bi, for each i ∈ [n]), Hoeffding’s
extension of Chernoff’s technique leads to the following bound (see Theorem 2
in [5]):

Prob[|S − µ| ≥ εµ] ≤ 2e−2µ
2ε2/

∑
i∈[n]

(bi−ai)2
.

Letting a = (a1, a2, . . . , an) and b = (b1, b2, . . . , bn), we use G(µ, ε,a, b) for the
above upper bound. We are interested in the case in which the Xi’s are all
identical. In this case, if Xi ∈ [a, b] and E[Xi] = µ′ for all i ∈ [n], G(µ, ε,a, b)
simplifies to the following:

G(µ, ε,a, b) = 2e−2µ
2ε2/n(b−a)2 = 2e−2µµ

′ε2/(b−a)2 .

In this case, we simply use G(µ, ε, a, b) to denote the above bound.
A crucial step in the derivation of CH bounds is to consider E[etS ] for any

positive real t and rewrite this as

E[etS ] = E[et
∑

Xi ] = E[
∏
etXi ] =

∏
E[etXi ].

The last of the above equalities depends on theXi’s being mutually independent.
However, in a variety of applications mutual independence in not guaranteed.
Hoeffding [5] himself considers situations where certain limited kind of depen-
dence is allowed. More recently, a few researchers have extended CH bounds
to allow for limited dependence in certain specific ways. Schmidt, Siegel, and
Srinivasan [10] derive a bound on the tail probability of S when the Xi’s are
k-wise independent for k smaller than a certain function of n, ε, and µ. By k-wise
independence they mean that any k-subset of X contains mutually independent
random variables. Panconesi and Srinivasan [8] define the notion of λ-correlation
and derive bounds on the tail probability of S when the Xi’s are not necessarily
mutually independent, but exhibit λ-correlatedness.

An extremely important technique for deriving bounds on tail probabilities of
S when the Xi’s are not mutually independent involves the theory of martingales
(see Section 3 in [6] or Section 4.4 in [7]). Occasionally we can exploit additional
structure of the Xi’s and set up a sequence of random variables, Y0, Y1, . . . , Yn
called a martingale sequence with the property that Y0 = E[S] = µ and Yn = S.
In addition, if the Yi’s satisfy the bounded difference property, that is, |Yk −
Yk−1| ≤ ck, for each integer k, 1 ≤ k ≤ n and positive ck that depends only
on k, then we can use an inequality called the Azuma-Hoeffding inequality to
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derive sharp upper bounds on the tail probabilities of S. One of the most exciting
applications of the Azuma-Hoeffding inequality is in Bollobás’ 1988 result that
resolved a long standing open question [1]. Let G(n, p) denote a random graph
with n vertices in which each pair of vertices is independently connected by an
edge chosen with probability p. Bollobás showed that the chromatic number of
G(n, 1/2) is n/ log2 n almost surely.

In this paper, we extend CH bounds by allowing a rather natural, limited
kind of dependency among the Xi’s. To make this precise, we first define the
notion of a dependency graph. A dependency graph for X has vertex set [n] and
an edge set such that for each i ∈ [n], Xi is mutually independent of all other Xj
such that {i, j} is not an edge. For any non-negative integer d, we say that the
Xi’s exhibit d-bounded dependence, if the Xi’s have a dependency graph with
maximum vertex degree d. Readers might recall the notion of a dependency
graph of random variables from the hypothesis of the Lovasz Local Lemma [11].

It is common in randomized algorithms to associate random variables with
the vertices or the edges of a graph and as a result the dependency among the
random variables is usually dictated by the structure of the underlying graph.
Consider the following example.
Example: Maximum Independent Set. Here is a randomized algorithm that
computes a large independent set in a given k-regular graph G (Problem 5.3 in
[7]):

Step 1 Delete each vertex from the given graph independently with probability
1− 1/k.

Step 2 For every edge that remains, delete one of its endpoints.

The vertices that remain after Step 2 form an independent set of the original
graph. Let n be the number of vertices in G. Let Vi denote the indicator random
variable whose value is 1 if vertex i is not deleted in Step 1. Let V =

∑
Vi be

the random variable that stands for the number of vertices that remain in the
graph after Step 1. Similarly, let Ui denote the indicator random variable whose
value is 1 if the edge i is not deleted in Step 1. Let U =

∑
Ui be the random

variable that stands for the number of edges that remain in the graph after Step
1. It is easy to show that E[V ] = n/k and E[U ] = n/2k. It is also easy to see
that the size of the independent set computed by the algorithm is at least V −U
and hence the expected size of the independent set produced by the algorithm is
at least n/2k. For any constant k, this is a O(1)-factor approximation algorithm
for the maximum independent set problem.

The next step in the analysis is to show that the actual value of V −U is very
close to n/2k with high probability. The standard approach is to use CH bounds
for this purpose. It is easy to see that the Vi’s are all mutually independent and
therefore CH bounds can be used to derive sharp tail probability bounds on V .
It is also easy to see that the Ui’s are not mutually independent. In particular,
Ui and Uj are mutually independent if edge i and edge j are not incident on
the same vertex. This implies that the line graph L(G) of G is a dependency
graph of the Ui’s. Since G is k-regular, L(G) is (2k − 1)-regular and the Ui’s
exhibit (2k − 1)-bounded dependence. Using this fact one can derive sharp tail
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probability bounds on
∑
Ui. The tail probability bounds on

∑
Vi and

∑
Ui are

crucial in showing that the algorithm produces a large independent set with high
probability.

Our main result is as follows.

Theorem 1. For identically distributed binary random variables Xi with d-
bounded dependence, for any ε, 0 < ε ≤ 1, we have the upper tail probability
bound

Prob[S ≥ (1 + ε)µ] ≤ 4(d+ 1)
e

F+(µ, ε)
1

(d+1)

and the lower tail probability bound

Prob[S ≤ (1− ε)µ] ≤ 4(d+ 1)
e

F−(µ, ε)
1

(d+1) .

For identically distributed bounded random variables Xi, where each Xi ∈ [a, b]
for finite positive reals a and b we have the tail probability bound

Prob[|S − µ| ≥ εµ] ≤ G(µ, ε, a, b)
1

(d+1) · e2b2ε2/(b−a)2

Note that we make absolutely no assumptions about the nature of correlation
between random variables that are not mutually independent. Using the fact that
ε ≤ 1, we can derive F+(µ, ε) ≤ e−ε2µ/3. This means that for µ = Ω(log1+δ n),
for any δ > 0, F+(µ, ε) is an inverse superpolynomial function. Similarly, for
µ = Ω(log1+δ n), for any δ > 0, F−(µ, ε) is also an inverse superpolynomial
function. This is precisely what make the CH bounds so powerful – as n grows
the probability of the upper tail approaches 0 at an inverse superpolynomial
rate. Remarkably, Theorem 1 implies a similar conclusion even when the random
variables in X exhibit d-bounded dependence for relatively large d. Specifically,
for µ/(d + 1) = Ω(log1+δ n) with δ > 0 we have that F+(µ, ε) and F−(µ, ε)
grow at inverse superpolynomial rate. The condition µ/(d + 1) = Ω(log1+δ n)
is equivalent to d = O(µ/ log1+δ n). For example, let us focus on the random
variables Ui in the analysis of the Maximum Independent Set algorithm described
earlier. We have µ = E[U ] = n/2k and that the Ui’s exhibit (2k − 1)-bounded
dependence. We have a inverse superpolynomial bound on the tail probabilities
of U provided k = O(n/k log1+δ n) for some δ > 0. This condition simplifies to
k = O(

√
n/ log1+δ n) for some δ > 0. In other words, even when the dependency

graph of the random variables is fairly dense – roughly
√
n edges per vertex – we

are still able to obtain a inverse superpolynomial bound on the tail probabilities.
So even when the dependency graph is relatively dense, implying a large amount
of correlation between random variables, Theorem 1 provides a sharp bound on
the tail of the distribution.

Our proof technique is novel in its use of equitable graph colorings. A coloring
of a graph is equitable if the sizes of any pair of color classes are within one of
each other. For any positive integer t, we use t-equitable coloring to refer to an
equitable coloring that uses t colors. Equitable colorings seem to be tucked away
somewhere in the backwaters of graph coloring research. But, like with many
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other related areas the history of equitable colorings seems to have started with
a conjecture of Erdös. The conjecture was proved by Hajnal and Szemerédi [4] via
a long and complicated proof in 1970. This deep result of Hajnal and Szemerédi
is at the heart of the derivation of our bounds.

Theorem 2 (Hajnal-Szemerédi). A graph G with maximum degree ∆ has an
equitable coloring that uses (∆+ 1) colors.

Our technique allows us to pay attention to the structure of the dependency
graph and by doing this we reap several rewards. Specifically, we obtain sharper
bounds on the tail probabilities when the dependency graph is a tree or an out-
erplanar graph. In fact, for these classes of graphs our bounds are essentially
those that would have been obtained had the random variables been mutually
independent! Not much is known about the existence of small equitable colorings
for different classes of graphs. Using our technique, new results on equitable col-
orings of graphs immediately imply sharper tail probability bounds. We discuss
this further in the conclusion of the paper.

The rest of the paper contains three sections. In the next section (Section 2),
we prove Theorem 1, our main result. In Section 3, we show that certain common
classes of graphs have small equitable colorings and using these results we derive
sharper tail probability bounds for random variables whose dependency graphs
belong to any of these classes. The results on equitable colorings in Section 3
seem to be only the tip of an iceberg and stronger results seem quite possible for
a wide variety of classes of graphs. Section 4 contains a few of our speculations
and conjectures in this direction.

2 Proof of the Main Theorem

In this section we derive the bounds claimed in Theorem 1. For the rest of the
section we assume that E[Xi] = µ′ for each i.

Lemma 1. Suppose the Xi’s are binary random variables with dependency graph
G. Further suppose that G can be colored equitably with t colors. Then for any
ε, 0 < ε ≤ 1, we have

Upper tail probability

Prob[S ≥ (1 + ε)µ] ≤ 4t
e
F+(µ, ε)1/t.

Lower tail probability

Prob[S ≤ (1− ε)µ] ≤ 4t
e
F−(µ, ε)1/t.

Proof. Let C1, C2, . . . , Ct be the t color classes in a t-equitable-coloring of G.
For each i ∈ [t], let µi = E[

∑
j∈Ci

Xj ]. We now rewrite the event S ≥ (1 + ε)µ
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as follows.

S ≥ (1 + ε)µ ≡ S ≥ (1 + ε)µ′n

≡ S ≥ (1 + ε)µ′ ∑
i∈[t]
|Ci|

≡ S ≥
∑
i∈[t]

(1 + ε)µ′|Ci|

≡
∑
i∈[t]

∑
j∈Ci

Xj ≥
∑
i∈[t]

(1 + ε)µi

The first equivalence follows from the fact that

µ = E[
∑
i∈[n]

Xi] =
∑
i∈[n]

E[Xi] =
∑
i∈[n]

µ′ = nµ′.

The second equivalence follows from the fact that the color classes form a par-
tition of [n]. The last equivalence is the result of expressing S as the sum of the
Xi’s grouped into color classes. Now∑

i∈[t]

∑
j∈Ci

Xj ≥
∑
i∈[t]

(1 + ε)µi =⇒ ∃i ∈ [t] :
∑
j∈Ci

Xj ≥ (1 + ε)µi.

Hence,

Prob[S ≥ (1 + ε)µ] = Prob[
∑
i∈[t]

∑
j∈Ci

Xj ≥
∑
i∈[t]

(1 + ε)µi]

≤ Prob[∃i ∈ [t] :
∑
j∈Ci

Xj ≥ (1 + ε)µi].

The last probability in the above sequence can be simplified as follows.

Prob[∃i ∈ [t] :
∑
j∈Ci

Xj ≥ (1 + ε)µi] ≤
∑
i∈[t]

Prob[
∑
j∈Ci

Xj ≥ (1 + ε)µi]

≤
∑
i∈[t]

F+(µi, ε).

The first inequality above follows from the fact that the probability of the dis-
junction of a set of events is no greater than the sum of the probabilities of the
events. The second inequality is obtained by applying the Chernoff bound on the
sum of

∑
j∈Ci

Xj . By the definition of a dependency graph, all Xj ’s belonging
to a color class Ci are mutually independent and so CH bounds apply to the
sum

∑
j∈Ci

Xj .
The equitability of the coloring implies that Ci ∈ {�n/t�, �n/t�} for each

i ∈ [t]. This implies the following relationship between µi and µ.

µi = E[
∑
j∈Ci

Xj ] =
∑
j∈Ci

E[Xj ] = |Ci|µ′ ≥ �n/t�µ′ ≥ (n/t− 1)µ′.
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Since Xi ∈ {0, 1}, we have that µ′ ∈ [0, 1] and from this it follows that

(n/t− 1)µ′ ≥ (nµ′/t− 1) = µ/t− 1.

So we obtain that µi ≥ µ/t− 1 and from this we derive

Prob[S ≥ (1 + ε)µ] ≤
∑
i∈[t]

F+(µi, ε)

≤
∑
i∈[t]

F+(µ/t− 1, ε)

= tF+(µ/t− 1, ε).

The second inequality above follows from the fact that F+(µ, ε) is monotonically
decreasing in µ. F+(µ/t− 1, ε) can be simplified as follows.

F+(µ/t− 1, ε) =
(

eε

(1 + ε)1+ε

)µ/t
·
(
(1 + ε)1+ε

eε

)
≤ 4
e
F+(µ, ε)1/t.

The last inequality is a result of the fact that (1 + ε)1+ε/eε is a monotonically
increasing function of ε that achieves its maximum in the range ε ∈ (0, 1] at
ε = 1. Substituting this simplification of F+(µ/t−1, ε) into the above inequality
we get

Prob[S ≥ (1 + ε)µ] ≤ 4t
e
F+(µ, ε)1/t.

This completes the proof of the upper tail probability bound. The proof of the
lower tail probability bound is identical and is skipped.

Theorem 3. Suppose the Xi’s are binary random variables exhibiting d-bounded
dependence. Then, for any ε, 0 < ε ≤ 1, we have

Upper tail probability

Prob[S ≥ (1 + ε)µ] ≤ 4(d+ 1)
e

F+(µ, ε)1/d+1.

Lower tail probability

Prob[S ≤ (1− ε)µ] ≤ 4(d+ 1)
e

F−(µ, ε)1/d+1.

Proof. Let G be the dependency graph of the Xi’s with maximum vertex degree
d. Such a dependency graph exists by definition of d-bounded dependence. By
the Hajnal-Szemerédi Theorem (Theorem 2) G has a (d+ 1)-equitable coloring.
Replacing t by (d+ 1) in Lemma 1 yields the desired bounds.

We now prove our tail probability bounds for bounded random variables.
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Lemma 2. Suppose the Xi’s are bounded random variables with Xi ∈ [a, b] for
each i ∈ [n] and further suppose that the Xi’s have a dependency graph G that
can be colored equitably with t colors. Then, for any ε, 0 < ε ≤ 1, we have

Prob[|S − µ| ≥ εµ] ≤ tG(µ
t
− µ′, ε, a, b) ≤ tG(µ, ε, a, b)1/t · e2b2ε2/(b−a)2 .

Proof. As in Lemma 1 we can derive the inequality

Prob[|S − µ| ≥ εµ] ≤
∑
i∈[t]

G(µi, ε, a, b).

The connection between µ and µi is as follows:

µi = E[
∑
j∈Ci

Xj ] =
∑
j∈Ci

E[Xj ] = |Ci|µ′ ≥ �n
t
�µ′ ≥

(n
t
− 1
)
µ′ =

µ

t
− µ′.

Substituting this in the inequality above we get

Prob[|S − µ| ≥ εµ] ≤
∑
i∈[t]

G(
µ

t
− µ′, ε, a, b)

= tG(
µ

t
− µ′, ε, a, b).

This bound can be further simplified as follows.

G(
µ

t
− µ′, ε, a, b) ≤ exp

[−2(µ/t− µ′)µ′ε2

(b− a)2
]

= exp
[−2(µ/t− µ/n)µ′ε2

(b− a)2
]

= exp
[−2µµ′ε2

t(b− a)2 +
2µ′µ′ε2

(b− a)2
]

= G(µ, ε, a, b)1/t · e2µ′µ′ε2/(b−a)2

Since a ≤ µ′ ≤ b, we get

Prob[|S − µ| ≥ µε] ≤ tG(µ, ε, a, b)1/t · e2b2ε2/(b−a)2 .

This completes the proof of the lemma.

The following theorem follows immediately from the above lemma by using
the Hajnal-Szemerédi theorem (Theorem 2).

Theorem 4. Suppose the Xi’s are bounded random variables, with Xi ∈ [a, b]
for all i and for positive a and b, that exhibit d-bounded dependence. Then

Prob[|S − µ| ≥ ε)µ] ≤ G(µ, ε, a, b)1/(d+1) · e2b2ε2/(b−a)2
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There does not seem to be any other technique that can be used to derive
bounds as sharp as these for random variables that exhibit d-bounded depen-
dence. In some cases, a martingale can be set up and the Azuma-Hoeffding
inequality can be used to derive sharp bounds. However, even in such cases, the
bounds obtained from the Azuma-Hoeffding inequality are not as strong as those
we have derived here. For example, in the Maximum Independent Set example
discussed earlier we can derive tail probability bounds on

∑
i Ui using martin-

gales, but the bounds obtained are a weaker than the bounds we obtain by an
exponential factor of 1/k.

3 Sharper Bounds in Special Cases

As is standard, we let χ(G) denote the chromatic number of a graph. The eq-
uitable chromatic number of a graph G, denoted χeq(G), is the fewest colors
that can be used to equitably color the graph. χeq(G) can be arbitrarily large as
compared to χ(G) as can be seen by examining the star graph. For a star graph
G with n vertices χ(G) = 2 while χeq(G) = �(n− 1)/2�+ 1.

The strength of the equitable coloring technique in deriving tail probability
bounds lies in the fact that it allows us to focus closely on the structure of
the dependency graph. In particular, a small equitable chromatic number for a
dependency graph leads to sharp tail probability bounds. Not much seems to
be known about the equitable chromatic number of different graph classes. The
connection between equitable colorings and tail probability bounds presented in
this paper provides strong motivation for deriving stronger upper bounds on the
equitable chromatic number of different graph classes.

The star graph example seems to imply that χeq(G) is bound to be large
for any interesting graph class. However, we present two examples of widely
used graph classes in which “most” graphs have equitable chromatic numbers
bounded above by a constant. Using these bounds we essentially get tail prob-
ability bounds on S that are roughly as good as those we would have obtained
had the Xi’s been mutually independent!

The first result comes ready-made from Bollobás and Guy [2], who show that
almost all trees can be equitably colored with 3 colors. As is standard, we let
∆(G) stands for the maximum degree of any vertex in a graph G.

Theorem 5 (Bollobás-Guy). A tree T with n vertices is equitably 3-colorable
if n ≥ 3∆(T )− 8 or if n = 3∆(T )− 10.

The theorem essentially implies that if ∆(T ) ≤ n/3 then T can be equitably 3-
colored. This immediately translates, via Lemma 1 and Lemma 2 to the following
tail probability bounds on tree structured dependency graphs.

Theorem 6. Suppose the Xi’s are identical random variables that have a tree-
structured dependency graph with maximum degree no greater than n/3. Then
we have the following bounds of the tail probabilities of S =

∑n
i=1Xi.
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(i) If the Xi’s are binary then

Prob[S ≥ (1 + ε)µ] ≤ 3F+(µ, ε)1/3

Prob[S ≤ (1− ε)µ] ≤ 3F−(µ, ε)1/3

(ii) If the Xi’s are bounded random variables with Xi ∈ [a, b] for all i then

Prob[|S − µ| ≥ εµ] ≤ 3G(µ, ε, a, b)1/3e2b
2ε2/(b−a)2

Here ε satisfies 0 < ε ≤ 1.

In our second example we consider outerplanar graphs Elsewhere [9], we have
shown that most outerplanar can be equitably colored with 6 colors. The main
result obtained there is as follows.

Theorem 7. A connected outerplanar graph with n vertices and maximum ver-
tex degree at most n/6 has a 6-equitable coloring

As in the case of trees, this result leads to strong tail probability bounds on S
if the Xi’s have a dependency graph that is outerplanar. This result also hints
at the fact that there may be many other commonly used classes of graphs with
constant equitable chromatic number.

The crucial stepping stone to our result on the equitable coloring of outer-
planar graphs is a result on equitable forest partitions of outerplanar graphs. A
partition {V1, V2, . . . , Vk} of the vertex set V of a graph G = (V,E) is called
an equitable forest partition if (i) Vi ∈ {�|V |/k�, �|V |/k�} and (ii) each induced
subgraph G[Vi] is a forest. In [9] we show the following.

Theorem 8. Any outerplanar graph has an equitable 2-forest partition.

This theorem along with the Bollobás-Guy Theorem leads to Theorem 7. This
in turn leads to the following concentration result for random variables with
outerplanar structured dependency graphs.

Theorem 9. Suppose the Xi’s are identical random variables whose dependency
graph is outerplanar with maximum degree no greater than n/6. Then we have
the following bounds of the tail probabilities of S =

∑n
i=1Xi.

(i) If the Xi’s are binary then

Prob[S ≥ (1 + ε)µ] ≤ 6F+(µ, ε)1/6

Prob[S ≤ (1− ε)µ] ≤ 6F−(µ, ε)1/6

(ii) If the Xi’s are bounded random variables with Xi ∈ [a, b] for all i and for
some positive constants a and b then

Prob[|S − µ| ≥ εµ] ≤ 6G(µ, ε, a, b)1/6e2b
2ε2/(b−a)2
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Here ε satisfies 0 < ε ≤ 1.

This result gives us probability tail bounds on outerplanar structured depen-
dency graphs that are essentially as strong as those obtainable had the Xi’s
been mutually independent.

In the results on equitable coloring of n-vertex trees and n-vertex outerplanar
graphs we required upper bounds of n/3 and n/6 respectively on the maximum
vertex degree. As the star example shows, some such bounds are required in order
to obtain constant size equitable colorings. The question we are interested in is
whether these vertex-degree bounds are required to obtain sharp concentration
results? That the answer is in the negative is seen by relaxing the requirement
of an equitable coloring in two specific ways. First, we allow a constant number
of vertices to be without color. Second, we allow the sizes of the color classes
to be proportional, that is, for some constant α ≥ 1, the size of a color class is
within α times the size of any other color class. To be precise, for non-negative c
and α ≥ 1 we define a (c, α)-coloring as a vertex coloring of a graph G in which
all except at most c vertices are colored and the coloring is such that for any
pair of color classes C and C ′, |C| ≤ α|C ′|. Given this definition, it is possible
to extend the Bollobás-Guy Theorem to show the following result.

Theorem 10. Every tree has a (1, 5)-coloring with two colors.

In other words, we can properly color all but at most one vertex in a tree with two
colors such that the larger color class is at most 5 times the smaller color class.
Using this result and the fact that every tree has an equitable 2-forest partition
(Theorem 8) yields the following coloring result for outerplanar graphs.

Theorem 11. Every outerplanar graph has a (2, 5)-coloring with four colors.

Bounds similar to those in Lemma 1 (with different multiplicative and exponen-
tial constants) can be obtained if the Xi’s have a dependency graph that can be
(c, α)-colored for some constants c ≥ 0 and α ≥ 1. Details appear in [9].

4 Conclusions

In this paper we have presented a novel technique involving equitable graph col-
oring for deriving sharp tail probability bounds on the sums of bounded random
variables that exhibit a certain kind of dependence. For the cases we consider,
these bounds are sharper than those obtained using any other known technique.
More importantly, this technique allows us to focus more carefully on the struc-
ture of the dependency graph of random variables and allows us to prove bounds
that are as strong as those obtainable had the random variables been mutually
independent.

The results in this paper seem, in some sense, to be the tip of the iceberg. It
is our conjecture that χeq(G) depends not on the maximum vertex degree (as in
the Hajnal-Szemerédi Theorem), but on the average vertex degree. In particular,
we conjecture the following.
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Conjecture 1. There is a positive constant c such that if an n-vertex graph G
has maximum vertex degree at most n/c and average degree d then

χeq(G) = O(χ(G) + d).

The truth of this conjecture will have many ramifications. For example, it will
immediately imply an O(1) equitable chromatic number for most planar graphs
and that will translate into extremely sharp tail probability bounds for the sum
of random variables that have a planar dependency graph.
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